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PREFACE. 

To  prcfiorvc  Euclid's  order,  to  supply  omisBions,  to 
fflmove  detVcts,  to  give  brief  notes  of  explanation  and 
simpler  methods  of  proof  in  cases  of  acknowledged 
difficulty — such  are  the  main  objects  of  this  Edition  of 
the  Elements. 

Tlie  work  is  based  on  the  Greek  text,  as  it  is  given 
in  the  Editions  of  August  and  Peyrard.  To  the 
suggestions  of  the  late  Professor  De  Morgan,  published 
in  the  Companion  to  the  British  Almanack  for  1849, 
I  have  paid  constant  deference. 

A  limited  use  of  symbolic  representation,  wherein 
the  symbols  stand  for  words  and  not  for  operations, 
is  generally  regarded  as  desirable,  and  I  have  been 
assured,  by  the  highest  authorities  on  this  point,  that 
the  symbols  employe<l  in  this  book  are  admissible  in 
the  Examinations  at  Oxford  and  Cambridge.* 

I  liave  generally  followed  Euclid's  method  of  proof, 
but  not  to   the   exclusion   of  other   methods    recom- 

*  I  regard  this  ymint  as  completely  settled  in  Cambridge  by 
the  fnllowiiit;  notices  pretixcd  to  the  papers  on  Euclid  set  in 
the  Scnatc-HoiiRC  Flxaniinations : 

I.  In  the  Previous  Examination: 

In  (iii'itm'rK  to  thme  qwsfiotu  any  intelligible  gymboU  amd  abbn- 
viatioits  mill/  bf  UAril. 

II.  In  the  Mathematical  Tripos  : 

Jn  amwcru  to  the  questions  on  Eiiclul  the  symbol  —  nuist  not 
he  u*ed.  The  only  Mreviation  admitted /or  the  square  on  AB 
is  "sq.  on  AB,"  and  for  the  rectangle  contained  by  AB  and  (ilK 
"red.  AB,  CD." 


cl.USi 


^ii 


PRRpACk. 


fTKMidod  by  t}i<>ir  simplicity,  such  as  the  demonstration* 
by  which  I  propose  to  replace  (at  least  for  a  first  read- 
ing) the  difficult  Theorems  5  and  7  in  the  First  liook. 
I  have  also  attempted  to  render  many  of  the  proofs,  as 
for  instance  Propositions  2,  1 3,  and  35  in  Book  I.,  and 
Proposition  13  in  Book  II.,  less  confusing  to  the 
learner. 

In  Proposition.s  4,  .5,  6,  7,  and  8  of  the  Second 
Book  I  have  ventured  to  make  an  important  change  in 
Euclid's  mode  of  exposition,  by  omitting  the  diagonals 
from  the  diagrams  and  the  gnomons  from  the  text. 

In  the  Third  Book  I  have  deviated  ,vith  even 
greatt^r  boldness  from  the  precise  line  cf  Euclid's 
method.  For  it  is  in  treating  of  the  properties  of  the 
circle  that  the  importance  of  certain  matters,  tt)  which 
reference  is  made  in  the  Notes  of  the  present  volume, 
is  fully  brouglit  out.  I  allude  especially  to  the  appli- 
cation of  Superposition  as  a  test  of  equality,  to  the 
conception  of  an  Angle  as  a  magnitutle  capable  of 
unlimited  increase,  and  to  the  development  of  the 
methods  connected  with  Loci  and  Symmetry. 

The  Exercises  have  been  selected  with  considerable 
care,  chiefly  from  the  Senate  House  Examination 
Papers.  They  are  intended  to  be  progressive  and  easy, 
BO  that  a  learner  may  from  the  first  be  induced  to 
work  out  something  for  himself 

I  desire  to  express  my  thanks  to  the  friends  who 
have  improved  this  work  by  tlieir  suggestions,  and  to 
b«g  for  further  help  of  the  same  kind. 

J.  HAMBLIN  SMITH 


Camsriuuk,  I872L 
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ELEMENTS    OF    GEOMETRY. 


INTRODUCTORY   REMARKS. 


When  a  block  of  stone  ia  hewn  from  the  rock,  we  call  it  a 
Solid  Body.  The  stone-cutter  shapes  it,  and  brings  it  into 
that  which  we  call  regularity  of  form ;  and  then  it  becomes 
a  Solid  Figure. 

Now  suppose  the  figure  to  be  such  that  the 
block  has  six  flat  sides,  each  the  exact  counter- 
part of  the  others  ;  so  that,  to  one  who  stand* 
facing  a  corner  of  the  block,  the  three  side* 
which  are  visible  present  the  appearance  re- 
presented in  this  diagram. 

Each  side  of  the  figure  is  called  a  Surface ;  and  when 
smoothed  and  polished,  it  is  called  a  Plane  Surface. 

The  sharp  and  well-def5ned  edges,  in  which  each  pair  of 
sides  meets,  are  called  Lines. 

The  place,  at  wliich  any  three  of  the  edges  meet,  is  called 
a  Point. 

A  Magnitude  is  anything  which  is  made  up  of  parts  in  any 
way  like  itself.  Thus,  a  line  is  a  magnitude  ;  because  we  may 
regard  it  as  made  up  of  parts  which  are  themselves  lines. 

The  properties  Length,  Breadth  (or  Width),  and  Thickness 
(or  Depth  or  Height)  of  a  body  are  called  its  Dimensions. 

We  make  the  following  distinction  between  Solids,  Surfaces, 
Lines,  and  Points : 

A  Solid  has  three  dimensions,  Length,  Breadth,  Thickness. 

A  Surface  has  two  dimensions,  Length,  Breadth. 

A  Line  has  one  dimension,  Length. 

A  point  has  QO  dimensions. 


B.  K. 
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DEriNITIONS. 


I.  A  Ponrr  ia  that  which  has  no  parts. 

Tbii  u  equivalent  to  saying  that  a  Point  has  no  magnitude, 
since  we  define  it  m  that  which  cannot  be  divided  into  suialler 
parte. 

IL  A  Limb  ii  length  without  breadth. 

We  ouinot  conceive  a  visible  line  without  breadth ;  but 
we  can  reason  about  lines  as  if  they  hud  no  breadth,  and  this 
is  what  Euclid  requires  us  to  do. 

III.  The  Extremities  of  finite  Lines  are  points. 

A  point  merks  potition,  as  for  instance,  the  place  where  a 
line  begins  or  ends,  or  wjets  or  crosses  another  line. 

IV.  A  Straight  Lime  is  one  which  lies  in  the  same  direction 
from  point  to  point  throughout  its  length. 

V.  A  Surface  is  that  which  has  length  and  breadth  only. 
YI.  The  Extremities  of  a  Surface  ure  lines. 

VII.  A  Plane  Surface  Ui  one  in  which,  if  any  t^.  o  ^ointe 
1h)  taken,  the  straight  line  between  them  lies  wholly  in  that 

surface. 

Thus  the  ends  of  an  uncut  cedar-pencil  are  plane  surfaces  ; 
but  the  rest  of  the  surface  of  the  pencil  is  not  a  plane  surface, 
since  two  points  may  be  taken  in  it  such  that  the  straight  line 
joining  them  will  not  lie  on  the  surf  ce  of  the  penciL 

In  our  introductory  remarks  we  gave  exHrnpies  of  a  Surface, 
H  Line,  and  a  Point,  hr  wt-  know  tLeiu  through  the  evidence 
of  the  seuseH. 
c 
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Tilt'  Suifiic.cs,  Linos,  iiiid  rniiils  of  Ueonietry  may  be  lej^arded 
aa  tnentiil  piciiiic-.s  of  thu  Hurfaces,  liiivs,  and  points  which  we 
know  from  cxporience. 

It  is,  however,  to  be  observed  tluvt  Greometry  requires  ut  to 

conceive  the  possiliility  of  the  exiHtence 

of  a  Surfjice  apait  from  a  S(»lid  body, 
of  u  Lino  apart  from  a  Suiface. 
of  a  Point  apart  from  a  Line. 

VIIL  Whon  two  straight  liiM  ;*  imit  one  another,  the  inclina- 
tion of  the  lines  to  one  anotlicr  is  vAVA  an  Anolk. 

Wiion  /"■')  striiifflit  lines  have  one  point  common  to  both, 
tlioy  are  said  to  /<>/  m  an  anj;le  (or  aiioles)  at  that  point.  The 
point  is  called  the  xnritx  of  the  an^lu  (or  angles),  and  the  lines 
are  culled  the  ar-nu  of  the  angle  (or  an^W). 


/ 


/ 


Tl     TT 


Thns,  if  the  lines  OA^  OB  Rre  terminated  at  the  same 
i.oint  O,  they  form  an  anqle,  which  is  called  the  angle  at  0,  or 
/>€  aiigh.  AOB,  or  the  nn<jhi  I',OA,—\\\o  lottor  which  mark» 
the  vortex  lieirifr  put  botwocn  those  that  mark  the  arms. 

A},'nin,  if  tho  lino  TO  meets  the  line  DK  at  a  point  in  the 
/ine  DEy  so  thiit  O  is  a  point  common  to  both  lines,  VO  is  wild 
to  make  with  Dh]  the  angles  COD,  (JOE  ;  and  these  (as  having 
■^ne  arm,  CO,  common  to  both)  are  railed  (ul/iccnt  angles. 

L!i.«tiy,  if  the  lines  F(f,  UK  cut  each  other  in  the  point  0, 
tho  linos  make  with  each  other  four  analog  FOJl,  HOG,  OOK. 
KOF ;  and  of  those  UOIl,  F(>K  are  called  vertically  opponU 
.-.nKloai,  as  idso  are  FOH  and  GOK. 
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When  ihrw  or  more  straight  lines  as  OA,  OB,  OC,  OD  have 
a  point  0  common  to  all,  the  angle  formed  by  one  of  them,  OD, 


with  OA  may  be  regarded  as  being  made  up  of  the  angles  A  Or, 
BOC,  COD ;  that  is,  we  nmy  speak  of  the  ungle  A  OD  an  a 
whole,  of  which  the  parts  are  the  angles  AOB,  BOC,  and  COJ)- 

Hence  we  may  regard  an  angle  as  a  Maynilude,  inasniucii 
as  any  angle  may  be  regarded  as  being  made  up  of  parts  which 
are  themselves  angles. 

The  size  of  an  argic  depends  in  no  way  on  the  length  of 
the  arms  by  which  it  is  bounded. 

We  shall  explain  hereafter  the  restriction  on  the  magnitude 
of  angles  enforced  by  Euclid's  definition,  and  the  important 
results  that  follow  an  extension  of  the  definition. 

IX.  When  a  straight  line  (as  AB)  meeting  another  stnii^jht 
line  (a«  CD)  makes  the  adjacent  . 

angles  (ABC  and  ABD)  equal 
to  one  another,  each  of  the  angles 
is  called  a  Right  Anolk  ;  and 
,each  line  is  said  to  be  a  Per- 
pendicular to  the  other.  C 


X.  An  Obtuse  Anolb  is  one 
which  is  greater  than  a  right 
angle.  

XI.  An  Acute  Anole  is  one  "^^ 
which  is  less  than  a  right  angle.  ^"^^^^^^ 

XII.  A  FrouRR  is  that  which  is  enclosed  by  one  or  more 
boundaries. 
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XI IT.  A  Circle  ia  a  piano  figure  contained  by  one  line, 
whicli  is  called  tha  Circumference,  and  is  such,  that  all 
Btmight  lines  drawn  to  the  circumference  from  a  certain  point 
(cjiUed  the  Centre)  within  the  figure  are  equal  to  one 
another. 

XIV.  Any  straight  line  drawn  from  the  centre  of  a  circle  to 
the  circumference  is  called  a  Radius. 

XV.  A  Diameter  of  a  circle  is  a  straight  line  drawn  through 
the  centre  and  terminated  both  ways  by  the  circumference. 


Thus,  in  the  diaf^m,  0  is  the  centre  of  the  circle  ABCD, 
OA,  OB,  OC,  OD  are  Radii  of  the  circle,  and  the  straight  line 
AOD  is  a  Diameter.  Hence  the  radius  of  a  circle  is  half  the 
diameter. 

XVI.  A  Semicircle  is  the  figure  contained  by  a  diametei 
and  the  part  of  the  circumference  cut  off  by  the  diameter. 

XVII.  Rectilinear  figures  are  those  which  are  contained 
by  straight  lines. 

The  Perimeter  (or  Periphery)  of  a  rectilinear  figure  ia  the 
sum  of  its  sides. 

XVIII.  A  Triangle  is  a  plane  figure  contained  by  three 
straight  lines. 

XIX.  A  Quadrilateral  ia  a  plane  figure  oontabed  by 
fDur  straight  lines. 

XX.  A  PoLTooN  is  a  plane  figure  contained  by  more  than 
fuur  straight  lines. 

When  a  polygon  has  all  its  sides  equal  and  all  its  angles 
^qual  it  XH  called  a  regular  polygon. 


EUCLID'S  ELEMENTS. 


[Book  L 


XXI.  An  Equilateral  Triangle  is  one  which 
has  all  its  sides  equal 

XXII.  An  IsoscKLEg  Triangle  is  one  which 
has  two  sides  equal 

Tiie  third  side  is  often  called  the  hoM  of  the 
triangle. 

The  term  Ixise  is  applied  to  any  one  of  the  sides  of  a 
triangle  to  distinguish  it  from  tlio  otliev  two,  especially  wht-n 
they  have  been  previously  uientioucci. 


XXIII.  A  KioiiT-ANOLED  Triangle  is 
f)i)n  in  which  ouo  of  the  angles  in  a  riylit 
antile. 


The  side  auhknding,  that  is,  which  is  opposite  the  right  anule, 
ia  cidled  the  Hypotenuse. 


XXIV.  An   OuTUSE-ANOLKD  Triangle  is 
one  in  which  one  of  the  angles  is  obtuse. 


It  will  be  shewn  lioreaitcr  that  a  triangle  can  have  only 
one  of  itd  angles  either  equal  to,  or  greater  than,  a  right  angle. 

XXV.  An  Acute-angled  Triangle  is  one  in 
which  ALL  the  angles  are  acute. 

XXVI.  Parallel  Straight  Lines  are  such 

as,  being  in  the  same  plane,  never  meet  when     T_       ,  . 

continually  produced  in  both  directions. 

Euclid  proceeds  to  put  forward  Six  P<istulate8,  or  R«queats, 
that  he  may  he  allowed  to  make  certain  assumptions  on  the 
constniction  of  ligures  Mnd  the  properties  of  geometrical  mag- 

niliiiles. 
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Postulates 
Lot  it  be  granterl — 

I.  That  a  straight  line  may  be  drawn  from  any  one  point  to 
any  other  point. 

II.  That  a  terminated  straight  line  may  be  produced  to  any 
length  in  a  straight  lino. 

III.  That  a  circle  may  be  described  from  any  centre  at  any 
(listnnco  from  that  centre. 

IV.  That  all  right  angles  are  ofitml  to  one  another. 

V.  That  two  straight  lines  cannot  enclose  a  space. 

VI.  That  if  a  straight  lino  meet  two  other  straight  liniH*. 
so  as  to  make  the  two  interior  angles  on  the  same  side  of  ii, 
taken  together,  less  than  two  right  angles,  these  straight 
liuea  being  continually  produced  <-hall  at  length  meet  upon 
that  side,  on  which  are  the  angles,  which  are  together  less 
than  two  right  angles. 


origuiHi 


The    word    rendered     "  Postulates "    is  in    the 
lUT^^ara,  "  request*." 

In  the  first  three  Postulates  Euclid  states  the  om,  under 
certain  restrictions,  which  he  desires  to  make  of  certain  in- 
struments for  the  construction  of  lines  and  circles. 

In  Post.  I.  and  ii.  he  asks  for  the  use  of  the  stniight  rulor, 
wherewith  to  draw  straight  lines.  The  restriction  is,  that  the 
ruler  is  not  supposed  to  be  marked  with  divieions  so  as  to 
measure  lines. 

In  Poet  III.  he  asks  for  the  use  of  a  pair  of  eompasees, 
wherewith  to  describe  a  circle,  whoee  centre  is  at  one  extremity 
of  a  given  line,  and  whose  circumference  pnflses  through  the 
other  extremity  of  that  line.  The  restriction  is,  that 
the  compasses  are  not  supposed  to  be  capable  of  conveying 
distances. 

Post.  IT.  and  t.  refer  to  simple  geometrical  facts,  which 
Euclid  desires  to  take  for  granted. 

Potit.  Ti.  may,  as  we  hall  shew  hereafter,  be  deduced 
from  a  more  simple  Postulate.  The  student  must  defer 
the  consideration  of  this  Postulate,  till  he  has  reached  the 
17  th  Proposition  of  Book  I. 

Euclid  next  enumerates,  «■  stateroentA  of  ftusi,  ninA  Axioms 
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or,  as  he  oulla  thetn,  Common  Notions,  applicable  (with  the 
exception  of  the  eighth)  to  all  kinds  of  mtignitudes,  and  not 
necessarily  restricted,  as  are  the  Postulates,  to  geormtrical 
magnitudes. 

Axioua 

I.  Things  which  are  equal  to  the  same  thing  are  equal  to 
one  another. 

II.  If  equals  be  added  to  equals,  the  wholes  are  equal. 

III.  If  equals  be  taken  from  equals,  the  remainders  are 
equal. 

IV.  If  eqT.al8  and  unequals  be  added  together,  the  wholes 
are  unequal 

V.  If  equals  be  taken  Arom  unequals,  or  unequals  from 
equals,  the  remainders  are  unequal. 

VI.  Things  which  are  double  of  the  same  thing,  or  of  equal 
things,  are  equal  to  one  another. 

VII.  Things  which  are  halves  of  the  same  thing,  or  of  equal 
things,,  are  equal  to  one  another. 

VIIL  Magnitudes  which  coincide  with  one  another  are 
equal  to  one  another. 

IX.  The  whole  is  greater  than  its  part. 

With  his  Common  Notions  Euclid  takee  the  ground  of 
authority,  saying  in  effect,  "  To  my  Postulates  I  requost,  to 
my  Common  Notions  I  claim,  your  assent." 

Euclid  develops  the  science  of  Geometry  in  »  series  of 
.  Propositions,  some  of  which  are  called  Theorems  and  the  rest 
Problems,  though  Euclid  himself  makes  no  such  distinction. 

By  the  name  Theorem  we  understand  a  truth,  capable  of 
demonstration  or  proof  by  deduction  from  truths  previously 
admitted  or  proved. 

By  the  name  Problem  we  understand  a  construction,  capable 
of  being  effected  by  the  employment  of  principles  of  construc- 
tion previously  admitted  or  proved, 

A  Corollary  is  a  Theorem  or  Problem  easily  deduced  from, 
or  effected  by  means  of,  a  Proposition  to  which  it  is  attached. 

We  shall  divide  the  First  Book  of  the  Elements  into  three 
sections.  The  reason  for  this  division  will  appear  in  the  course 
of  the  worL 
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•.'     jor      because 

,• therefore 

— is  (or  are)  equal  to 

L angle 

A ■ triangle 

equilat equilateral 

extr exterior 

intr interior 

pt point 

recti! rectilinear 


®       /or       circle 

Ooe circumference 

11  parallel 

O  parallelogram 

X     perpendicular 

reqrt required 

rt right 

Bq square 

sqq squares 

Bt straight 


It  is  well  known  that  one  of  the  chief  difficulties  with 
learners  of  Euclid  is  to  distinguish  lilwcen  what  is  assumed, 
or  given,  and  what  has  to  be  proved  in  some  of  the  Pro- 
positions. To  make  the  distinction  clearer  we  shall  put  in 
italics  the  statements  of  what  has  to  be  done  in  a  Problem, 
iiiid  what  has  to  be  proved  in  a  Theorem.  The  last  line  in  the 
proof  of  every  Proposition  states,  that  what  had  to  be  done 
IT  proved  has  been  done  or  proved. 

The  letters  q.  e.  k.  at  the  end  of  a  Problem  stand  for  QuoA 
erat  faciendum. 

The  letters  Q.  e.  d.  at  the  end  of  a  Theorem  stand  for  Qtiod 
erat  demorutrandum. 

In  the  marginal  references  : 

Post,  stands  for  Postulate. 

Def. Definition. 

Ax Axiom. 

I.  1 Book  I.  Proposition  L 

Hyp.  stands  for  HypothefliB,  tupposition,  and  refen  to 
something  granted,  or  assumed  to  be  tru* 
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SECTION  I. 
Oh  the  Properties  of  Triangles. 

Proposition  I.    Prohleii. 

r*  iMcnht   an  tquHcAtxal   triangle    on  a  given    itraignt 
Unt. 


Let  ABhe  the  given  st  lino. 

It  ii  required  to  describe  an  equilat.  A  on  AB 

With  centre  A  and  distance  AB  describe  ©  BCD. 
With  centre  B  and  distance  BA  describe  ©  ACE. 
From  the  pt.  C,  in  which  the  ®  a  cut  one  another, 
draw  the  st.  lines  CA,  CB. 

Then  will  ABC  be  an  equilat.  a  . 


Post.  3. 
Post.  :i. 

Post.  1. 


For               •••  A  w  the  centre  of  ®  BCD, 

.:  AC'^AB. 

Def.  13. 

And              •••  B  is  the  centre  of  ®  ACE, 

.-.  BC^'AB. 

Def.  13. 

Now             V  AC,  BC  are  ewh  -  AB, 

.'.  AC^BC. 

Ai.  1. 

Hiiu  AC,  AB,  BC  are  all  equal,  and  an 

equilat. 

A  ABC 

IS  bftn  dworib«d  on  A  B 

(>.   K.   V. 
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Puoi'oKiTioN  II.     Problem. 

I'nnu   a  (jivfn  point  to  draw  a  strai^hi  l*7U  tqmU  to  a 
yiven  straiyht  Htm. 


Jjdi  A  be  the  given  pt.,  and  BC  the  (fircn  st.  line. 
It  M  required  to  draw  from  A  a  it.  line  eqtuU  te  BC. 


From  A  to  B  draw  the  st.  lino  AB.  Poet.  1. 

On  AB  describe  the  eqiiilut.  A  ABD.  I.  1. 

With  centre  B  and  distance  BC  describe  ®  CGII.     Post.  3. 

Prod\ice  DB  to  meet  the  Qcc  COH  in  G. 
With  centre  D  and  distance  DO  describe  ®  OKL.     Poet.  3. 

Produce  DA  to  meet  the  Qco  GKL  in  L. 

Tlieu  wiU  AL^BC. 

¥ot  '.'  B  is  the  centre  of  ©  COH, 

.:  BC=BG.  Def.  13. 

And  •.•  I>  is  the  centre  of  ©  GKL, 

. .  DL=I)0.  Def.  13. 

And  parta  of  these,  DA  and  DB,  are  equaL  Def.  21. 

.'.  remainder  ^i/=reiiuuiid«r£(r.  Ax.  3. 

Bat  BC=BG; 

.:  AL=BC.  Ax,  1. 

Thus  from  pt.  A  a  st.  line  AL  has  been  drawn— BC. 
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Proposition  III.    Problkm. 

From  the  greater  of   two  given  draight  lines  to  cut  off 
a  part  equal  to  the  less. 


1.2. 


Ax.  L 


Q.  E.  r. 


Let  ABhe  the  greater  of  the  two  given  st.  Hnes  AB,  CD. 
It  is  required  to  cut  off  from  AB  a  part = CD. 
From  A  draw  the  st.  line  AE=CD. 
With  centre  A  and  distance  AE  describe  ©  EFH, 
cutting  AB  in  F. 
ThenwiU^F=(7I>. 
For  •.•  ^  is  the  centre  of  ©  EFH, 

.'.  AF^AE. 
But  AE^CD; 

.-.  AF=CD. 
Thua  from  AB  a  part  AF  has  been  cut  off  =  CD, 

Exercises. 

1.  Shew  that  if  straight  lines  be  drawn  from  A  and  B  in 
the  diagram  of  Prop.  i.  to  the  other  point  in  which  the  circles 
intersect,  another  equilateral  triangle  will  be  described  on 
AB. 

2.  Bj  a  construction  similar  to  that  in  Prop.  iii.  produce 
the  less  of  two  given  straight  lines  that  it  may  be  ei^ual  to  the 
greater. 

3.  Dn»w  a  figure  for  the  case  in  Prop,  ii.,  in  which  the 
given  point  coincides  with  B. 

4.  By  a  similar  construction  to  that  in  Prop.  i.  describe 
on  a  given  straight  line  an  isosceles  triangle,  whose  equal  sidos 
sh.i!!  be  each  equal  to  another  given  straight  line. 


nook  LJ 


PR'^msFTroy  iv. 


t3 


Propobition  IV.    Theorem. 


If  two  triaiigJes  har<  two  siiks  of  the  nvc  cqitnl  to  tivo  sides 
of  the-  othtr,  curh  to  lOrh,  aiid  have  Ulr.nrkc  tin  amjU^  contoimid 
}>ij  those  g-idtii  ajmil.  to  one  auotlur,  tluij  »/n/st  lioin-  tlnit  third 
sidfs  cqiutl ;  and  the  tuM  tria^itjli's  ■intost  he  equal;  and  the  other 
aiKjles  must  be  equal,  each  to  each,  via.  those  to  which  the  equal 
sidta  are  opponts. 


O 
D  o  S  jf 

In  the  AH  ABC,  DBF, 
let  AB=DE,  imd  AC^IJF,  and  /  BAC=^  l  EDF. 
Then  nimt  BV=EF  and  A  ABC  =  A  DEF,  and  th^  other 

L  8,  to  ivhieh  the  equal  sides  are  oj>pogUe,  must  be  equal,  thai 
i*-,  i.  ABC^  L  DEF  and  l  ACB^  i  DFE. 

For,  if  A  ABC  Ix-  applied  to  A  DRF, 
80  that  A  coincides  with  D,  and  AB  fiilln  on  DE, 
then  •.•  AB^DE,  .:  B  will  coincide  with  E. 
And  ■.•  AB  cwincidea  with  I>E,  and  i  BAC-=  l  EDF,  Hyp. 
.-.  J  ('will  full  on  DF. 
Then  •.•  AC=DF,  .'.  0  will  coincide  with  F. 
And  •.•  B  will  coincide  witfc  E,  and  ('  with  F, 
.:  BC  will  coincide  with  EF  ; 
for  if  not,  let  it  fall  otherwise  as  EOF:   then  the  two  at. 
lines  BC,  EF  will  enclose  u  space,  which  is  impossible.     Post.  5. 
.-.  />'('  will  coincide  with  and  .*.  is  equal  to  EV,     Ax.  8. 
and  A  AllC A  DEF, 

and  I  Ar>c i  i>i:f, 

audi  JOB I   I'FE. 

Q.  B.  I>* 
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Note  1.  On  the  Method  of  Superposition. 

Two  geometrical  magnitudes  are  said,  in  accordance  with 
Ax.  VIII.  to  be  equal,  when  they  can  be  so  "placed  that  the 
boundaries  of  the  one  coincide  with  the  boundaries  of  the 
other. 

Thus,  two  straight  lines  are  equal,  if  they  can  be  so  phu^<i 
that  the  points  ut  their  extremities  coincide  :  and  two  angles 
are  equal,  if  they  can  be  bo  placed  that  their  vertices  coincide 
in  position  and  their  anus  in  direction  :  and  two  triangles  are 
equal,  if  they  can  be  so  placed  that  their  sides  coincide  in 
direction  and  magnitude. 

In  the  application  of  the  test  of  equality  by  this  Method  of 
Superposition,  we  assume  that  an  angle  or  a  triangle  may  be 
moved  from  one  place,  turned  over,  and  put  down  in  another 
place,  without  altering  the  relative  positions  of  its  boundaries. 

Wc  also  assume  that  if  one  part  of  a  straight  line  coincide 
with  one  part  of  another  straight  line,  tlic  other  parts  of  the 
lines  also  coincide  in  direction  ;  or,  that  straight  lines,  which 
coincide  in  two  points,  coincide  when  produced. 

The  method  of  Superposition  enables  us  also  to  compare 
magnitudes  of  the  same  kind  that  are  unequal.  For  example, 
suppose  ABO  and  DEF  to  be  two  given  angles. 


Suppose  the  arm  BC  to  be  placed  on  the  arm  EF,  and  the 
vertex  B  on  the  vertex  E. 

Then,  if  the  arm  BA  coincide  in  direction  with  the  arm  ED, 
the  angle  AliC  \s  ccpial  to  DEF. 

If  BA  fall  between  ED  and  EF  in  the  direction  EP, 
ABC  is  less  than  DEF. 

If  BA  fall  in  the  direction  EQ  so  that  ED  is  between 
SQ  and  EF,  ABC  is  greater  than  DEF. 


I 
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Note  2.  On  (he  Conditions  of  Equality  of  ttoo  Triangle*. 

A  Triangle  is  composed  of  six  parts,  three  sides  and  three 
angles. 

When  the  six  parts  of  one  triangle  are  equal  to  the  six 
parts  of  another  triangle,  each  to  each,  the  Triangles  are  said 
to  be  equal  in  all  respects. 

There  are  four  cases  in  which  Euclid  proves  that  two  tri- 
angles are  equal  in  all  respects  ;  viz.,  when  the  following  parts 
are  equal  in  the  two  triangles. 

1.  Two  sides  and  the  angle  between  them.  I.  4. 

2.  Two  angles  and  the  side  between  them.  I.  26. 

3.  The  three  sides  of  each.  I.  8. 

4.  Two  angles  and  the  side  opposite  one  of  them.  I.  26. 

The  Propositions,  in  which  these  cases  are  proved,  are  the 
meet  important  in  our  First  Section. 

The  first  caae  we  have  proved  in  Prop.  iv. 

Availing  ourselves  of  the  method  of  superposition,  we  ean 
prove  Cases  2  and  3  by  a  process  more  simple  than  that  em- 
ployed by  Euclid,  and  with  the  further  advantage  of  bringing 
them  into  closer  connexion  with  Ciuse  1.  We  shall  therefore 
give  three  Propositions,  which  we  designate  A,  B,  and  C,  in 
the  Place  of  Euclid's  Props,  v.  vi.  vii.  vin. 

The  displaced  Propositions  will  be  found  on  pp.  108-112, 

Proposition  A  corresponds  with  Euclid  I.  5. 

B I.  26,  first  part. 

-i- 0 I.  8. 
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Proposition  A.     Theorem. 

1/  two  sidet  of  a  triangle  be  eq^uil,  the  angles  opposite  those 
si(k^  mitst  also  be  equal. 


In  the  isosceles  triangle  ABC,  let  AC'^AB.     (Fig.  1.) 

Tlicn  must  L  ABG^  l  ACB. 

Imagine  the  A  ABC  to  be  taken  up,  turned  round,  and  set 
down  again  in  a  reversed  position  as  in  Fig.  2,  and  designate 
the  angular  points  A',  B',  C. 


Then  in  as  ABC,  A'CB', 

:•  AB^A'C,  and  AC=-A'F,  and  /.BAC=^l  UA'ff, 


But 


•.  i.  ABC='  I  A'CTF. 
I  A'CB' =  I  ACB; 
:  L  ABC=  L  ACB. 


1.4. 
Ax.  1. 

Q.B.D. 


Cor.  Hence  every  equilateral  triangle  is  also  equiangular. 

Note.  When  one  side  of  a  trinngle  is  distinguished  from 
the  other  sides  by  being  culled  IIk-  Haiic,  the  angular  point  op- 
posite to  that  side  is  called  (he  Veritijr  ui  ibe  triangle. 
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Proposition  B.    Theouem. 

If  two  triangles  have  two  angles  of  the  one  equal  to  two 
angles  of  the  other,  each  to  each,  and  the  sides  adjacent  to 
the  equal  angles  in  each  also  equal ;  Uien,  must  Ute  triangUs 
be  squal  in  all  respects. 


O  '7J~ 

In  ha  ABC,  DEF, 
let  I  ABG==  L  DEF,  and  z  ^0B=  ^  DFE,  and  BC'^EF. 
Then  must  AB=I)E,  and  AO'=DF,  and  /.  BAC=  i  EDF. 

For  if  A  DEF  be  applied  to   A  ABC,  so  thab  E  coincideo 
with  B,  and  EF  falls  on  BC; 

then  •.'  EF=BC,  .'.  F  will  coincide  with  G ; 

and  •••  ^  DEF==  i  A  BC,  .:  ED  will  fall  on  BA  ; 

.•.  D  will  fall  on  BA  or  BA  produced. 

Again,  •.'  I  DFE=  l  ACB,  .-.  FD  will  fall  on  CA  ; 

.',  D  will  fall  on  CA  or  CA  produced. 

.•.  D  must  coincide   with  A,  the  only  pt.  common  to  BA 
and  CA. 

.:  DE  will  coincide  with  and  .■.  ia  equal  to  AB, 

and  DF AC, 

and  ^EDF /.  BAC, 

and  uDEF aABC; 

and  .•.  the  triangles  are  equal  in  all  respects. 

Q.  R.  D. 

Cor,  Hence,  by  a  process  like  that  in  Prop.  A,  we  can  prove 
the  foltowing  theorem : 

If  two  angla  of  a  triangle  be  eQual  the  iida  wf^tK  tubtend 
tium  are  also  equal     (^ucl.  I.  6.) 
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Proposition  C.    Thkouem. 

If  iv30  triangles*  hnve  thf,  three  sidts  of  the  one  equal  to  (ht 
three  tides  of  the  others  each  to  each,  th«  trianglet  trnut  be  e^tai 
in  M  retpects. 


Let  the  three  sides  of  the  A  s  ABC,  DBF  be  equal,  each 
to  each,  that  is,  AB=DE,  AC=T)F,  and  BC=EF. 

Then  must  the  triangles  be  equal  in  all  respe4:ts. 

Imagine  the  a  DEF  to  be  turned  over  and  applied  to  the 
A  ABC,  in  such  a  way  that  EF  coincides  with  BC,  and  the 
vertex  D  falls  on  the  side  of  BC  opposite  to  the  side  on  which 
A  falls  ;  and  join  AD. 

Case  I.  When  AD  passes  through  BG. 


Then  in  tABD,  '.-  BD=^BA, .:  i  B^D=  z  BDA,  I.  A. 
And  in   t^ACD,  v  CD=CA, .:  l  CAD=^  l  CDA,  I.  A. 
.-.  sum  of  z  8  BAD,  CAD=m\m  of  z  s  BDA,  CDA,    Ax.  2. 
thatifl,  iBAC==iBDC. 

Hence  we  see,  referring  to  the  original  triangles,  that 
iBAC^i  BDF. 


by  prop  4.  thf  ♦• 


^^>} 


oc   It IV  rf|t 


»    ill  rpBpect«# 


Bock  LI 


PROPOJilTION  C. 


*9 


Case  II.  Whea  the  line  joiuing  the  verticea  doea  not  pass 
through  BC. 


Then  in  .ABD,  :'  BD=BA,  .:  l  BAD=  l  BVA     I  A. 
And  in  t^ACD,  :■  CD=CA,  .:  l  CAD=  l  CDA      I.  A. 
Hence  since  the  whole  angles  BAD,  BDA  are  equal, 
and  parts  of  these  CAD,  CDA  are  equal 
•  the  remainders  BAG,  BDC  are  equal.         Ax.  3. 
Then,  as  in  Case  L,  the  equaUty  of  the  original  triangle- 
may  be  proved. 

Cab.  IIL  When  AC  and   CD  are  in  the  same  straight 
line.  ^ 


Then  in  tABD,  v  BD~BA, .'.  i  BAD^  i  BDA,     I.  A. 
that  is,   iBAC^lBDC. 

Then,  as  in  Case  1.,  the  equality  of  the  original  triangles 
may  be  proved.  ^  ^  ^ 


20 


EUCLIU^  ELEMENTS. 


[Book  Ir 


B<M 


IPROPOSITION  IX.     ProBLBM. 

SV)  hutid  a  given  angle. 


Let  BAC  be  the  given  angle. 

li  is  required  to  bisect  L  BAO. 

In  AB  take  any  pt.  D. 

In  AG  make  AE=AD,  and  join  DB. 

On  DE,  on  the  side  remote  from  A,  describe  an 
equilat-ADF^.  1.1. 

Join  AF.    Then  AF  will  bisect  i  BAG. 

For  in  Ls  AFD,  AFE, 

:'  AD=AE,  and  ^J*  is  common,  and  FDi^FE, 

.-.  /  DAF=  L  EAF,  I.  c. 

that  is,  z  BJ.0  is  bisected  by  AF. 

Q.  K.  F. 

Ex.  1.  Shew  that  we  can  prove  this  Proposition  by  nieaiis 
of  Prop.  IV.  and  Prop.  A.,  without  applying  Prop.  0. 

Ex.  2.  If  the  equilateral  triangle,  employed  in  the  construc- 
tion, be  described  with  its  vertex  towards  the  given  angle  ; 
shew  that  there  is  one  case  in  which  the  construction  will  fail, 
and  two  in  which  it  will  hold  good. 

NoTB.— The  line  dividing  an  angle  into  two  equal  parts  is 
oall«d  the  Bisbcfor  of  the  an;;le. 
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1.1. 


I.e. 


Proposition  X.    Problem. 
7«  bitect  a  fi/ven  Jmite  straight  Had, 


Let  AB  be  the  given  at.  line. 
It  is  required  to  bisect  AB. 

On  AB  describe  an  equilat.  aACB.  1. 1. 

Biiect  I  ACBhj  the  st.  lino  CD  meeting  AB  in  D  ;      L  9. 
then  AB  shall  be  bisected  in  X>. 

For  in  t.&  ACD,  BCD, 
-.'  AC-'BC,  and  CD  is  common,  and  i  ACD"  l  BCD, 

.-.  AD^BD  ;  I.  4. 

.•.  AB  is  bisected  in  D. 

Q.  B.  F. 

Ex.  1.  The  straight  line,  drawn  to  bisect  the  vertical  angle 
of  an  isosceles  triangle,  also  bisects  the  base. 

Ex  2.  The  straight  line,  drawn  from  the  vertex  of  an 
isosceles  triangle  to  bisect  the  base,  also  bisects  the  vertical 
angle. 

Ex.  3.  Produce  n  given  finite  straight  line  to  a  point,  such 
that  the  part  pmdiiced  may  be  one-tl  id  of  the  line,  which  is 
made  up  of  the  whole  and  the  part  produced. 
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ri:oi'<)SiTioN  XI.     Piioni.KM. 

To  draw  a  straight  line  at  light  anyltm  tu  a  givi;n  straiijlit 
line/rinri  n  given  point  in  the  sa/iioe. 


Let  AB  he  the  piven  fit.  line,  finrl  f^  n  piven  pt.  in  it. 
It  is  re<pii.re^l  to  draw  from  C  a  st.  Hint  ±  to  AH. 

Tuke  any  pt.  Dm  AC,  and  in  PB  niako  CE=CD. 
On  DE  describe  an  (Hpiiliit.  h  DFE. 

Join  FC.     FC  shall  be  x  to  J^. 


I.  1. 


For  in  d.H  DCF,  ECF, 

:■  IX'^CE,  and  CF  is  cnniinnn,  muI  FT>^lil'], 

.-    L  I)CF=  I  EVF ;  I.e. 

and  .-.  f  C  is  X  to  AB.  Def.  !). 

Q.  K.   F. 

Cor.  To  dnw  a  Ptniij^ht  line  at  ripht  anrrlpq  to  a  piven 
straight  lino  A('Un\\\  one  oxtvoniity,  '',  'ako  any  jwint  />  in 
yK?,  priMJiioo  ^r*  to  i?,  iii.nkiiip  ('A'— (7>,  and  procood  as  in 
♦  he  propiKsitioTi. 

Ex.  1.  Shew  th.it  in  tlio  diagram  of  Prop.  ix.  ^Fand  ED 
intorsoct  oarh  o\\wr  at  lii^dit  ati^dc.'',  and  that  ED  ia  hispctctl 
hy  AF. 

Ex.  2.  If  0  bo  tho  pfiint  in  which  two  lino.q,  bi.votinjx -/1 7< 
and  A(y,\\\o  sidos  of  an  orii>,;ij,toral  triangle,  at  right  angles, 
meet  ;  shew  that  OA ,  OB,  0(1  are  all  eq\ial. 

Ex.  3.  Shew  that  Prop.  xi.  is  a  particidar  case  of  Prop.  ix« 
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PUOPOHITION  XII.      PUOBLBM. 

To  Araw  a  straight  line  perjteiidindar  to  a  givtH  ttraiyht 
u,e  of  an  uidimiUd  Itnyth  Jrwa  a  given  point  without  it. 


Let  AB  he  the  given  st.  line  of  unlimited  length ;   C  the 
given  pt.  without  it. 

It  w  requird  to  draw  from  C  a  U.  line  X  to  AB. 

Take  any  pt.  D  on  the  other  side  of  AB. 

With  centre  C  and  distance  CD  describe  a  0  cutting  Al 


iij  E  and  F. 


Bisect  EF  in  0,  and  join  CE,  CO,  CF. 
Then  CO  shall  be  ±  to  AB. 


1.10 


For  in  iisCOE,COF, 

:■  EO=FO,  and  CO  is  common,  and  CE=CF, 

.'.  L  COE^  L  COF ;  I.  c. 

.-.  CO  ia  X  to  AB.  Def.  9. 

Q.  E.  F. 

Ex.  1.  If  the  stnii^rht  line  were  not  of  unlimited  length, 
how  might  the  construction  fail  ? 

Ex.  2.  If  in  a  triangle  the  ]u>rpendicular  from  the  vertex 
on  the  biiae  bisect  tlie  base,  the  triangle  is  isosceles. 

Kx.  3.  The   linos   drawn   from   the    angular    points   of  an 
l.iuntl  triiiuj'lc  to  the  middle  points  of  the  opposite  sidet 
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Miicdla-iiemis  Ezcrciset  on  rroj)s.  I.  to  XII. 

1.  Draw  a  figiiie  for  Prop.  ii.  for  the  caa«  when  the  gireo 
point  A  is 

(a)  below  tlio  line  BC  and  t«  the  right  of  it 
(/3)  below  the  line  liC  and  to  the  left  cf  i- 

2.  Divide  a  given  angle  into  four  equal  pa  ta. 

3.  The  angles  B,  C,  at  the  bii.se  of  an  isosceles  triangle,  are 
bisected  by  the  straight  lines  BD,  CD,  meeting  in  D  ;  shew 
that  BDC  is  an  isosceles  triangle. 

4.  D,  E,  F  are  points  taken  in  the  sides  BC,  CA,  AB,  of 
an  equilateral  triangle,  so  that  BD^CE^AF.  Shew  that 
the  triangle  DEF  is  equikteral. 

5.  In  a  given  straight  line  find  a  point  equidistant  from 
two  given  points  ;  1st,  on  the  same  side  of  it ;  2d,  on  oppoeit* 
sides  of  it. 

6.  ABC  is  a  triangle  having  the'  angle  A  BC  acut«.  In  BA, 
n  BA  produced,  find  a  point  D  such  that  BD^CD. 

7.  The  equal  sides  AB,  AC,  of  an  isosceles  triangle  ABC 
tre  produced  to  points  /''and  O,  so  that  AF=AO.  BO  and 
CF  are  joined,  and  H  is  the  point  of  their  intersection.  Prove 
that  BII'=CII,  and  also  that  the  angle  at  ^  is  bisected 
bjAU. 

8.  BAC,  BDC  aro  isoacelcs  triangles,  standing  on  oppo- 
site sides  of  the  same  base  BC.  Prove  that  the  straight  line 
from  A  to  D  bisects  BC  at  right  angles. 

9.  In  how  many  directions  may  the  lino  AE  be  drawn  in 
Prop.  III.  1 

10.  The  two  sides  of  a  triangle  being  produced,  if  the 
angles  on  the  other  side  of  the  base  be  equal,  shew  that  the 
triangle  is  isosceles. 

11.  ABC,  ABD  are  two  triangles  on  the  same  base  AB 
and  on  the  same  side  of  it,  the  vertex  of  each  triangle  being 
outside  the  other.     If  AC=AD,  shew  that  BC  cannot  ^BD. 

12.  From  C  any  point  in  a  straight  line  AB,  CD  is  drawn 
at  right  angles  to  AB,  meeting  a  circle  described  with  centre 
A  and  distance  AB  in  D  ;  and  from  AD,  AE  is  cut  off ''AC: 
•hew  that  A  RB  is  a  rifrht  angle. 
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PnorosiTioN  XIII.    Theorem. 

77«!  anglM  which  (me.  Mravjht  line,  vtah^  with  another  upon 
one  aide  of  it  are  eitlier  two  riijht  anylcs,  or  Uiydfier  eqxial  to  two 
right  angles. 

Fig.  1.  Fig.  a. 


Def.  9. 


1.11. 


O         Ji  2) 

Let  AB  make  with  CD  upon  ono  side  of  it  the  i  a  ABC, 
ABD. 

Then  vinift  thf-ne  he  either  tv^o  rl.  L  s, 
or  toyclher  equal  to  two  rU  i  9 

First,  if  /  ABC=^  iAIii>  aa  in  Fig.  1, 

each  of  them  is  a  rt.  z  . 
Secondly,  if  i  ABC  l)o  not=  l  ABD,  as  in  Fig.  2, 
from  B  draw  BE  X  to  CD. 
Then  Bum  of  z  a  ABC,  AJ!D=eum  of  z  a  EBC,  EBA,  ABD, 
and  sum  of  z  s  BISC,  J';/>7>=8uni  of  z  s  EBC,  EBA,  ABD  ; 
.-.  sum  of  I  a  ABC,  ABD^'mm  of  /  s  EBC,  EBD ; 

Ax.  1. 
.•.  sum  of  /  0  AB(\  ABD=Hnm  of  a  rt.  i  and  a  rt.  z  ; 
.'.  I  a  ABC,  ABD  are  together = two  rt.  i  s. 

q.  E.  D. 
Ex.  Straight  lines  drawn  connecting  tho  opposite  angular 
points   of  a   quadrilateral  figure    intersect  each  other  in    O. 
Shew  that  the  angles  at  0  are  together  equal  to  four  riglit 
angles. 

Note  (1.)  If  two  angles  together  make  up  a  right  angle, 
each  is  cjilled  the  Comtlkment  of  the  other.  Thus,  in  fig.  "2, 
/.  ABD  is  the  coniulenient  of  i  ABE. 

,^,  t\  two  angles  together  make  up  two  right  angles,  each 
IS  called  the  Suti'LEMknt  of  the  other.  Thus,  in  both  figures, 
I  ABD  is  the  snppletnent  of  z  ABC. 
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Proposition  XIV.    TheorbK 

If,  ai  a  point  in  a  straight  liw.,  two  other  straight  lines,  upon 
ihe  opposite  sides  of  it,  vuike  the  adja<xnt  aiujli^  together  equal 
to  two  right  angles,  these  two  straight  lines  must  be  v^  cne  and 
tKe  same  straight  Une. 


I) 


At  the  pt.  B  in  the  st,  lino  AB  let  the  st.  lines  BC,  BD, 
on  opposite  sides  of  AB,  iniike  l  a  ABC,  ABD  together'-two 
rt.  angles. 

Then  BD  must  he  in  the  same  st.  line  vnth  BC. 

For  if  not,  let  BE  be  in  the  same  st.  line  with  BC. 

Then         i  s  ABC,  ABE  together=two  rt.  z  s.  I.  13. 

And  I  8  ABC,  ABD  together = two  rt.  i  s.  Hyp. 

.-.  sum  of  I  8  ABC,  ABE=s\im  of  z  s  ABC,  ABD. 

Tiike  away  from  each  of  these  equals  the  z  ABC ; 

then  i  ABE=  l  ABD,  Ax.  3. 

that  is,  the  less = the  greater  ;  which  is  impossible, 

'.  BE  is  not  in  the  same  st.  line  with  BC. 

Similarly  it  may  bo  shewn  that  no  other  line  but  BD  is  in 
'lie  same  st.  line  with  BC. 

,\  BD  is  in  the  same  st.  line  with  BC. 

Q.  B.  D. 

Ex.  Shew  the  necessity  of  the  words  the  ojrpositt  sides  in 
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Proposition  XV.     Thkouem. 

//  two  straight  lines  cut  one  another,  the  vertically  opposite 
auglts  must  be  eqiial. 


Let  the  Bt.  lines  AB,  CD  cut  one  another  in  the  pt.  E. 

Then  must  l  AEC=  l  BED  and  l  AED=  l  BEG. 
For  ■:  AE  meets  e/>, 

.-.  sum  of  /  8  AECj,  AED— two  rt.  ,:  s.  L  13. 

And  •.•  DE  meets  AB, 

.:  sum  of  z  H  IIED,  AED=two  rt.  z  s  ;         I.  13. 
.-.  sum  of  ^  8  AEV,  A  HD=mm  of  i  s  BED,  AED  ; 

.-.  iAEa=  I  BED.  Ax.  3. 

Similftrly  it  may  be  shewn  that  i  AED=  l  BE<\ 

g.  E.  D. 

CoBOLLART  I.  From  this  it  is  manift'at,  that  if  two  straight 
lines  cut  •*>«  another,  the  four  ar.j^loa,  wliich  they  make  at  the 
point  of  intersection,  aro  tofrother  equal  to  four  right  ansjles. 

Corollary  II.  All  the  nnrrlos,  made  by  any  number  of 
straight  lines  meeting  in  one  point,  are  together  ccjual  \*i  four 
right  angles. 

Ex.  1.  Shew  that  the  bisectors  of  AED  and  BEC  are  in 
the  same  straight  line. 

Ex.  2.  Prove  that  l  A  ED  is  eqnal  *n  the  ang'.e  between 
two  straight  lines  drawn  at  right  angles  from  E  to  AE  and 
EC,  if  both  lie  aliovo  CD. 

Ex.  3.  If  All  Cl>  bisect  Mch  other  in  E  ;  shew  that  the 
triiingh"^  A  Ell,  HEC  ^r(^  eauid  in  all  re.'*pettj<. 
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So 


Note  3,  (hi  Ettclids  definition  of  an  Angle. 

Euclid  directs  us  to  regard  an  angle  as  tlio  inclination  ot 
two  straight  lines  to  each  other,  which  meet,  hut  are  not  in 
the  same  straight  litie. 

Thus  he  does  not  recognise  the  o- 1.  to; c:  «a'  a  single  angle 
equal  in  magnitude  to  two  right  angles. 

The  words  printed  in  iUilica  are  omitted  a.s  needless,  in 
Def.  VIII.,  p.  3,  and  that  definition  may  he  extended  with 
advantage  in  the  following  terms  • — 

Def.  Let  WQE  bo  a  nxed  straight  line,  and  QP  a  line 
which  revolves  about  tho  fixiid  point  Q,  and  which  at  ilrst 
ooin^des  with  QE. 


<J''^ 


Then,  when  QP  has  reached  tho  position  representoa  in 
the  diagrajn,  wo  say  that  it  has  descril)ed  tho  angle  EQP. 

When  QP  has  revolved  so  far  as  to  coincide  with  QW, 
we  say  that  it  has  described  an  angle  eq%ial  to  tioo  right 
angles.  j 

Hence  v<i  may  obtain  an  easy  proof  of  Prop.  xiii.  ;  for  what- 
ever the  position  of  PQ  may  be,  tho  angles^  .vhich  it  makes 
with  WE  are  together  equal  to  two  right  aT!!.''c:.. 

Agidti,  in  Prop.  xv.  it  is  evident  that  /  •  ^D~  .'  P,EC, 
since  each  has  the  same  supplementtiry  i  A  EC. 

We  shall  shew  hereafter,  p,  14r»,  how  this  definition  may  be 
extended,  so  as  to  eiiiiiniu',  angles  greater  than  two  right 
angles. 


k  L 


:gook  I. 
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ot 

in 


*  Proposition  XVI.     Tiikohkm. 

//  one  side  of  a  triautjle  be  jrro(hiceil,  the  exterior  anglt  it 
greater  Hum  either  of  the  interior  opposite  angles. 


Now 


triht  w, 


I.  ir). 

1.4. 
Ax.  9, 


fiCt  the  side  B(  of  A  ABC  be  produced  to  D. 
Then  must  i  A  CD  he  grrater  tlian  either  i  CAB  or  L  ABC. 
Bisect  A  C  in  E,  Mini  join  BE.  I.  10. 

Pro(l-»ce  BE  to  F,  making  EF^BE,  and  join  FC. 
Then  in  as  BE  A,  FEC, 

-.'  BE=FE,  and  EA  =  EC,  and  ^  BE  A  =  z  Fi?(7, 
.-.  I  ECF^  L  EAB. 
/.  ACDia  greater  tlian  /  ECF ; 
.:  /  vU7J  is  {,'iwiter  than  ^  EAB, 
L  ACJ)  is  <,'roat(."r  tlian  i  CAB. 
Si/uiiaiiy,  if  AC  be  produced  to  G  it  may  bo  shewn  that 
z  iiCY/  is  },'reater  than   z  .4i;C'. 
.•md  i.BCG=  lACD;  I.  If). 

.•.  z  yIOi>  is  greater  than  l  ABC. 

Q.  E.  n. 

R.x.  1.  Prom  tho  same  point  thero  cannot  be  drawn  more 
than  two  equal  sirttifjnt  lines  t«  nieet  ;\  ^nven  straij^'ht  line. 

Ex.  2.  If,  from  any  poiixt,  a  straii.,dit  line  be  drawn  to  a 
1^1  ven  8trai},'ht  line  iiiakiiit;  with  it  an  acutt;  and  an  obtuse 
iinj^do,  and  if,  from  tne  saiuc  point,  a  pcriiendicular  be  drawn  to 
the  jfiven  line  ;  the  j)(M])endicuhir  will  fall  on  the  side  of  the 
acn'c  MLf.''!' 
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Pbopositiov  XVII.    Theorem. 

Any  two  angks  of  a  triangle  are  together  less  than  tw0  righi 
angle$. 


a  7) 

Let  ABC  be  any  a  . 

Then  must  any  two  of  its  l  s  he  together  lets  than  twn 
rt.  L  s. 

Produce  7?(7  to  7^. 
Then  z  vlT'D  is  <rreatcr  thim  ^  yl/jr-.  I.  Ifi. 

.-.   /  3  ACD,  A  Vli  iire  toijctlu'r  >,'reater  than  z  ?,  ABC,  AVB 
But  L  3  ACD,  AVB  t(i-,'ether=two  it.  z  s.  I.  1:5 

,•.   I  sAliC,  AVB  are  tojjfether  less  than  two  rt.  i  s. 
Similarly   it  may  ))e  shewn  that  isAIi(\  BAC  tunl  also 
that  /  s  BAC,  ACS  are  tof;ether  less  tlian  two  rt.  i.  s. 

Q.  E.  n 
Note  4.  On  the  Sixth  Postulate. 

We  learr.  from  Prop.  xvii.  that  if  two  straight  lines  Bift 
and  CN,  which  meet  in  Ay  are  met  l)y  another  straight  lino 
DE  in  the  points  0,  P, 


the  angles  MOP  ana  NPO  are  tofrothor  loss  than  two  right 
angles. 

The  Sixth  Postulate  asserts  tliat  if  a  line  DE  meeting  'w.^ 
other  linos    /Mf,    C\  imkoB   MOP.   NPO,  the   two   interior 
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angles  on  the  same  side  of  it,  together  less  than  two  right 
angles,  BM  and  CiVslnll  meet  if  produced  on  the  same  side 
of  DE  on  which  are  the  angles  MOF  and  NFO. 


Proposition  XVIII.    Theorem. 

//  one  side  of  a  triangle  be  greater  than  a  iecond,  the. 
angle  opposite  the  first  must  he  greater  than  that  opposite  the 
second. 


li  a 

In  lABG,  let  side  JO  be  greater  than  AB. 
Then  must  i  ABC  he  greater  tlmn  L  ACB. 

From  AC  mi  off  AD=AB,  and  join  BD. 
Then  \- AB=Al\ 

.'.  L  ADB=^  L  ABD, 
And  •.•  CD,  a  side  of  A  BDC,  is  produced  to  A. 
.'.  L  ABB  is  greater  than  l  ACB  ; 
.•.also  I  ABD  is  greater  than  l  ACB. 
Much  more  is  i.  ABC  greater  than  i  ACB. 


1.3. 
La. 
I.  16 

Q.   E.  D. 


Ex.    Shew  that  if  two  angles  of  a   triangle  be  equal,  the 
sides  which  subtend  them  are  equal  also  (Eucl.  I.  6). 
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Proposition  XIX.    Theorem, 

li  one  angle  of  a  triangk  be  greater  than  a  second,  the 
side  opposite  the  first  mtist  be  greater  than  that  opposite  the 
second. 


lAl 


th 


I.  A. 

1.18. 


In  lABC,  let  i  ABC  he  greater  than  i  AGB. 
Then  must  AG  be  greater  than  AB. 

For  a  AG  he  not  greivter  than  AB, 

AO  must  either  =  .4S,  or  he  less  than  AB. 
Now  AG  cjvnnot=^lii,  for  tlien 

I  ABC  would  =  I  AGB,  which  is  not  the  case 
And  AG  cannot  he  less  than  AB,  for  then 
i.  ABC  would  he  less  tlian  i  ACB,  which  is  not  the  case  ; 
.-.  AC  is  greater  than  AB. 

Q.  E.  D. 

Ex.  1.  In  an  (..htuse-an^'lcd  triangle,  the  greatest  side  is 
miposite  the  ohtiise  angle. 

Ex.  2.  BG,  tho  haso  of  an  isosceles  triangle  BAG,  is  pro- 
duced to  any  point  J> ;  shew  tliat  A  I)  is  greater  than  A  B. 

Ex.  3.  The  perpendicular  is  the  shortest  straight  Iitio,  which 
can  bo  drawn  from  a  given  point  to  a  given  straight  line  ;  and 
of  others,  that  which  is  nearer  to  the  perpendicular  is  less  thar 
one  iiinie  vcniote. 


18. 
so  ; 


)    13 

[)ro  • 

liich 
aiid 
.bar 
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1  ROPOSITION  XX.       TllKORKM. 

A „,j  ^.wo  eulcs  of  a  Irianyh  arc  together  greater  than  Vii 
ifurd  suic 


La. 


1.19. 


Let  ABC  ho  A  A. 
Th^n  any  two  of  il>i  sides  vimt  he  tagdher  greater    than 

the  third  side. 

Produce  BA  to  D,  inakinc;  AD^AC,  and  join  i>C. 

Then  ■••  AJ)=AC, 

.:  L  ACI>=  I  ADC,  that  is,  i  BDC. 
Now  I  BCD  is  greater  than  i  ACD  ; 

.:  L  BCD  is  also  greater  than  ^  BDC ; 
.-.  BD  is  greater  than  BC. 
But  BD=BA  and  AD  together  ; 

that  is,  BD  =  BA  and  AC  together  ; 
.-.  BA  and  AC  together  are  greater  than  BG. 
Siniihirly  it  may  he  shewn  that 

AB  and  BC  together  are  gr'.'ater  than  AC, 
andA'CandCM  ^1^-     ^  ^  ^_ 

Ex.  1.  Prove  that  any  three  sides  of  a  quadrilateral  figure 
are  together  greater  than  the  fourth  side. 

Ex.  2.  Shew  thav  any  side  of  a  trian>;io  is  greater  than 
the  diifere-ice  between  the  other  two  sides. 

Ex  3.  Prove  that  the  sum  of  the  di^stancea  of  any  point 
frr)m  the  angular  points  of  a  quadrilateral  is  greater  than 
half  the  perimeter  of  the  quadrilateral. 

Ex  4  If  one  side  of  a  triangle  be  bisected,  the  sum  of  the 
two  other  sides  shall  be  more  than  double  of  the  line  joining 
the  vertov  and  the  point  of  bisection. 

J 

8-   K. 
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Proposition  XXI.    Theouem. 

If,  from  the  ends  of  the  snh  of  a  triangle,  there  he 
drawn  two  straight  lines  to  a  point  within  the  triangle ; 
these  will  be  together  less  than  the  other  sides  of  the  triangle, 
btU  will  contain  a  greater  angle. 


Let  ABC  be  a  A ,  and  from  D,  a  pt.  in  the  A ,  draw  st. 
lin«s  to  B  and  G. 

Then  will  BD,  DC  together  be  less  than  BA,  AC, 
but  L  BDCwill  be  greater  than  i  BAG. 

Produce  BD  to  meet  AG  in  E. 

Then  BA,  AE  are  together  greater  than  BE.  I.  20. 

Add  to  each  EG. 
Then  BA,  ^Oare  together  greater  than  BE,  EG. 
Again,  DE,  EG  are  together  greater  than  DG.  I.  20 

Add  to  each  BD. 
Then  BE,  EC  are  together  greater  than  BD,  DC. 
And  it  has  been  shewn  that  BA,  AC  are  together  greate? 
than  BE,  EC ; 

/.  BA,  AG  are  together  greater  than  BD,  DC. 
Next,  •.•  /  BDG  is  greater  than  z  DEC,  I.  If!. 

and  z  DEC  is  greater  than  z  BAG,  I.  IG. 

.*.  z  BDG  is  greater  than  z  BAG. 

Q.  E.  I). 

Ex.  1.  Upon  the  base  AB  of  a  triangle  ABC  is  described 
%  quadrilateral  figure  ADEB,  whicli  is  entirely  within  tlic 
triangle.  Shew  that  the  sides  AC,  CB  of  the  triangle  uic 
(ogether  greater  than  the  sides  AD,  DE,  EB  of  the  quadri- 
lateral. 


it 


til 
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Ex.  2.  SIicw  that  the  sum  of  the  stniight  lines,  joining 
the  aiij,'le3  of  a  triangle  witli  a  point  within  tlie  triangle,  ia 
less  tiian  tlie  perimeter  of  the  triangle,  and  greater  than  half 
the  perimeter. 

Protosition  xxii.     Piiuhlkm. 
To  waJce  a  trianrjh,  of  which  the  sides  shall  be  eqvnl  to 
three  given  atraiyht  lines,  any  two  of  which  are  together  greater 
than  the.  third. 


let  A,  7?,  C  Vio  tho  thrpfi  given  lines,  any  two  of  which 
nfB  together  greater  than  the  thirH. 

It  i-i  required   to   iii<(ke   a  A  having   its   sides  =  A,   B,   C 
re<peelivdy. 

Take  a  st.  lino  DE  of  unlimited  length. 

In  JJE  make  DF= A ,  FG  =  B,  and  (?//=  G.  I.  3. 

With  ecntre  1' and  distance  FU,  describe  ®DKL. 

With  centre  G  and  distance  GIT,  describe  ®HKL. 

Join  FK  and  (}K. 
Then  aKFG  has  its  sides  =^1,  B,  C*  respectively. 

VovFK=FD;  Def.  13 

.-.  FK=A  ; 
am\GK=Gn;  Def.  13. 

.-.  GA'=C; 
nndi'^(?  =  ii; 
.'.  a  A  KFG  has  been  described  as  reqd.         Q.  e.  f. 
Ex.   Draw  an  isosceles  triangle  having  each  of  the  equal 
rtdes  double  of  the  base. 


p 
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rnoroHiTioN  XXITT.     Puoiu-km. 
At  a  qiwn  jwint   in  a  (jivcii,  straight   line,  to  vnike  an 
allele  equal  to  a  <jiven  angle. 


V— 


Let  A  he  the   Rivon   pt.,  nO  the   given   line,   DBF  the 
given  I  . 

It  is  reqd.  to  make  at  pt.  A  an  angle  ■=  /  DBF. 
In  ED,  EF  take  any  pts.  R  F  ;  and  join  DF. 
In  AB,  produced  if  necessary,  make  AG'=T)E. 
In  AC,  produced  if  necessary,  make  Alt—BF. 
In  HC,  produced  if  necessary,  make  JfK'=FD. 

With  centre  A,  and  distance  AG,  describe  ®  GLM. 
With  centre  H,  and  distance  11 K,  describe  ®LKM. 
Join  A  L  and  HL. 
Then  •.•  LA  =  A  G,  .:  LA  =  DE  ;  Ax.  1. 

and  •.•  JIL=UK,  .:  HL^FD.  Ax.  1. 

Then  in  ^s  LA  IT,  DBF, 

:■  LA=DK,  and  A  Tl^'EF,  and  1IL=FD  ; 

.-.  /  /..!//=  lDBF.  I.  c. 

.♦.  an  angle  LAII  lias  l;eeii  made  at  pt.  A  as  was  reqd. 

Q.  R.  F. 


an 
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KoTK.— Wo  liore  give  tlic  proof  or  i\  theorem,  necessary  to 
the  proof  of  I'rop.  XXIV.  and  applicable  to  Beveral  proDosi- 
tioua  iu  iiook  111. 


the 


PllOrOSlTtON   D.      TlIEOUEM. 

Every  slrai<iht  lim,  drawn  from  the  vertex  of  a  Iriangle  to 
the  base,  is  /m'  thin  the  greater  of  the  tivo  sides,  or  than  either, 
if  they  be  equaJf. 


X.  1. 

X.  1. 


I.e. 


In  the  A  ABO,  let  tho  side  AC  bo  not  less  than  AB. 
Take  any  pt.  D  in  JiC,  and  join  AD. 

Then  must  AD  be  less  thu    AC. 


For  -.•ACis  not  less  than  AB  ; 

,-.  z  ABD  is  not  less  than  z  ACD. 
But  I  ADC  is  irreatttf  than  z  .1 HD  ; 

.:  L  ADC  is  greater  than  i  ACD  ; 
.-.  AC  is  greater  thau  AD. 


I.  A.  and  18. 
I.  16. 


I.  19. 

Q.  E.  B. 
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Propobition  XXIV.     Tiikokkm. 

If  ttco  triangles  have  ttro  suhn  of  the  07ic  rqnal  to  tiro 
sides  of  the  other,  each  to  each,  I'd  the  amjle.  roiitdiunl  hij 
the  two  sides  of  one  of  them  (jretiler  thmi  the  (inijle  enDtniiiid  lnj 
the  two  sides  eiptal  to  them  of  the  other  ;  the  hose  of  that  which 
hat  the  greater  angle  must  be  greater  than  the  base  of  the  other. 


Again, 


In  the  ha  ABC,  DEF, 

let  A B  =  DH  and  AO=J)F, 

and  let  i  BAV  be  {riciiter  tluiii  /  EDF. 

Then  must  B(!  he  greater  than  IJF. 

Of  the  two  sides  DE,  DF  let  l)E  be  not  greater  than  DF* 

At  pt.  D  in  St.  hne  Eh  make  i  El)G==  i  II AC,  I.  2:J. 

and  make  DG  =  AC  or  DF,  and  join  FAl,  C.F 
IhenvAB^DE,  and  AC=J)G,  and  i  BAC=  l  EDO, 
.\BC=EG, 
\'DG=^DF, 
:.  i.DFG=  iDGF; 
.:  L  EFG  is  greater  than  i  DGF; 
much  more  then  z  EFG  is  greater  tlian  z  EOF  ; 
.:  EG  is  greater  tlian  EF. 
B\itEG  =  BC; 

.-.  BC  is  greater  lliaii  EF. 

q.  K.  It. 

•This  lino  was  .■niiii-il  1>y  Siiiisnn  to  ohviati'  a  defect  in  Kiicliil  s 
Jiluof.  Willinut  tills  coiKlilioii,  three  i!i  ;liiii'l  ciises  must  he  discussed. 
With  tlie  condilioii,  we  can  prove  tliat  /■'  must  lie  Ijcinw  K(i. 

For  since  DF  k  not  less  than  DE,  and  DO  iw  diawn  equal  to  DE, 
IKi  is  not  less  than  J>E. 

Hence  hy  Prop,  d,  any  lino  drawn  from  /;  i..  neei.  HO  i^ 
hss  than  D(f,  and  therefore  DF,  being  equal  to  Ix,^  lau^l  extend 
l)eyond  KU. 

For  another  metlio.l  of  p;ovii;g  llic  rroi.osHio.i,  sue  p.  llo. 


1.4. 
1.  A. 

I.  v.). 


tiOOIl  1. 1 
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Pi!()iv)8iTK)N  XXV.    Theorem. 

Ij  tiro  friiUKjlfx  have  two  dd^  of  tfie  one  equal  to  two  sides 
of  the  other,  eiu-h  to  au-h,  but  the  hme  of  the  one  greater  than 
tin:  h(U<c  of  thf  othir  ;  Ihe  luitjle  aho,  contained  Inj  the  sides  of 
that  whhhha-ithc  <jnutcr  haw,  must  he  greater  tfian  the  angle 
ivntaincd  by  the  ddcs  c^ual  to  them  of  the  otlur. 


In  the  i.B  ABC,  DEF, 
let  ^ /?  =  DE  and  AC='DF, 

and  let  liC  bo  greater  than  EF. 
Tlien  mud  l  BAC  he  greater  than  L  EDF. 
For  I  BAV  is  jjreater  than,  equal  to,  or  less  than  z  EDF. 
Now  z  Zi^C  cannot  =  i  EDF, 
for  then,  by  i.  4,  BC  vroiM^EF ;  which  is  not  the  case. 
And  z  BAV  ciinnoi  1)C  less  than  z  EDF, 
for  then,  by  i.  24,  BC  would  be  less  than  EF ;  which  is 

i\ot  the  case  ; 

.'.  z  BAC  must  be  greater  than  z  EDF. 

Q.  B,  D. 

N(,TK._Tn  Prop.  wvi.  Euclid  includes  two  cases,  in  which 
two  trianKlos  are  cinal  m  all  respects  ;  viz.,  when  the  following 
parts  are  (Miual  in  the  two  triangles  : 

1.  Two  angles  and  the  side  between  them. 

2.  Two  angles  and  the  side  opposite  one  of  them. 

Of  these  we  have  alrwuly  proved  the  fii-st  case,  in  Prop.  B, 
so  that  we  have  only  the  second  case  left,  to  form  the  subject 
of  Prop.  XXVI.,  which  we  shall  prove  by  the  method  of 
s\»perposition. 

Vr>r  KiK-lidV  pnx.f  of  1'roi>    xxvi  ,  see  p:-    114-U5. 
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Proposition  XXVI.     Tiikouem. 

If  two  triangles  have  tivu  awjlex  of  the  one  equal  to  two  angles 
of  the  other,  each  to  each,  ami  one  side  tgual  to  one  side,  thone 
sides  being  opposite  to  equal  angles  in  tach  ;  then  must  tits 
triangles  be  eqiial  in  all  respects. 


In  h^ABC,DEF, 
kt  /  ABC-=  I  DEF,  and  /  ACH-^  i  DFE,  and  AB=DK 
nen  must  BC=  EF,  and  AC=  DF,  and  l  BAC=^  l  EDF. 
Suppose  .A  ])EF  to  be  applied  to  a  ABC, 

so  that  D  coincides  with  A,  and  DE  fidls  on  AB. 
Then  •.•  DE—AB, .-.  E  will  coincide  with  B  ; 

and  •.•  L  DEF=  L  ABC, .:  EF  will  fall  on  BG. 
Tlien  must  F  coincide  with  C :  for,  if  not, 
let  F  fall  betiveen  B  and  C,  at  the  pt.  //.    Join  AIL 
Then  •••  I  AHB=  l  DFE,  I.  4. 

.-.  lAlIB^  lACB, 
the  extr.  l  =  the  intr.  and  opposite  i  ,  which  is  impossible. 
.-.  F  does  not  fall  between  B  and  Cr, 

Similarly,  it  may  be  shewn  that  F  does  not  fall  on  BO 
produced. 

.-.  F  coincmes  with  C,  and  .:  BC=EF ; 
.'.  AC^DF,  and  z  BAC^  i  EDF,  I.  4 

Mid.',  the  i.iiaugle8  are  ei^ual  iu  all  rosuecta. 

«.  R.  u. 
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Mvfcellancous  Exercises  on  Props.  I.  to  XXVI, 

1.  3/  is  the  iniiMlo  point  of  the  base  BC  of  an  isosceles 
triangle  ABC,  and  iV  is  a  point  in  AC.  Shew  that  the 
difference  between  MB  and  MN  is  less  than  that  between 
AB  and  AN. 

2.  ABC  ia  a  triangle,  and  the  angle  at  A  is  bisected  by  a 
Btriiight  line  which  meets  BC  at  D  ;  shew  that  BA  is  greater 
than  BD,  and  GA  greater  than  CD. 

3.  AB,  AG  are  straight  lines  meeting  in  A,  and  D  is 
a  given  point.  Draw  through  D  a  straiglit  line  cutting  off 
equal  parts  from  AB,  AC. 

4.  Draw  a  straight  lino  through  a  given  point,  to  make 
equal  angles  with  two  given  stnvight  lines  which  meet. 

5.  A  given  angle  BA  C  is  bisected  ;  if  CA  bo  produced  to 
G  and  the  angle  BAG  bisected,  the  two  bisecting  lines  are  at 
right  angles. 

6.  Two  straight  lines  are  drawn  to  the  base  of  .i  triangle 
from  the  vertex,  one  bisectuig  tlie  vertical  angle,  j'.id  tiie  other 
bisecting  the  base.  Prove  that  the  latter  is  the  greater  of  the 
two  lines. 

7.  Shew  that  Prop.  xvii.  may  be  proved  without  pro- 
ducing a  side  of  the  triangle. 

8.  Shew  that  Prop.  J  ^il.  may  be  proved  by  means  of  the 
following  construction  :  cut  off  A1)=AB,  draw  AE,  bisecting 

I  iiJC  and  meeting  UC  in  E,  and  join  DE.  \^ 

9.  Shew  that  Prop.  xx.  can  bo  proved,  without  producing 
one  of  the  sides  of  the  triangle,  by  bisecting  one  of  the  angles. 

10.  Given  two  angles  of  a  triangle  and  the  side  adjacent 
to  them,  construct  the  triangle. 

11.  Shew  that  the  perpendiculars,  let  fall  on  two  sides 
of  a  triangle  from  any  ])oint  in  the  straight  line  bisecting  the 
angle  contained  by  the  two  sides,  are  ecjual. 
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We  conclude  Section  I.  with  tlie  proof  (omitted  by  P:uclid) 
of  another  ciise  in  which  two  triangles  are  equal  iu  all 
respects. 

Proposition  E.    Theorem. 

If  two  triangles  have  one  angle  of  the  one  equal  to  one 
angle  of  the  other,  and  the  sides  ahont  a  seco7ul  angle  in 
each  equal:  then,  if  the  third  angles  in  each  be  both  acute, 
both  obtuse,  or  if  one  of  them  be  a  right  angle,  the  triangle* 
are  equal  in  all  respects. 


In  the  AS  ABC,  DEF,  let  /.  BAC=  /.  EDF,  AB=DE, 
BC=EF,  and  let  /.  s  ACli,  DFE  be  both  acute,  both  obtuse, 
or  let  one  of  theni  be  a  right  angle. 

Then  mnst  A  s  ABC,  DEF  be  equal  in  all  respects. 

For  if  AC  be  not  =DF,  make  AG-^DF  ;  and  join  BO. 

Then  in  As  BAG,  EDF, 

-.'  BA=ED,  and  AG  =  DF,  and  /.  BjiCr=  i  EDF, 

.'.  BG^^EF  and  i  AGB^  i  DFE.  I.  4. 

But  BC^EF,  and  .-.  BG^BC ; 

.'.  L  BCG=  L  BGC.  I.  A. 

First,  let  l  ACB  and  z  DFE  be  both  acute, 

then    L  AGB  is  acute,  and  .-.  /  BGC  is  obtuse  ;       I.  13. 
.*.  L  BCO  is  obtuse,  which  is  contrary  to  tiie  hypothesis. 
Next,  let  I  ACB  and  i  DFE  bo  both  obtuse, 

then    i  AGB  is  obtuse,  and  .'.  z  BGC  is  acute  ;       I.  13. 
,',  i  BCG  is  acute,  which  is  contrary  to  the  hypothesis. 


•Vaok  I.] 
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I^tly,  let  one  of  the  third  angles  ACB,  DFE  be  -.  sight 
«Dgle. 

If  i.  ACB  be  a  rt.  z  , 

then    /  HOC  ia  also  a  rt.  Z  ;  1-  •*• 

.'.  ^8    BCO,    BGC    together=two  rt  is,  which    ifl    im- 
;iiissible. 

Attain,  if  z  DFE  be  a  rt.  z  , 

then  z  ACn  is  a  rt.  l  ,  and  .'.  Z  BGC  is  a  rt  Z  .       I.  13. 

Hence  z  BCO  is  also  a  rt.  z  . 
.-.  z  s  £CG,  i'OO  together  =»  two  rt.  z  s,  which  is  iuipossiblo. 


1  17. 


Hence  ^C  is  equal  to  DF, 
and  the  as  ABC,  DBF  are  equal  in  all  respecte. 

Q.  E.  D. 

Cob.  From  the  fii-st  ca«e  of  this  propusition  we  deduce 
Iho  following  imports        heurera  : 

If  two  righUingM  nn„.M  hav^  *''«  hypotenuse  and 
one  sid^  of  th^  one  er^uai  r.>>i>ectir,ly  to  the  h,,pot,nuse  ind 
one  Me  of  the  other,  the  trianglM  a,e  cpuu  in  all  resi>c4:t*. 

Note  In  the  enunciation  of  Prop,  e,  if,  instead  of  the 
words  if  one  of  them  be  a  right  angle,  we  put  the  w..rd."  -'/• 
right  angleB.  thiB  case  of  the  proposltiou  would  U  ideuUcal 
with  I.  26. 


! 
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SECTION  II. 
The  Theory  of  Parallel  Lines. 

INTRODUCTION. 

Wk  have  dotaclicd  tlie  Propositions,  in  which  Euclid  treats 
of  I'arallel  Lines,  from  nose  wliich  precede  and  follow  them  in 
the  First  Book,  in  order  that  the  student  may  have  a  clearer 
notion  of  the  ditlicultie.s  attending  tliis  division  of  the  subject, 
and  of  the  way  in  which  Euclid  proposes  to  meet  them. 

We  must  first  explain  some  teclinical  terms  used  in  this 
Section. 

If  a  straii^ht  line  EF  cut  two  other  straijfht  lines  AH,  CD, 
it  makes  with  those  lines  eight  angles,  to  which  particular 
names  aie  giveu. 


The  angles  numbered    1,  4,  (i,  7  are  called  7«<erior  angles 

2,  ;},  f),  8    Esltrior 

The  angles  nun  Urd  I  and  7  are  called  nltcrmitc  angles. 
The  angles  mai    id   1  and  (!  are  also  called  alternate  angles. 
The  pairs  of  angles   1  and   b,  -2  and  (J,  4  and  &,  3  and  7  are 
called  corresponding  angles. 

Note.  From  I.   13  it  is  clear  that  the  angles  1,  4,  (i,  7  are 
together  equal  to  four  right  anglis. 


Bi 


i} 


\ 
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PUOPOSITION  XXVil.      TriEOUEM. 


If  a  straight  liiie,  fallvKj  upon,  tin)  otlnr  xtravjhi  lines,  imiL 
the  alternate  aiujles  equal  to  one  another;  thesi.  two  straight 
lines  must  be  }jarallel. 


Lot  tlio  St.  line  EF,  fulling  on  the  st.  lines  AB,  OD, 

make  the  iiUtiiiivte  ^  s  Ad II,  (HID  e(iual. 

Then  mud  AB  be  II  to  CD. 

For  if  not,  AB  and  CD  will  meet,  if  produced,  either  towards 
B,  D,  or  towards  A,  C. 

Let  them  lie  |iroduced  and  meet  towards  B,  D  in  K. 
Then  GUK  is  a  a  ; 

and  ,-.  /  AGH  is  rfreater  than  z  GllD.  I.  Hi. 

But  iAGH=^  iGHD,  Hyp. 

which  is  impossible. 

.-,  AB,  Cl>  <lo  not  moot  when  produced  towards  B,  D. 
In  Ilk.'   mi.niuT   it   niMV  he  !>hewn  that  they  do  not  un-ct 
wiien  piudueed  towards  A.  C. 

. ,  AB  and  ( 7>  are  parallel.  I  >tf.  'Jl 

<:.  K.  I). 
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Proposition  XXVIIl.     Thkouem. 

If  a  straight  line,  falling  upon  two  other  straight  lines,  make 
the  exterior  angle  equal  to  the  interior  and  oppodte  npon  the 
sams  side  of  the  line,  or  viake  the  interior  angles  upon  the  same 
side  together  equal  to  two  right  angles  ;  the  two  straight  lines 
are  parallel  to  one  aiiother. 


A- 

C- 


yi 


/iC 


1. 


a 


Let  the  st.  line  EF,  falling  on  st.  lines  AB,  CD,  make 
I.    z  i,'(riJ  =  conesponclin}^  z  GIID,  or 
II.    z  8  BGII,  GHD  togethcr=two  rt.  z  a. 
Then,  in  either  case,  AB  must  be  \\  to  CD. 

:•  I  EGB  is  given  =  i  GHD, 
and  z  EGB  is  known  to  be=  z  AGH, 
.:  iAGH=  I  GHD; 
and  these  are  alternate  z  s  ; 
.-.  ABiiiW  to  CD. 
V  Z  8  BGH,  GHD  together = two  rt.  Z  s, 
and  z  s  BGH,  AGH  together  =  two  rt.  z  s, 
I  s  BGH,  ACH  together  =  z  s  BGH,  GHD  together  ; 
.-.  iAGH=  I  GHD; 
.-.  AB  is  II  to  CD.  I.  27. 


Hyp 

I.  15. 


1.27. 
Hyp. 
I.  13 


Q.  E.  D. 
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Note  B.  On  the  Sixth  Postulate. 

In  the  place  of  Euclid's  Sixth  Postulate  many  modern 
writers  on  Geometry  propose,  as  more  evident  to  the  senses, 
tlie  followinf^  Postulate  : — 

"  Two  straight  lints  ivhich  cut  one  another  cannot  both  be 
]>arallel  to  the  game  straight  line," 

If  this  be  assumed,  we  can  prove  Post.  6,  as  a  Theorem, 
thus  : 

Let  the  lino  EF  falling  on  the  lines  AB,  CD  make  the  /  8 
BGH,  OlID  together  less  than  two  rt.  i  3.  Then  must  AB, 
CD  meet  when  produced  towards  B,  D. 


-n 


For  if  net,  Rupposo  AB  and  CD  to  be  parallel. 
Then  •.•  t  s  Aiill,  BGH  togethpr=two  rt.  c  s,  I.  13. 

and  L  8  GJID,  BGH  arc  together  loss  than  two  rt.  i  a, 
.:  L  AGU  is  greater  than  l  GJID. 
Make  z  MGIT^  l  GIID,  and  produce  MG  to  N. 
Then  •,■  the  alternate  /.  s  MGJl,  GIID  are  equal, 

.'.MN\s\\  to  CD.  1.27. 

Thus  two  lines  MN,     B  which  cut  one  another  are  both 
parallel  to  CD,  which  is  iniitossible. 

.".  A  B  arid  C'i>  are  v.jt  parallel. 
It  is  also  clear  that  they  meet  towards  /?,  /),  becanse  GB 
lies  between  GN  and  11 D, 

Q.   K.    1.1 
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PUOI'OSITION    XXIX.      TllKDREM. 

//'  a  Mraight  Ihu;  fall  uj.oii.  tiro  jandhl  straiffht  Ihici,  it 
makes  the  two  interior  aiKjica  'wpon  the  Hdiiw  .side  to(jether  djual 
to  tiro  riijht  lUdjh.t,  and  aho  the  altirnate  angles  equal  to  one 
another,  and  uIm  the  exterior  anyle  equal  to  tJie  inkrior  and 
o/iposite  ujjoii  the  saiiui  mU. 

/A' 


.Ar 


7 


t 


Iff 

Let  the  st.  line  FjF  fall  on  the  parallel  st.  lines  AB,  CD. 
Then  must 

I.    z  s  Ban,  (HIT)  tof,'ethor  =  t\vo  rt.  z  s. 
II.    I  yl<,7/  =  alternate  /  GHD. 
III.    z  7';(//>  =  coiTe8pon(liiif,'  z  OllD. 

I.    z  s  BGH,  GHD  cannot  bo  together  less  than  two  rt.  z  s, 
for  then  AB  and  CD  would  meet  if  produced  towanlH 
B  and  D,  I'ost.  (1. 

which  cannot  be,  for  they  are  parallel. 
Nor  can  z  s  BGH,  GHD  bo  togetlier  greater  than  two 
rt.  z  8, 
for  then  z  8  AGH,  GHC  would  be  together  less  than 
two  rt.  z  s,  T.  1 :?. 

and  AB,  CD  would  meet  if  produced  towards  A  and  (' 

Tost.  G 
which  cannot  be,  for  they  are  parallel, 
.-.  z  s  BGir,  GUT)  together = two  rt,  i  s. 

II.  •.•  z  s  BGll,  GUI)  together = two  rt.  z  h, 

aiid  z  s  BGH,  AGH  together  =  two  rt.  z  s,  I.  i;?, 
.-.  z  8  BGH,  AG  IT  together^  z  s  BGH,  GHD  together, 

and  .'.  z  AGU=  z  GHD.  Ax.  3. 
UI.  •.•  lAan^iGUD, 

-«»d  z  4(?//=  L  EGB,  I.  1.^. 

.-.  i.  KGH^  I  GUI).  Ax.  1 


Q.   K.   D. 


ook  T, 
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£XERCISE& 

1.  If  through  a  point,  equidistant  from  two  parallel 
Htraight  lines,  two  straight  lines  be  drawn  cutting  the  parallel 
straight  lines ;  they  will  intercept  equal  portions  of  the 
parallel  lines. 

2.  If  a  straight  line  be  drawn,  bisecting  one  of  the  angles 
of  a  triangle,  to  meet  the  opposite  side  ;  the  straight  lines 
drawn  from  the  point  of  section,  parallel  to  the  other  sides 
and  terminated  by  those  sides,  will  be  equaL 

3.  If  any  straight  line  joining  two  parallel  straight  lines 
be  bisected,  any  other  straight  line,  drawn  through  the  point  of 
bisection  to  meet  the  two  lines,  will  be  bisected  in  that  point. 

Note.  One  Theorem  (A)  is  said  to  be  the  convene  of  another 
Theorem  (B),  when  the  hypothesis  in  (A)  is  the  conclusion  in 
(B),  and  the  conclusion  in  (A)  is  the  hypothesis  in  (B). 

For  example,  the  Theorem  I.  A.  may  be  stated  thus  : 
Hypothesis.  If  two  sides  of  a  triangle  be  equaL 
Conclusion.  The  angles  opposite  those  sides  must  also  be 
equal 

The  converse  of  this  is  the  Theorem  I.  n.  Cor. : 
Uyjiothesis.  If  two  angles  of  a  triangle  be  equaL 
Conclusion.  The  sides  opposite  those  angles  must  also  be 
equaL 

The  following  are  other  instances  : 
Postulate  VI.  is  the  converse  of  I.  17. 
I.  29  is  the  converse  of  I,  27  and  28. 


I.  15 
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PiiorosiTioN  XXX.     Throrrm. 

Straight    lines    which    arc,   jiaralld    to    the    same    straiijht 
line  are  parallel  to  one  another. 


Let  the  st.  lines  AB,  CD  be  each  ||  to  EF. 
Theti  must  ABhc\\to  CD. 

Draw  the  st.  lino  GH,  cutting  AB,  CD,  EF  in  the  pts. 

0,  r,  Q. 


Then  •.•  GH  cuts  the  II  lines  AB,  EF, 

.:  L  ^OP=alternato  l  FQF. 

And  •••  GH  cuts  the  II  lines  CD,  EF, 

.-.  extr.  iOPD=\nix.  l  FQF ; 
.'.  L  AOr^  I  OPD  ; 

and  these  are  alternate  angles  ; 
.-.  AB  is  II  to  CD. 


I.  2!). 
1.29. 


1.27. 

Q.  K.  D. 


The  following  Theorems  are  important.  Tliey  admit  ol 
easy  proof,  and  are  therefore  left  ns  Exorcises  for  the 
student. 

1.  If  two  straight  linos  he  parallel  to  two  other  stmiglit 
lines,  eacli  to  each,  the  first  pair  make  the  same  angles  with 
one  another  as  the  second. 

2.  If  two  straight  lines  he  perpendicular  to  two  other 
straight  lines,  each  to  eaeh,  tho  first  pair  make  the  samo  nnolos 
\vit)i  om'  :i!ii>!licr  .IS  tho  spc-onil. 
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Proposition  XXXI.     Prohlem. 

To  draw  a  utrnujht  line  through  a  given  point  paralUi 
♦/O  o  given  straight  line. 


J* 


Let  A  be  the  given  pt.  and  BC  the  given  st.  line. 
It  is  required  to  draw  through  A  a  st.  line  ||  to  BC. 

In  BC  take  any  pt.  D,  and  join  AD. 

Make  l  DAE=  i  ADC. 
Produce  EA  to  F.     Then  EF  pball  bo  ;|  to  BG. 


1.23. 


For  •.•  Al>,  meeting  EF  and  BC,  makes  the  alternate 
angles  equal,  tiiat  is,  i  EAl)=  l  A  DC, 

.:  EF  i>i  \\  io  BC.  1.2' 

.'.  a  St.  line  has  been  drawn  through  A  \\  to  BC. 

Q.  K.  r. 

Ex.  1.  From  a  given  point  draw  a  straight  line,  to  make 
an  angle  with  a  given  straight  line  that  shall  be  e<(ual  to 
a  given  angle. 

Ex.  2.  Through  a  given  point  A  draw  a  straight  line 
ABC,  meeting  two  parallel  straight  lines  in  B  and  C,  so  that 
BC  may  be  enual  to  a  given  straight  line. 
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Proposition  XXXII.    Thkoukm 

If  a  aide   of  any  triainjh   he  froilwal,  tlie  cjrterior  a v <;!.'. 

is   equal   to   the   tiro  interior    and    o^rpoaite   aiKjIex,   mid   the, 

three   interior  anijles  of  every   triawjle   arc   toijdhcr  equal  to 
two  right  an^ki. 


Let  ABO  be  a  A ,  and  let  ono  of  its  sides,  BC,  be  pro- 
duced to  D, 

Then  vdll 
L      iACD-=ibABC,BAC  together, 
II.      I  s  ABC,  BAC,  ACB  together  ==tm  rt.  L  ». 

From  Cdraw  CE  11  to  AB.  VAX. 

Then  I.  •,•  BJ)  meets  tlie  lis  EC,  A  B, 

.-.  extr.  /.  A'C/>=intr.  /  ABC.  I.  20. 

And  •/  AC  meets  the  l|s  EC,  AB, 

.-.   LACE^iiMtivuiddLBAC.  1.2!) 

.-.  t  s  BCD,  ACE  to<;ether=  i  s  AI'.C,  />' J T  tof^ethcr  ; 

.-.   I  ACD=-  L  s  ABC,  BAC  togetlier. 
And  II.  •••    L  s  ABC,  7?^ H  togetlier  =  l  ACD, 

to  each  of  these  c(iii:ds  add  z  ACD  ; 
then  /  sABC,  BAC,  ACB  tot:ethor=  i  s  ACD,  ACB  together, 
.-.   I  s  ABC,  BAC,  ACB  toyetlier-two  rt.  i  s.      I.  13. 

Q.  K.  D. 

Ex.  1.  In  an  acute-aaigk-d  triangle,  any  two  aii^dea  are 
greater  than  the  third. 

Ex.  2.  The  straight  Une,  winch  bisects  the  external  vertical 
angle  of  an  isosceles  triangle  is  paiallel  to  the  base. 


i 
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I.  31. 

1.29. 
T.  ii!) 


Ex.  ;j.  If  tlie  side  /.T,'  of  tho  tn!iii«If  A  llO  bo  jnodiiced  to 
y>,  and  AIj  1)0  drawn  l)i.sectinj;  the  aii^jle  />-'lC'  and  nii'ttint^ 
liO  in  f/ ;  hIiow  that  tho  anj,de8  AIW,  AClJ  ure  toj^'othcr 
double  ol  u\"  aiif^lo  .1 IW. 

Ex.4.  If  tlio  Htrai^'ht  lines  bisoctin}^  tho  an;4li's  at  the  base 
of  an  isosceles  trian;4lo  be  produced  to  meet  ;  shew  that  they 
will  contain  an  au^lo  equal  to  an  e.\terior  unylo  at  the  base  of 
tho  triant,de. 

Ex.  5.  If  tho  straij,dit  line  bisecting?  tho  external  anfjlo  of  a 
trianj,de  bo  {xirallel  to  tho  base  ;  prove  that  the  triani^lo  is 
isosceles. 

Tile  followin<^  ('i)rolIarie,s  t<j  Prop,  ',ii  were  first  },'iven  in 
Sinison's  Edition  tf  Euclid. 

(/'(IK.  1.  The  sum  of  thi'  iniirior  anglcx  of  aiiij  .  ctilinea"/ 
fitjure  toijdhcr  icithfour  r'ujht  aiiylcs  is  equal  lo  twice  tui  mo  ay 
ritjlit  aiujles  tw  tlie  Jiynre  /tan  sides. 


Tjct  ABODE  bo  any  rectilinear  fignro. 

Take  any  pt.  /'  within  the  fi(,'ure,  and  from  F  draw  tiie 
8t.  linos  FA,  Fn,  F(\  Fl>,  FE  to  the  anj^ular  pts.  of  the  liu'nre 

Then   there   aio    formed   Jia   many  ^  s  as    tho   fi<;uro   has 
sides. 

The  three  /  s  in  eadi  of  these  As  together  =  two  rt.  i  s. 

.'.all  tho  ^s  in  th.ose  as  toi,'other=  twice  as  many  riijht 
I  s  iis  there  are  As,  that  is,  twice  as  many  rij;ht  i  s  as  the 
fij,'nre  hiis  sides. 

Now  angles  of  all  tho  As^  z  s  at  A,  B,  C  IT,  E  and  ^  s 
at  J^, 

that  is,         c=  /  s  of  the  figure  and  z  s  at  J'', 
and  .'.  =  z  s  of  the  figure  and  four  rt.  z  8.      I.  15.  Cor.  2. 

.'.  z  8  of  the  figure  and  four  rt.  z  s  =  twice  us  many  rt.  z  s 
as  the  figure  has  sides. 
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C'oi;.  2.  The,  exterior  angles  of  ainj  eonrex  rertiUnear  figure, 
tiicul'  j\j  jirodnriiig  each  of  its  .sides  in  siicecssion,  are  toiji  'her 
''q-i.ol  to  four  right  angles. 

Every  interior  anj^le,  as  AJiO,  and  its  adjacent  exterior 
angle,  as  ABD,  together  are  =  two  rt.  i  s. 


.".all  the  intr.  /s  tojrpthcr    vith  all  the  pxtr.  in 

-twice  ius  many  rt.  /  a  as  the  %iiro  has  sides. 
But  all    the   intr.    i  s  tofrether    witli    four  rt.    i  s 

•=  twice  as  many  rt.  z  s  a.s  the  fijfnrc  has  sides. 
.',  all  the  intr.   z  s  together  with  all  the  cvtr.   z  s 
=all  the  intr.  z  s  to<^ether  witli  (our  it.   z  s. 
.•.  all  the  cxtr.  zs  =  f(.urrt.  z  s. 
Note.  The  latter  of  those  corollaries  refers  only  to  convex 
fitfnres,  that  is,  fii,'ures  in  which  every  iiileiior  anjfjc    is   less 
than  two  right  angles,     When  a  figure  conUiius  an  angle  greater 


than  two  right  angles,  a.-  the  angle  marked  by  the  dotted  lin* 
in  the  diagram,  this  is  called  a  reflex  angle.     See  p.  14!). 

Ex.  1.  Tlie  exterior  angles  of  a  (|iiadrilateral  made  by  pro- 
'il'icing  the  sides  successively  are  together  cfinal  fo  tlui  interior 
iMigles. 


r\ 


L.oi;.  I.j 
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Ex.  2.  Prove  tliat  tlu  interior  angles  of  a  hexagon  are  equal 
to  eight  right  angles. 

Kx.  3.  Shew  that  tlie  angle  of  an  equiangular  pentagon  is  \ 
of  a  right  angle. 

Ex.  4.  How  many  sidos  ha.s  the  rectilineal  figure,  the  sum 
wf  whose  interior  angles  is  double  that  of  its  exterior  angles  ? 

Ex.  5.  How  many  sides  has  aw  equiangular  polygon,  four 
of  whose  angles  ure  together  equal  to  seven  right  angles  \ 


Prc  ^sition  XXXIII.    Theorem. 

Tht,  Mrai(jht  Jims  vhirhjuin  the  txtremitics  of  tivo  njiial  ami 
iKiidUi'l  stritiijlit  lints,  towards  the  same  parts,  are  also  thcw 
m  lets  equal  and 2>aralkl, 


Let  the  equal  and  ||  st.  lines  A  /?,  CD  be  joined  towards  thv> 
same  parts  by  tiie  st.  lines  A\J,  BD. 

That  mud  AC  ami  B.D  b<' eqval  and\\. 

Join  EC. 
Then  :•  ABk\\  to  CDj 

.-.  /.  ^i>Y'=altornate  /  DCB.  I.  2!). 

Then  in  hs  ABC,  BCD, 
:•  Ali=-CD,  and  BC  is  comnion,  and  i  ABC=  L  DCB, 

.-.  AC^ HI),  and  I  ACB  =  z  DBC.  I.  4. 

Th»n  •.•  BC,  meeting  AC  an<l  BD, 

makes  the  alternate  /.  s  ACB,  DBC  equal, 
:  AC  is  \\  to  BD. 

(^  K.  D. 
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Miscdlane'vas  Exercises  on  Sections  I.  and  II. 

1.  If  two  exterior  angles  of  a  triangle  be  bisected  by 
Btraight  lines  wliich  meet  in  0  ;  prove  that  the  perpendiculars 
from  0  on  the  sides,  or  the  sides  produced,  of  the  triangle  are 
equal. 

2.  Trisect  a  right  angle. 

3.  The  bisectors  of  the  three  angles  of  a  t--iangle  meet  in 
one  point. 

4.  The  perpendiculars  to  the  three  sides  of  a  triangle  drawn 
from  the  middle  points  of  the  sides  meet  in  one  point. 

6.  The  angle  between  the  bisector  of  the  angle  BA  G  of  the 
triangle  ABG &nA  the  perpendicular  from  A  on  BC,  is  equal 
to  half  the  difference  between  the  angles  at  B  and  G. 

6.  If  the  straight  line  AD  bisect  the  angle  at  A  of  the 
triangle  ABC,  and  BDE  be  drawn  perpendicular  to  AD,  and 
meeting  AG,  or  AG  produced,  in  E;  shew  that  BD  is  equal 
XaDE. 

7.  Divide  a  right-angled  triangle  into  two  isosceles  tri- 
angles. 

8.  AB,  GD  are  two  given  straight  lines.  Tiirough  a  point 
E  between  them  draw  a  straight  line  OEII,  such  that  the  in- 
tercepted portion  OIF  shall  be  bisected  in  E. 

9.  The  vertical  angle  0  of  a  triangle  OPQ  is  a  right,  acute, 
or  obtuse  angle,  according  as  OR,  the  lino  biaecting  PQ,  is 
eijual  to,  greater  or  less  than  the  half  of  FQ. 

10.  Shew  by  means  of  ^x.  9  how  to  draw  a  perpen- 
dicular to  a  given  straight  line  from  its  extremity  without  pro- 
ducing it. 
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SECTION  III. 


On  the  Equality  of  Rectilinear  Figures  in  respect  of  Area. 


The  amount  of  space  enclosed  by  a  Figure  is  called  the 
Area  of  that  figure, 

Euclid  calls  two  figures  tqnal  when  they  enclose  the  same 
amount  of  space.  They  may  be  dissimilar  in  shape,  but  if  the 
areas  contiiincd  within  tlie  boundaries  of  the  figures  be  the 
same,  then  ho  calls  the  figures  tqual.  He  regards  a  triangle, 
for  example,  as  a  figure  having  sides  and  angles  and  area,  and 
lie  proves  in  this  section  that  two  triangles  may  have  equality 
of  area,  though  the  sides  and  angles  of  each  may  be  unecjual. 

Coincidence  of  their  boundaries  is  a  test  of  the  equality  of 
all  geometrical  magnitudes,  aa  we  explained  iu  Note  1, 
page  14. 

In  the  case  of  lines  and  angles  it  is  the  only  test :  iu  the 
cjise  of  _/?j7nre.?  it  is  a  U&i,  but  not  the  imlij  test;  as  we  shall 
shew  iu  this  Section. 

Tlio  sign  =,  standing  between  the  symbols  denoting  two 
figures,  nuist  be  read  is  equal  in  area  to. 

Before  we  proceed  to  prove  the  Propositions  included  in 
this  Section,  we  nuist  complete  the  list  of  Definitions  re(iuired 
in  Book  I.,  continuing  the  numbers  prefixed  to  tlie  definitions 
in  page  6. 
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Definitions. 

XXVII.  A  Parallelogram  is  a 
four-sided  figure  whose  opposite 
sides  are  parallel. 


2> 


For  brevity  we  often  designate  a  parallelogram  by  two 
letters  only,  which  mark  opposite  angles.  Thus  we  call  tlie 
figure  in  the  margin  the  parallelogram  AG, 


XXVIII.  A  Rectangle  is  a  par- 
allelogram, having  one  of  its  angles 
a  right  angle. 


Hence  by  I.  29,  oil  the  angles  of  a  rectangle  are  right 
angles. 


XXIX.   A  Rhombus  is  a  par- 
allelogram, having  its  sides  equal. 


XXX.  A  Squauk  is  a  paral- 
lelogram, having  its  sides  equal 
and  one  of  its  angles  a  right 
angle. 

Hence,   by   I.    20,   all   the   angles   of  a  square   are   right 
angles. 


XXXI.  A  rRAPRziiiM  is  a 
four-sided  figure  of  which  two 
sides  only  are  parallel. 


XXXII.  A  Di  AOONAL  of  a  four-sided  figure  is  the  straight 
line  joining  two  of  the  op])ii'^i«i'  ;inL'iil:tr  iK.ipts. 
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XXXIII.  The  Ai/rniDK  of  a  Parallelogram  is  the  perpen- 
dicular distiiiicu  ot  one  of  its  sides  from  the  side  opposite, 
regarded  us  the  Uase. 

The  altitude  of  a  triangle  is  the  perpendicular  distance  of 
one  of  its  angular  points  from  the  side  opposite,  regarded  as 
the  biuse. 

Thus  if  AJK'D  be  a  ])arallelograiii,  and  AE  a  perpendicular 
let  fall  from  A  to  CD,  A  E  is  the  aUitudu  of  the  parallelogram, 
and  also  of  the  triangle  AVD. 

>I  B 


iglit 


If  a  perpendicular  lifi  let  fall  from  H  to  T)C  produced,  meet- 
i'lg  D'J  in  F,  BF  is  the  altitude  of  the  parallelogram. 

ExKncisKS. 
Prove  the  following  theorems  : 

1.  The  diagonals  of  a  sfjuare  make  with  each  of  the  sides 
■1*1  angle  equal  to  half  a  right  angle. 

2.  If  two  straight  linos  bisect  each  other,  the  lines  joining 
t^ieir  extremities  will  form  a  parallelogram, 

3.  Straight  lines  bisecting  two  adjacent  angles  of  a  paral- 
lelogram intersect  at  right  angles. 

4.  If  the  straight  lines  joining  two  opposite  angular  points 
of  a  jKiiallilogranf  bisect  the  angles,  the  parallelogram  hiis  all 
its  sides  cijual. 

T).  If  the  opposite  angles  of  a  quadrilateral  be  equal,  the 
(quadrilateral  is  a  parallelogram. 

(!.  If  two  opposite  sides  of  a  quadrilateral  figure  be  equal  to 
one  another,  and  the  two  remaining  sides  be  also  equal  to  one 
aiiiither,  the  figure  is  a  pandlelogram. 

7.  If  one  angle  of  a  rhombus  be  equal  to  two-thirds  of  two 
right  angles,  the  di,ij.'otial  drawn  from  that  angular  point 
divides  the  rhombus  into  two  ((luilateral  triangles. 


Go 
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The  npponUe  sIiIm  and  amjlen  of  a  paralldoijravt  arc  equal  Iq 
k;  another,  and  the  diayuiud  bUects  it. 


\    -Zi) 


I.  2!), 


O  D 

Let  ABDC  ho  a  O,  and  BC  a  dincronal  of  the  CJ. 
llfu  mud        A  li^^lX!  aii.l  AC^  IHI, 
and         /.BAC=  I  C1>B,  and  l  A  /.'/>=  z  .4 CD 
and  t,ABC=  aDVB. 

For  -.AB  is  II  to  ('!>,  aii.l  BV  meets  them, 

.'.  i  ^/Jr:^= alternate  i  DCB  , 
;in(l  :•  AC  is  ||  to  Bl),  and  BV  meets  them, 

.-.  z  J  C7;  =  alternate  i  J)B<1 
Then  in  ah  ABC,  DCB, 

'.-  L  ABC=  t  DCB,  and  z  ylCB=  z  7;Kn, 

and  BC  is  coinnion,  a  side  adjacent  to  tlie  equal  z  s  in  each  ; 
.-.  AB  =  1)C,  and  AC=lJB,  and  z  BAC=  z  (7D7>', 

and  A^/iC=  aDO;;.  I.  a 

Also  •.•  z  .1  /.'r=  ^  I>C7?,  and  z  7>/.'C=  z  J(77i, 

.-.  z  3  ABC,  DBC  to{,'etliev=  z  s  DCB,  ACB  together, 
that  is,  i.ABD=-iACD, 

Q.  E,  D, 

Ex.  1.  Shew  t};at  the  diagonals  of  i\  parallelogram  bisect 
each  other. 

Ex.  2.  Shew  that  the  diagonals  of  a  recta'.igle  are  equal. 
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Proposition  XXXV.    Theorem. 
Taralltlograms  m  Oie  same  base  and    between    the   mhm 
parallels  are  equai. 

7>    T7  J* 


Let  the   ZZ7a  ABCD,  EBCF  bo  on   the  same  biwe  BG 
and  between  the  same  ||3  AF,  EC. 

Then  must  O  ABCD=CJ  EBCF. 
Case  I.  If  AD,  EF  have  no  point  common  to  both, 
Then  in  the  as  FDC,  EAB, 

:•  extr.  I  FDC^mir.  l  EAB, 
and  intr.  z  DFC=extr.  l  AEB, 
and  DC=AB, 
.-.  £,FDC=i^EAB. 
Wow  O  ABCD  with  a  f'I>C= figure  JBCF ; 
and  O  EiJCiPwith  A  £Vt/J= figure  ^iiC'F; 
.-,  O  ^liCI>  with  A  FDC=^CJ  EBCF  with  A  EAB; 
.:  EJ  ABCD =CJ  EBCF. 

Case  II.    If   the    sides    AD,  EF   ovevlap    one   another 

JR7_1> ? 


I.  29. 
I.  29. 
1.34. 
1.  z6. 


the  Bame  method  of  proof  nppliea. 
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Case  III.  If  the  sid.'s  opposite   to  BC  be  terminated  in 
the  same  point  I), 


s  a 

the  same  method  of  proof  is  applicable, 
but  it  is  easier  to  reason  thus  : 
Each  of  the  Os  is  double  of  A  r>DC  ; 

.-,  O  AhCD=^CJ  VBCF. 


1.34. 

Q.  E.  D. 


Proposition  XXXVI.     Tiikorem. 
Parallelograms    on    equal    banc.^,    and    between     the    same 
parallels,  are  equal  to  o)ie  another. 

JL  h       >' JT 


■f.eT  the  Os  ABCD,  EFGH  be  on  equal  bases  BC,  FG, 
and  between  the  same  II s  AH,  BG. 

Then  must  CJ  ABCD^CJ  EFGH. 
Join  BE,  Cll. 
Then  •••  BC=FG, 

and  EII=FO ; 
.\BC=EIJ; 
and  BC  is  ||  to  EJI. 
.-.  EB  is  II  to  Cll  ; 
.'.  EBCIl  is  a  parallelojirram. 
Now  CJ  EBCII^  [J A  BCD, 
".*  they  are  on  the  same  base  BG  and  between  the  same  ;|s  ; 
and  O  EIU'II  =  /Z7 HFG II,  1 .  35 

V  they  are  on  the  same  base  EH  and  bi'tween  the  same  ||s  , 
.•.CD  ABCD^CJ  !■:,  'HI. 

Q.  B.  U. 


Hyp. 
1.34. 

Hyp. 
1.  33. 

T.  35. 
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Proposition  XXXVII.     Theorem. 

TrianijUs    upon    the    Mine,    base,    and    between    the    sam» 
ni'lh.ls,  are  equal  to  one  another. 


33. 


Let  AS  ABC,  DBG  bt  on  the  same  base  BC  md  between 
the  same  ||8  AD,  BC. 

Then  rrnist  A  ABC==  t\DBG. 
From  B  draw  BE  H  to  CA  to  iiiea  DA  produced  in  E. 
From  0  draw  CF  ||  to  BD  to  nifft  AD  produced  in  F. 
Thou  KBCA  and  FCBU  are  pai;illelf)j/raiiis, 

and  £7  EBCA^U  FL'BD,  I.  35. 

•.•  they  are  on  the  same  biise  and  between  the  same  ||s. 

Now  A  A  BC  is  half  of  EJ  EBCA ,  I.  34- 

and  A  DBC  is  half  of  O  FCBD  ;  I.  34. 

.-.  hABC=c^DBC.  Ax.  7. 

Q.  E.  I). 

•"X.  1.  If  P  be  a  point  in  a  side  AB  of  a  parallelojrraiii 
..I a' I),  and  PC,  PD  be  joined,  the  trian},des  PAD,  PB(\ra 
lu^^rether  equal  to  the  trianj,de  VD(\ 

Mx.  '2.  If  A,  B  be  points  in  one,  and  C,  7)  points  in 
aiio'lhT  of  two  pa-allel  straiiflit  lines,  and   tlie  lines   AD.  P( 

i,„ , .  i.  /:,  •■ !..  ■mm:;I.>s  a!:(\  iir.n  V.X.- , ,;■.„!. 
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Proposition  XXXVIII.    Theorem. 

Triangles  upon  equal  bases,  a/nd  between  the  sa/tv^  pairalleh, 
are  equal  to  one  another. 


Let    AS  ABC,  DEF  be  on  equal  bases,  BC,   EF,  and 
between  the  same  ||s  BF^  AD, 

Then  must  A  ABC-='  A  DEF. 

From  B  draw  BG  II  to  CA  to  meet  DA  produced  in  O. 
From  J*""  draw  FH  II  to  ED  to  meet  AD  produced  in  E. 
Then  CO  and  EH  are  parallelograms,  and  they  are  equal, 
•.•  they  are  on  equal  bases  BC,  EF,  and  between  the  same 
Ha  BF,  OH.  I-  36 

Now  A  ABO  is  half  of  £7  CO, 
and  A  Z)£i*' is  half  of  O  £ir ; 

.-.  t^ABC=hDEF.  Ax.  7. 

Q.  E.  D. 

Ex.  1.  Shew  that  a  straight  line,  drawn  from  the  vertex 
of  a  triangle  to  bisect  the  base,  divides  the  triangle  into  two 
equal  parts. 

Ex.2.  In  the  equal  sides  AB,  ^40  of  an  isosceles  triangle 
ABC  points  D,  E  are  taken  such  that  BD=-'AE.  Shew  that 
-lie  triangles  CBD,  ABE  are  equal. 


'm  1. 
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Proposition  XXXIX.    Theokem. 

Equal  triangles  ujion  the  saine  base,  and  upon  the  ta/me  mdi 
uj  it,  are  between  the  same  parallels. 


Let  the  equal  tB  A BC,  DBC  be  on  tho  same  baae  BC,  and 
on  the  some  side  of  it. 

Join  AD. 

Then  must  ADbeW  to  BO. 

For  if  not,  through  A  draw  J  0  P  to  BC,  so  as  to  meet  BD, 
or  BU  produced,  in  0,  and  join  OC. 

Then  •.•  as  ABC,  OBC  &re  on  the  same  base  and  between 
the  same  ||b, 

.-.LABC^'hOBC.  1.37. 

But  t,ABC=  hDBC;  Ilyp. 

.-.  A  0£(7=  A  DBG, 
the  less-^the  greater,  which  is  impossible  ; 
.'.  ^Ois  not  II  to  BC. 
In  the  same  way  it  may  be  aiiewn  that  no  other  line  passinjj 
through  A  but  AD  is  ||  to  BC ; 

.-.  AD  la  II  to  BC. 

Q.  K.  D. 

Ex.  1.  AD  is  parallel  to  BC ;  AC,  BD  meet  in  E ;  BC  is 
produced  to  P  so  that  the  trian<;le  FEB  is  ec^ual  to  the 
triangle  ABC :  shew  that  PD  is  parallel  to  AC. 

Ex.  2.  If  of  the  four  triangles  into  which  the  diagonals 
divide  a  quadrilateral,  two  opposite  ones  are  cinial,  the  quad- 
rilateral has  two  opposite  sides  parallel. 

8.  T8.  " 
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Proposition  XL.    Theokem. 

Equal  triangles  upon  fipial  hasri^,  in  the  same  straight  /t?t«, 
and  toviords  the  aa/int  parts,  am  between  the  same  paralkls. 


Let  the  equal  as  ABC,  DBF  bo  on  equal  bases  BC,  EF 
in  the  same  st  line  BF  and  towards  the  same  parts. 

Join  AD. 

Then  must  AD  be  ||  to  BF. 

For  if  not,  through  A  draw  ylO  ||  to  BF,  so  as  to  meet  El> 
or  ED  produced,  in  0,  and  join  OF. 

Then  A  ABC='  A  OEF,  :'  they  are  on  equal  bases  ai)d 
between  the  same  lis.  I.  .38. 

But  t  ABC-''  h DBF;  Hyp. 

.-.  d.OEF=ADEF, 
the  less = the  greater,  which  is  impossible. 
.-.  ^0  is  not  II  to  BF. 
In  the  same  way  it  may  be  sheTi-n  that  no  other  line  passini; 
through  A  but  AD  ia  ||  to  BF, 

.:  AD  iB\i  to  BF. 

Q.  E.  D. 

Ex.  1.  Tho  stmight  line,  joining  the  points  of  bisection  of 
two  sides  of  a  triangle,  is  parallel  to  the  base,  and  is  equal  to 
half  the  base. 

Ex.  2.  The  straij^ht  linos,  joining  the  middle  points  of  the 
sides  of  a  triangle,  divide  it  into  four  ecjual  triangles. 
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Proposition  XLI.    Tiikouem. 

If  a  fiaralUlngram  ami  a  triangle  he  upon  the  same  base,  and 
hetinen  the  saiM  parallels,  the  jiarallduijrain  is  double  of  the 
triaiKjle. 


Let  the  O  A  BCD  and  the  A  EUn  be  on  the  same  base  BO 
and  between  the  sitine  ||s  AE,  BC. 

Then  must  EJ  AB(  7>  he  dmhU  oj  a  KBV. 

Join  .-1 C. 

Then  i^ABC=  t\EB€,  ;•  they  are  on  the  same  base  and 
between  tlu'  smiiic  lis  ;  I.  37. 

and  CJ  ABVD  is  double  of  a  ABC,  •.•  AC  is  a  diagonal  of 
ABCD ;  I.  34. 

.-.  CJ  ABVD  ia  double  ol  A  EBC. 

Q.  E.  D. 

Ex.  1.  If  from  a  point,  without  a  parallelogram,  there  bo 
drawn  two  »traii,'ht  lines  to  the  oxtreniities  of  the  two  opposite 
sides,  between  which,  when  produced,  the  point  does  not  lie, 
the  difrtTcnco  of  the  triangles  thus  formed  is  equal  to  half  the 
pandlelogram. 

Ex.  2.  The  two  triangles,  formed  by  drawing  straight  lines 
from  any  point  within  a  p  iraiielogram  to  the  extremities  of 
ita  opposite  sides,  are  togetiior  half  of  the  purallelogram. 
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Proposition  XLII.     Problem. 

To  discrihe  a  parol Idngram  that  ahnll  be  equal  to  a  (jwen 
trianyle,  and  kave  one  of  its  aiiylai  equal  to  a  given  angle. 


I.  10. 
I.  ii3. 


Lot  A  BO  ha  the  jrivcn  A ,  nnd  D  tho  pivon  i . 
Jt  ii  required  to  describe  a  LZl  iqnnl  to  a  AB(\  having  one 
of  its  i.s=  i  I>- 

VAacct  EC  in  E  and  join  A  I'l 
At  intake  lCEF=  l  D. 
Brtiw  AFO  il  to  B<\  iind  from  Tdr.iw  (Yl  i|  to  EF. 
Then  FFCd  is  ii  panillolograni. 

Now  hAEB=  c^AEC, 
V  they  aic  on  ecjual  liases  and  l)etwecn  tho  Ranio  ||s. 
.-.  A  vl  BC  is  doul)le  of  a  vl  EC. 
But  O  FECG  is  doul)le  of  A  A  EC, 

'.'  they  are  on  panic  hii.so  iind  between  8amp  Hs. 

.-.  EJ  FECG=r,.AHC; 

and  O  f7;rtf  has  one  of  its  /  s,  OTF-  z  D. 

.*.  Ol  FECO  has  been  described  aa  wiis  rcqd. 

Q.  K.   F. 

Ex.  1.  describe  a  triangle,  which  shall  bo  equal  to  9  friveii 
parall(']o;,'iain,  and  have  one  of  its  unifies  ecjual  to  a  ^;iven 
rectilineal  anj,do. 

Ex.  2.  CVinstruct  a  paralleloj^nmi,  equal  to  a  jjivoTi  triaiit;lo, 
and  such  that  the  sum  of  i(s  sides  shall  be  equal  to  tho  huiu 
of  the  sides  of  the  triani'le. 

Ex.  3.  The  perimeter  of  an  i.sosceiea  tna:ij4:o  is  j;rcalor  than 
the  perimeter  of  a  rectaji;,de,  which  is  of  the  same  altitude 
■with,  and.  nqual  to,  tho  ^iven  triangle. 


1.38. 


T.  41. 

Ax.  0. 
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PaopcurioN  XLITI.     Tiikohem. 

The   comphments   of  thy    jKinillrloi/rdin.'i,    v:hu',h   <iri'    about 
the  dia/meUr  of  any  jMralleloijrain,  arc  aiv.id  to  one  anulhcr. 


and 
and 


Lot  A  BCD  bo  u  ZZ7,  of  whicli  BD  is  a  diafronal,  and 
EG,  UK  the  ZZ7.^  about  BI>,  that  i.s,  thTouj,'h  -vhich  BD 
pasnes, 

and  A  F,  FC  tho  other  Os,  wliich  make  up  the  whole 
figure  A r>(  'IK 

and  which  arc  .'.  calk'd  tho  Complements. 
Then  vnirit  coin  J  leinvnt  AF=comjilcnteut  FC. 

For  •••  BD  is  a  diajrcmal  of  O  AC, 
.:  A  AI:J>=-  uCDli; 

BF  is  a  diaj;onal  of  Z  /  UK, 
A  IIHF^  i.KFB; 
FD\Ha  dia-;onal  of  O  E(j, 
.-.  hKFh^AGDF. 
Tlonce  sum  of  As  JTBF,  /';/'7>-suin  of  ah  KFB,  GDF. 
Take  these  ciiumIs  from  as  Alil>,  ('l>li  respectively, 

tlien  remaining  CJ  J  r'=remauiinj^  O  FV.  Ax.  3. 

g.  K.  D. 
I'A'.  1.   If    tliroufjh     a     point     O,     witliin     a    parallelnannii 
.li!('l>.  two  straij^ht    line.-i   are   dr.iwii  parallel   to  the   sides, 
md   the  paralieloj^nams    OB,  iJD  are  e(pril  ,    the  point  0  is 
ill  the  diajional  AC 

Kx.  •-'.  A  BCD  is  a  parallelogram,  .13/^V  a  strai;.'ht  line 
meeting  the  sides  BC,  Vl>  ("ue  of  iheiii  beiiij,'  prndund  mi 
M,  N.     Shew  that  the  triiiiigl--    MBS  is  equal  lu  the  tr.,>'-  l- 


1.34 

1.34. 
1.34. 


70 


r.rc/ ./ys  ki.emkxts 


[Book  L 


PuorosiTioN  XLIV.     Pkoblem. 

To  a  given  straight  live  (o  apply  a  parallelogram,,  which 
shall  be  eqtuil  to  a  given  triangle,  and  have  one  of  its  angles 
equal  to  a  given  angle. 


JT M. 


Let   AB   he    thi'  ^'ivon   r:t.   liiio,    C  tlic   j,'iveii    A,    7)   the 
(»iven  I  . 

It  ?;.■)  required  to  upphj  to  AB  a  EJ  =  t,Vand  having  onr 
of  its  ^  .'J=  z  D. 

Mak(.'  a  CJ~  Ss  0,  and  haviti;i(iiic  nf  its  jin;,'les=  z  />,     I.  A'2. 

iitul  '^nitpose  it  'o  Iw  rotnoved  tf»  .such  a  position  th;it  om  >  ' 
I  lie  siih's  &mt4tiHtiH/  this  iiic/lc  in  in  the  same  st.  line  with  .1  /-', 
Mwi  lot  the  £7  be  -f  ./  /i/'/A^.' 

IVuluce  AV,'  to  //,  .1,  nv  J//  n  to  /;//  or  ^'i*',  and  join  IJfl. 
T."  •.-fV/i/iettsth/     H  .1//,  EF, 

.'.  8ii»«  //  /  s  i ///'',  IfFE^ivii)  rt.  z  s  ;  I.  20. 

.-.  simi  of  z  .s  lilifl,  flFJi  is  loss  th;i;i  two  it.   z  s  ; 
.'.  II B,  FE  will  nil  ft  if  frnxhicod  towards  //,  E.  Post.  6 

Lot  tlioin  Mioijt  ill  A'. 
ThloM/h  /v  <lraw  Kl,  \\  to  /v.-l  or  F//, 
/ind  [inidilM'  //  I    an  to  moot  A'/,  in  tho  pts.  /,,  ;,/. 
.(»o((  ///'A'/  'hI   //A'  IS  Its  (iiau'.iiial  . 

and  .'If/.  .1/A' iiro /^s  ahoiit  /■/A', 
,■.  conipleniorit  /^/.  =  ooniplomont  HF,  T.  ^^i 

.\l.-n  thr  Z7/  ft/,  haa  ouo  of  ita  z  s,   AHAf=  z  Z:/!,'.,  an'j 
.  1  n'lr.l  111  .  .'.. 


Hook  I.] 


PA'D/'OS/T/OX  x/j: 


71 


PllOPOSITION  XLV.     I'uoni,KM. 

'/'()  (Itscrihe  a  jinrdlhhxjrain,  'fhich  nhdll  he  fjynid  to  a 
iin-iii  rrctilinair  Jiijiiri',  and  have  one  of  its  aiKjla  equal  to  a 
ijlccii  anijk. 


Let  ABCD  be  the  <^iven  rectil.  fi;,'urc,  nnd  H  the  given  z  . 
It  i<t  rcqaireil  to  dcscrtbe  a  EJ  —  to  A  BCD,  having   one 
of  its  I  s=  L  K. 

Join  AC. 
Describe  a  CJ  FGllK^  lABO,  liaving  jl  FKI[=  l  E. 

1.42. 
To  OH  apply  a  O  GIIML^/sCDA,  liaving  z  <1HM=^  i  E. 

1.  44. 
Tiu'ti  FKML  is  the  CJ  rai]. 
Pnr  ■.•   I  OHM  and  l  FKH  are  each=  z  Fj  ; 
.:  z(///.U=  I  FKH, 
.:  sum  of  zs  GUM,  GllK=^snm  of    z  s  FfT//,  GIIK 

-two  rt.   z  8  ;  I.  29, 

.-.  A'//.W  is  a  St.  line.  I.  14. 

Again,  '.•  IJG  meets  the  ||s  FG,  KM, 
lFGH'='  i.GHM, 
.:  sum  of  zs  FGJT.  LGJI -=anm  of  zs  GHM,  LOH 

=  two  rt.  z  8  ;  i.  'lU. 

.*.  FGL  is  a  st.  line. 
Then  •.•  KF  i.s  ||  to  HG,  an.1  /f*'?  is  II  to  LM 

.:  KF  is  II  to  LM  ; 
ami  KM  hius  been  shewn  fn  bo  ||  to  /Yv, 

.-.  FKML  is  a  parallelogram, 
and  •.■  F7/=  a  .1  /.Y',  and  O'.U-  .-.  r/>.l, 

.-.  £7  f'M---.  whole  rectil.  tig.  .1 /?^'^>, 
and  LJ  FM  ha«  one  of  itfl  z  s,  FKM=  z  iJ, 
In  the  same  way  a  €17  may  be  constructed  equal  to  a  given 
rectil.  tig.  of  any  number  of  sides,  and  having  one  of  ifs  angles 
r(|nnl  to  a  giver,  .ini/li'.  y-  K   K. 


1.  14. 
I.  30. 
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Miscellaneoiis  Exerdtet, 


Boo 


1.  If  one  diagonal  of  a  quadrilateral  bisect  the  other,  it 
divides  the  quadrilateral  into  two  equal  triangles. 

2.  If  from  any  point  in  the  diagonal,  or  the  diagonal  pro- 
duced, of  a  parallelogram,  straight  lines  bo  drawn  to  the 
opposite  angles,  they  will  cut  off  equal  triangles. 

3.  In  a  trapezium  tho  straight  line,  joining  the  middle 
points  of  tho  parallel  sides,  bisects  the  trapezium. 

4.  The  diagonals  AC,  BD  of  a  purallelogram  intersect  in 
0,  and  P  is  a  point  within  the  triangle  AOli  ;  prove  that  the 
difference  of  the  triani^des  CVI>,  APD  is  equal  to  the  sum  of 
the  triangles  APC,  BPl). 

/>.  If  either  diagonal  of  a  parallelogram  be  equal  to  a 
side  of  the  figure,  the  other  diagonal  shall  be  greater  than 
any  side  of  the  figure. 

6.  If  through  the  angles  of  a  panillelogram  four  straight 
lines  be  drawn  parallel  to  its  diagonals,  another  parallelogram 
will  be  formed,  'he  area  of  which  will  be  double  th.it  of  the 
original  parallelogram. 

7.  If  two  triangles  have  two  sides  respeot.  /ely  equal  and 
the  included  angles  supplemental,  tho  triangles  a--      /uvl. 

8.  Bisect  a  given  triangle  by  a  straight  '  ^ru.wn  irons 
a  given  point  in  one  of  tlie  sides. 

9.  The  base  AB  of  a  triangle  A  BC  is  produced  to  «  onini 
D  such  tliat  BD  is  equal  to  AJ>,  and  straight  lines  !ire  vjrawn 
from  A  and  D  to  E,  the  middle  point  of  BC ;  prove  ihat  tbo 
triangle  ADE  ia  equal  to  th«  triangle  AB(J. 

10.  Prove  that  a  pair  of  the  diagonals  of  the  parallelograms, 
which  are  about  the  tliaroeter  of  any  parallelogram,  are  paraUal 
(o  each  other. 
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Proposition  XLVI.    Problem. 
To  describe  a  square  iqwit  a  given  straight  Hue. 


Let  AB  he  the  given  st.  line. 
It  is  required  to  describe  a  mpiare  on  AH. 
From  A  draw  AC  ±  to  y\B. 

In  AC  muke  AD ^  A B. 
Throuf,'h  />  druw  DE  11  to  AB. 
Throu},'Ii  B  draw  BE  |i  to  All 
Then  AE  is  a  parallelotrrani, 
and.-.  AB=ED,  and  AD^BE. 
h\xiAii-=AI); 

.'.  AB,  BE,  EI),  DA  nro  all  equal ; 

.•.  AE  is  o(jiiilateral. 

And  /  BAD  is  a  rij,'ht  anj^lo. 

.'.  AE  \^  &  square, 

and  it  is  described  on  A  B. 


L  11.  Cor. 

1.31. 
1.31. 

I.  3A 


Def.  Xix. 


Q.   K.  P. 

Ex.  1.  Show  how  to  construct  a  rectangle  whose  sides  are 
equal  to  two  given  straight  lines. 

Ex.  2.  Shew  that  the  squares  on  equal  straight  lines  are 
I'ljual. 

Ex.  3.  Shew  that  equal  Rquarsa  must  be  oa  equal  straight 
Hues. 

Note.  The  theorems  in  Ex.  2  and  8  ar«  assuaisd  by  Euoisl 
in  the  proof  of  Prop.  XLVtii. 
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Profositiok  XLVII.     Theorem. 

In  any  right-aiKilvd  triaiKjk  (he  square  which  is  described  on 
tht  side  subtending  the  riijht  angle  is  equal  to  tht  squares 
deseribed  on  the  sides  which  contain  the  right  angle. 


Let  A  BC  ho  :\  I ifrht-nnsilorl  A  ,  havinpf  the  rt.  /  BAC. 
Then  viHsl  .-tq.  on  Hi!~  turn  of  sijq.  on  BA,  .!('. 
On  B(\  CA,  AH  .Icscr.  tlio  sqq.  l:J>H(\  CKIIA,  AGFB. 
Through  .-1  .haw  .IL  ||  ta  BD  or  VK,  and  join  AD,  FV. 
Then  •.•  /.  BAG  and  i  BAG  are  l)oth  rt.  l  a, 

.-.  r.K^  wast,  line;  1.14. 

and  '.•  /i  BAC  and  i  i\iIJ  are  hoth  rt.  is  ; 

.:  BAU  is  i\  Hi.  lino.  1.  14. 

Now  •.•  z  DBC=  L  FBA,  each  being  a  rt.  z  , 
adding  to  «acb  i  AB(\  wo  have 

A£D=^  lFBC.  Ax.  fi. 

Then  in  a.s  A.ro,  h  B<J^ 

:•  AU^ FB,  and  BD - BC,  and  -  A liV        FBC, 

.'.  A  .4«7)-  c\FB<'  1  4. 

Now /Z7  BL  is  dull))!*  o(  uABl),  on  same   hme   fc'i>  and 

between  same  ||8  A  Ij,  BP  1,  41. 

and   iq.  BO  is  double  af  t.  FBC,  ou  iianie  ba.se  FB  and  be 

tween  Mme  lis  FB,  OC :  T.  41. 

..CD  JBL'-!^H.  BO 
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on 
ire» 


14. 
14. 


Similarly,  by  jcining  AE,  BK  it  may  be  shewn  that 
O  C'i  =  sq.  AK. 

Now  sq.  on  J3C'=8ura  of  CJ  BL  and  O  CL, 
=8um  of  sq.  BO  and  sq.  AK, 
=sum  of  sqq.  on  BA  and  AC. 

Q.  B.  D. 

Ex.  1.  Prove  that  the  square,  described  upon  the  diagonal 
wf  any  given  square,  is  equal  to  twice  the  given  square. 

Ex.  2.  Find  a  line,  the  square  on  which  shall  be  equal  to 
the  sum  of  the  squares  on  three  given  straight  linea. 

K.x.  3.  If  one  angle  of  a  triangle  be  equal  to  the  sum  of 
•lie  other  two,  and  one  of  tlie  sides  cdntaining  this  angle  being 
ilivided  into  four  ecjual  parts,  tiie  other  contains  three  of  those 
j)arta  ;  the  remaining  aide  of  the  triangle  contains  five  sucli 
I  larts. 

Ex.  4.  The  triangles  ABC,  DEF,  having  the  angles  ACIi 
l>EE  right  angles,  have  also  the  sides  AB,  vlC  equal  to  />/.', 
i)F,  each  to  each  ;  shew  that  the  triangles  are  equal  in  every 
respect. 

NoTK.  This  Theorem  has  been  already  deduced  as  a  Co- 
rollary from  Prop   E,  page  43. 

l''x.  ■").  Divide  a  given  str:iii,'ht  line  into  two  p;irt,s,  so  th.it 
I  lie  dquare  on  one  part  shall  Ih'  double  of  the  square  on  the 
I  thur. 

Ex.  n.  If  from  one  of  the  acut«  angle*  of  a  nght-atigled 
iiiantrle  a  line  be  drawn  to  the  opjjosit©  side,  the  s(pi.i'(s  o?i 
I  hat  side  and  on  tho  line  so  drawn  are  together  equal  lo  the 
.•sum  of  the  H(jUftres  on  the  segment  adjacent  to  the  iigiit  ivn<;le 
•tiid  on  till-  hypiiteiiMse. 

Kx.  7.  In  any  lii.ingle,  if  a  line  be  drawn  from  the  vfrtex  at 
1  i;;lii  .lUgii  .•<  ti>  liie  b.ihc.  the  ililFerenoe  between  the  !«(|uarea  on 
the  sides  is  e'jiiiil  to  the  ditference  between  the  s<piareB  on  the 
•eguients  of  the  Ijise 
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'-.oposiTiON  XLVIII.    Theorem. 

"' ''  (iiKcribed  ujwn  one  of  the  sides  of  a  iriangh  ha 

I II area  describal  vjmn  the  other  two  sides  of  it,  the 
.K.,naiaed  by  those  sides  in  a  right  angle. 


£  a 

Let  the  sq.  on  BC,  a  side  of  A  J  BC,  be  equal  to  the  sum  of 
the  sqq.  on  A  B,  A  ( '. 

Thoi  viKst  L  BAH  he  a  rt,  angle. 
From  pt.  A  draw  A  />j  to  AC.  I.  1 1. 

Make  AlJ=A  B,  atid  Join  DC. 
Then  .AD^AB, 

.'.  sq.  on  yl7>  =  s(|.  on  AB  ;         I.  46,  Kx.  2. 
aild  to  each  s(|.  on  AC . 
then  sum  of  sqq.  on  Al>,  .1C_'--  snni  of  .sq([.  on  AB,  AC. 
But  ■.'  /  UAC  is  a  rt.  anj^le, 

.'.  sq.  on  /vr=sum  of  sqq.  on  .1 />,  AC  ,  I.  47. 

and,  by  hyputhcsis, 

sq.  on  /iC'=^snin  of  fiqi|.  on  AP>,  A(' ; 
.•.  sq.  on  7>^'-=sq.  mi  BC  ; 

.-.DLS^BC.  1.  4H,  Ex.  3. 

Then  in  as  ABC,  ADC, 

•:  AB=A1»,  .iiid  AC  \a  comnion,  and  BC=DC, 

.-.  iBAC^  iDAC;  La 

and  ^  DAC  h  a  rt.  anr;lc,  by  con.struction  •, 
.■.   z  BAC  ia  a  rt.  angle. 

Q.  h..  .— 
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INTRODUCTORY  REMARKS. 

The  geometrical  fi;,'mo  with  wliicli  wo  arc  cliiufly  conccnicd 
in  tliis  book  in  the  llKCTA.vdi-K.  A  roctiUij,'I(!  is  suid  to  be  con- 
iaiiicd  hij  any  twn  <if  i(.s  iidjact'iit  siilcs. 

Thus  if  A !!(']>  be  a  n'ctan<,'lc,  it  is  Kiid  to  iio  contained  by 
AB.  AD,  or  by  any  other  pair  of  adjacent  sides. 


n ■ — ,' 

We  sliall  nse  the  abl)revifttion  nrt.  All,  A  I>  to  express  the 
words  "  tlie  rcctan^de  cnntaincd  liy  .1/.',  .!/>.' 

Wf  shall  make  frtcnu'iit  usu  of  a  Tlicnri'rii  (ctiiployccl,  but  not 
deiuonstraleil,  l>y  Euclid)  which  may  be  thus  staled  and  proved . 

PiUII'OSITIDN  A.       TmKciUK.M. 

If  tin:  iiiljiui  III  .siilis  of  one  raliDiijlc  he  t'liial  to  the  adjarent 
siili'H  ((/  another  rcctomjU;  each  to  each,  the  rtctamjles  are  t(^ual 
in  I  in. a. 

L«t  Alien,  KFHII  be  two  rcctan;:;le3  ; 

and  let  .J/>'-i,'i''and  JJC^I'V. 
-I  />  r.  If 


11  <•  F  O 

Then  mnsf  reef.  ABPD=rect.  EFGTT. 

For  if  the  reel.  KFHII  be  applied  to  the  reel.  ABCD,  so 

tiiat   A'if'' <'oineidfS  with  All, 

then  Fd  will  tall  .>ii  H<\  ■.•  /  EFil==  i  AB<\ 

and  i'r  will  <oineidf  witli  (\  ■.•  Bi'=F<i. 

Similarly  it  lu.iy  bo  shown  that  H  will  coincide  with  7', 

.'.  I'ect.  FFGR  coincides  with  and  is  therefore  equal  to  icet 

AMCD.  ^.  li.  D. 

T7 
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Proposition  I.    Tiikorkm. 

If  there  be  two  straiijlit  Unit;,  ove.  of  which  is  diviiUA  %7i(o 
liny  numbtr  of  parts,  the  rirliuiijU:  cinitnliivd  hi/  the  tu:o  straight 
liiK-s  is  equal  to  the  nrtaiiijlis  eontaiiied  by  tlve  undivided  hue 
iiitd  the  several  jmi'ts  uj'  the  divided  line. 


-Bt     li 


Let  AB  and  CD  he  two  f;iven  st.  lines, 

iiiid  let  CD  1)0  (liviiliMl  into  any  parts  in  E,  F. 

Then  viusl  red.  AB,  CD=sum  of  red.  AB,  CE  atid  reel. 
AB,  EF  and  red.  AB,  FD. 

From  ('draw  ('(/  x  to  CD,  and  in  ('(;  make  CU  =  AB. 
Throiij^ii  //  (liaw  II M  \\  to  CD.  1.  iil. 

Tl.ioMoli  /;,  /'',  and  />  draw  EK,  FL,  DM  \\  to  (7/. 
Then  IJ\  and  /''//,  litin;,'  eacli  =  ('//,  are  eacli  =  .l/i. 

Now  r3/  =  siiin  of  CK  and  /■;/.  and  FM. 
And  CM=  rect.  A  li,  ( '!>,        :   ('11==  A B, 

CK=Tect.  All,  CE,         v  CIl^AB, 

EL  =  rc(t.  A  />',  /;/'',         '.■  EK  =  AB, 

FM=Tvct.  .'\B,  FD,        vFL-^AB; 

.:  rect.  AB,  r'/)  =  sum  of  rect.  AB,  CE  and  rect.  AB,  EF 
and  rect.  AB,  FD. 

Q.  K.  D. 

Ex.  If  two  straight  lines  be  each  divided  into  any  nnnd>or 
of  parts,  the  rectangle  contained  by  the  two  lines  is  e(|iial  to 
the  rectangles  contained  by  all  the  parts  of  the  one  taken 
separately  with  all  the  |)arls  of  the  other. 
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Proposition  II.    Theorem. 

Tf  a  siraiglit  line  he  dir'uM  into  any  two  /mrU,  the  rf-ctnv^hi 
roniaiiinl  l»j  th<-  wh.J,',  utid  inch  of  the  jmrts  arc  toydhr  eqv4U 
to  the,  «(/?MM-(i  on  the  whoU  line. 


J)  F       0 

Let  the  st.  lino  ABha  divided  into  any  two  parts  in  0. 

IVien  must 

vj.  on  AB=sum  of  red.  AJi,  AC  and  nd.  AB,  OR 

On  AB  describe  the  sq.  A  DEB.  I.  i6. 

Throujih  (»<lraw  CF  |i  to  AD.  L  31. 

Then  A  l-J^smn  of  AF  and  CE. 
Now  A  E  ia  the  sq.  on  ,1  B, 

^F=rect.  A  II,  AC,        :•  AD^AB, 
CB=reot  All,  CB,         '.■  BE  =  AB, 
:.  sq,  on  ^/>'  =  .suni  of  rect.  AB,  AC mwd.  rect.  AB,  CB. 

q.  E.  n. 

Ex.  The  square  on  a  straight  line  is  equal  to  four  times  the 
square  on  half  the  lino. 
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Proposition  III.    Theorem. 

If  a  straujht  line  be  divided  into  any  twn  parts,  tfU  rectavgft 
contained  hii  Ihf  n-hole  <uul  oju  of  tin-  parLi  w  I'qiuil  to  Ifui  rect 
aiujk  contaiuid  btj  tite  two  parts  lugdlter  iviUi  tha  square  on  Uu 
aftrttaid  pari. 


A  O 1 

r        i  J 


Let  the  st.  lino  AB  be  (lividerl  into  any  two  parts  in  O. 

Tiitn  must 

rect.  AB,  CB^'Sum  of  reet.  AC,  CB  and  sq.  on  CB. 

On  CB  describe  the  sq.  CDEB.  I.  4« 

From  A  draw  AF  II  to  CD,  meeting  ED  produced  in  F. 

Then  A  /i'=su!n  of  A  I)  and  CE. 
Now  AK=Tect.  AB,  CB,        v  BE^CB, 
AD=roct.  AC,  CB,        :•  CD^CB, 
CE-=ii(\.  on  CB. 
.-.  rect.  AB,  CI} = sum  of  rect.  AC,  CB  and  sq.  on  CB. 

Q.  R.  D. 

Note.  When  a  straifjht  line  is  cut  in  a  point,  the  distances 
of  the  point  of  section  from  the  ends  of  the  Hue  are  called  thfe 
tegrrunts  of  the  lino. 

If  a  line  ABho  divided  in  C, 

AC  and  CB  are  called  the  inUmal  BORtnentB  of  AR 

If  a  line  AC  he  produced  to  B, 

AB  and  CB  are  called  the  txttmal  segnisnte  of  AC. 


Book  n.l 


PROPOSITIOM  IV. 


8i 


Proposition  IV.    Theorem. 

If  a  straight  line  be  divided  into  any  two  parti,  fh*  tqwtre 
on  the.  whole  line  ijt  equal  to  tJu  squares  on  the  ttco  parts  together 
tviik  twice  th«  rectangle  contained  by  the  parts, 
jL  a       B 


Lot  the  Bt.  lino  vlB  be  divided  into  any  two  parta  in  C. 
Then  m\ut 
$q.  on  AJi='Sum  of  sqq.  on  AC,  CB  and  lunre  red.  AC,  CB. 

On  A  li  describe  the  sq.  A  DEB.  I.  -16. 

Vrom  AD  cut  oiY  AH  =  CD.    Then  IW^- AC. 
JJraw  CG  H  to  ^D,  and  UK  \\  to  AB,  meeting  CG  in  F. 

Then  •.•  BK=An,      .'.  BK^ CB,  Ax.  i. 

.-.  BK,  KF,  FC,  CB  are  all  equal  ;  and  KBC  is  a  rt.  ;i  ; 

.-.  CK  ia  the  sq.  on  CB.  l>tf.  xxx. 

Also  IIG = sq.  on  AC,        v  HF  and  U I)  each =^Cf. 
Now  yl£=8uni  of  UG,  CK,  AF,  FE, 
AE=s(\.  on  AB, 


and 


UG =s(i.  on  AC, 
CK=sq.  on  CB, 
AF=reci.  AC,  CB, 
FE=Toct.  AC,  CB, 


CF=CB, 
FG^AC&nd  FR'-^CB. 


.-.  BO.  on  J/i=8ura  of  sqq.  on  AC,  CB  and  twice  rect.  AC,  CB. 

Q.  K.  D. 

Ex.  In  a  triangle,  whose  vertical  angle  ia  a  right  angle,  a 
atruight  line  is  drawn  from  the  ...tex  perpendicular  to  the 
buie.  Shew  that  the  recUngle,  coiitaiiie(l  by  the  segmwnUi  of 
the  bwe,  ia  equal  to  the  wjuwe  ou  t  c  perpondieular. 
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Proposition  V,    Theorem. 

IJ  a  straight  line  be  divided  into  two  equal  pmis  atid  aho 
into  two  unequal  parts,  the  rectangle  contained  by  the  unequal 
parti,  tof;<tHier  %nth  the  square  on  the  line  between  the  points  of 
tection,  is  equal  to  the  square  on  half  the  line. 


Tjet  the  at.  line  ABhe  divided  equally  in  C  and  unequally 

in  I). 

Then  miist 

rect.  AD,  DB  together  nnth  sq.  on  CD=sq.  on  CB. 


On  CB  describe  the  oq.  CEFB. 
Draw  DO  \\  to  CE,  and  from  it  cut  off  DIl  =  DB. 
Draw  HLK  ||  to  AD,  and  AK  ||  t(fDH. 


1.46. 
I.  31. 
I.  31. 


Then  rect.  DF =Kct.  AL, 
Also  Z/(r  =  sq.  on  CD, 


■.•BF=AC,&mlBD=CL. 
'.■Ln=CD,  and  nO=  CD. 


Then  rect.  AD,  DB  together  with  sq.  on  CD 
=  AH  tofjether  witb  LO 
K=suin  of  AL  and  Cfl  and  LO 
=  sum  of  DF  and  CH  and  LO 
^CF 
>=8q.  on  CB. 


If< 

rcctan 

of  it  J 
is  equ 
theha 


Lei 

rh 


q.  R.  D. 
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Proposition  VI.    Tueorrm. 

7/  a  Mtraight  line  be  bisected  aitd  produced  to  any  point,  the 
rectangle  cnnlained  by  the  whok  line  thus  produced  and  the  ]iart 
of  it  prodii'-rd,  togetlwr  willi  the  square  on  half  the  line  bisected, 
is  equal  to  tfie  square  on  the  Uraiyht  line  whiclt  is  made  up  of 
the  half  and  the  part  produced. 


JL 


M 


U 


^ 


77~F 


M 


Let  the  at.  line  AB  be  bisected  in  C  and  produced  to  D. 

Then  must 

rect.  AD,  DB  together  with  i<q.  on  Cli=sq.  on  CD. 

On  CD  describe  tiie  84.  CEFD.  I.  46. 

Draw  BG  ||  to  CI],  and  cut  oH'  BH=^BD.  I.  31 

Through  //  <lriiw  KLM  ||  to  AD  I.  31. 
Throui;h  A  dniw  AK\\to  CE. 

Now  •.•  BG  =  CD  an(i  Bll  =  BD  ; 

.IKl^CB;  Ax.  3. 

.-.  rect.  MO  =  rect.  A  L.  II.  A, 

Then  rect.  AD,  DB  tojicther  with  sq.  on  CB 
=  siiiu  of  AM  and  L(f 
=  suni  (if  A  Ij  and  CM  and  LG 
=Huni  of  MO  and  CM  and  LO 
=^CF 
a:iq.  on  CD. 

Q.  B.  U 


«4 


/;r(V./7/.v  //. 


/;y. 


,  I  .okIL 


Note.   Wo  here  give  the  pniof  of  iin   importiuit  theorem, 
which  it  usually  placed  as  a  corollary  to  Troposition  V. 


Proposition  B,     Tiikorbii. 

Tlu  difference  between  the  sqvares  on  any  tvm  tlraujhl  linen 
M  equal  to  the  rectaiKjle  contained  by  the  sum  and  differmcc  of 
thoK  linet. 


<}      IF 

I^et  A(\  CD  bo  two  st.  lines,  of  which  AC  is  the  fjreater, 
and  let  thoni  be  placed  so  as  to  form  one  st.  line  AI). 
Produce  AD  to  B,  making,'  CIi=AC, 
Then  yii>=the  sum  of  the  lines  AC,  CD, 
and  i>fi=tlio  difference  of  the  lines  AC,  CD. 
Then  mtist  difference  betiveen  sqq.  ow  AC,  CD=r6ct.  AD,  DB. 
On  OB  describe  the  sq.  CEFH.  1.  4(J. 

Draw  DO  \\  to  (7E,  and  from  it  cut  off  DH='DB.  I.  31. 

Draw  IILK  i\  to  A  I),  and  AK  ||  to  DH.  I.  31. 

Then  rect.  DF  =rect.  AIj,  -.BF^AC,  and  BD=^CL. 
Also  LO^aq.  on  CD,      :•  Ll[==CI>,  i,nd  HG=CD. 
Then  difference  between  sqq.  on  JiC,  CD 

=  difference  between  sqq.  on  CB,  CD 

=  mm  of  Cff  luu]  DF 

=suin  of  CH  and  AL 

==AH 

=  rect.  AD,DH 

=rect.  AD,  DB. 

Q.  R.  D. 

Ex.  Shew  that  Propositions  V.  and  VL  might  be  deduc«d. 
from  this  Proposition. 


tt] 
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Proposition  VII.    Tiikorem. 

flp  a  ttraight  lirie  be  divided  into  any  tvao  parti,  the 
squara  on  the  whole  line  ami  on  one  of  tlie  parts  are  equal 
to  twice  Uie  rectanyle  containetl  by  the  wlutk  and  that  part 
together  toith  the  square  on  the  other  part 


^—9 


K 


Let  ABhe  rlivirled  into  any  two  parts  in  0. 
Then  must 
eqq.  mi  AH,  HO^ twice  rect.  A  B,  BO  together  toith  sq.  on  AC. 
On  AB  describe  the  sq.  A  DEB.  I.  46. 

From  AD  cut  ofi  AH  ==CB. 

Draw  CF  ||  to  AD  and  JTGK  \\  to  AB.  I.  31. 

Then  HF=si[.  on  AC,  and  CK-^aq.  on  CB. 

Then  sqq.  on  AB,  J3C=snni  of  A  E  and  CK 

=8uin  of  .1 K,  IIF,  OE  and  CK 
=.8uni  of  AK,  IIF  and  CE. 

Now  ^ir=rect.  AB,  BC,        :■  BK=BC ; 
CE=Tect.  AB,  BC,        \'BE=AB\ 
IIF =3(1  on  AC. 
.'.  «qq.  on  AB,  J5C=  twice  rect.  AB,  2?0  together  with  sq.  on  ^G 

Q.  K.  D. 

Ex.  If  straight  lines  be  drawn  from  0  to  B  and  from  (f 
to  D,  shew  that  BGD  is  a  straight  line. 
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PUOI'OSITION   VIII.       TlIKOUHM. 

If  a  itraight  line  be  divided  iiiio  (tuij  two  /nrU,  four 
tinui  the  redanijle  cimtniiml  hy  the  irlinb:  liiif  and  one  of  the 
parts,  togetfur  urith  the  square  on  the  othrr  /.art,  i.s  iijiial  to 
the  square  on  the  straight  line  which  is  iiuuic  up  of  the  whole 
and  the  first  pad. 

^ C il. 


JT 


ff 


ir 


0 


IT   zr~P 


Let  the  sfc.  line  AB  he  diviilcd  into  any  two  parts  in  0. 
Produce  AH  to  l>,  so  that  li I >  =:^- lU '. 

Tficn  viust  four  times  mi.    A  />',    !',< '  togithcr  vilh  /^q.   nn 
{V=sq.  0)1  AD. 

On  AD  describe  the  aq.  A  EFT).  I.  IC. 

From  AE  cut  off  AM  and  MX  eadi  =  CB. 
Throurrh  C,  li  draw  (JH,  BL  \\  to  A  E.  I.  :31. 

Through  M,  X  draw  MGKN,  XTRO  \\  to  AD.     I.  31. 
Now  •.•  XE=AC,  and  XP^AC,  .:  A'i/=sq.  on  AC. 

Also  AG  =  MP =PL= RF,  II.  a. 

mdCK=GR=BN==KO;  M.  a. 

,'.  tuiu  of  these  eight  rectangles 

=four  times  the  sum  of  AG,  CK 
=»four  times  AK 
=  four  times  rect.  AB,  BC. 
Then  four  times  rect.  AB,  BC  and  sr,.  on  AC 
=sum  of  the  eight  rectangles  and  XH 
=  AEFD 
=sq.  on  AD.  q.  e.  d. 
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PROrOSITKN   IX.      TnZORKM. 

//  a  Mraiiiht  line  he  dmded  into  two  equal,  and  also  into 
liro  iiiii<iviil  imrltt,  the  stpiavM  on  thi;  luo  unequal  jiarlx  art 
tiDjilher  double  of  the  squa/rc  on  hidf  the  line  and  oj  the 
xquare  on  the  lint  between  the  yuints  of  section. 


Let  ^JB  bo  divided  equally  in  C  and  unequiilly  in  D. 
Then  must 
Hint  if  s'qq.  on  AD,  l)B=tunre  sum  of  $qq.  on  AC,  CD. 
Draw  <'/<;-=  AC  at  rt.  i  s  to  Ali,  aiul  join  EA,  EB. 
I'liiw  DF  at  rt.  z  s  to  Ali,  nieeting  EB  in  F. 
Draw  FO  at  rt.  i  8  to  EC,  and  join  AF. 
Tiion  ■.•  /  .1  r/-;  is  a  rt.  z, 
.•.  sum  of  z  8  AEC,  EAC^ix.  rt.  i  ; 
and  •.•  lAEC^  ^.  EAC, 
.:  L  yl/v7'=  half  art.  l. 
So  also  L  BEC  and  l  EUC  are  oacli  =  half  a  rt.  z  . 

1  If  nee  I  AEF  is  a  rt.  i  . 
Also,  *.•  I  GEF  is  half  a  rt.  i ,  and  -d  EOF  is  a  rt.  z  ; 
.-.  /  FFll  is  half  a  rt.  i  ; 
.-.  /  7!,7''(;=  I  GEF,  and  .'.  EG=GF. 
So  also  I  BED  is  half  a  rt.  z  ,  and  BD=DF. 


I.  36. 
I.  A. 


I.  n.  Cor. 


Now  sum  of  sqi].  on  Al>,  1>U 

=  s<[.  on  A  I)  together  with  ?.^\.  on  DF 
=  s(i.  on  AF  I.  47. 

=sq.  on  AE  together  with  Rq.  on  EF  I.  47. 

=  sqq.  on  AC,  EC  together  with  a(iq.  on  EG,  GF  I.  47. 
=  twice  sq.  on  A(^  together  with  twice  sq.  on  (rF 
=  twice  wj.  on  AC  together  with  twice  sq.  on  CD. 

(A  B.  D. 
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Proposition  X.    Theorbm. 

•  //  a  straight  liTie  he  hiwctcd  ami  j>rodnced  to  any  point, 
the  aqiuire  on  the  whole  line  thus  prodund  and  the  square  on 
the  part  of  it  proilnccd  are  toijdhfv  doahle.  of  the  s'lnare  on 
half  the  line  bistxtcil  and  of  the  square  on  the  line  made  up 
of  the  Itolf  and  the  pari  jfrodnccd. 


Let  the  st.  line  AB  be  bisoctod  In  C  and  produced  to  D. 

Then  mwit 

swmof  sqq.  on  AD,  BD<='t'nn^.f.  sum  of  sqq.  on  AC,  CD. 

Draw  CEj.  to  AB,  and  make  CE=AC. 
Join  EA,  EB  and  draw  EF  ||  to  AD  and  DB'  0  to  CE. 
Then  *.•  i  s  FEB,  EFD  are  together  less  than  two  rt.  i  s, 
.•.  EB  and  FD  will  meet  if  produced  towards  B,  D 
in  some  pt.  0. 

Join  AG. 

Then  •.•  z  ACE'\i&  ri,  i , 
.'.    liEAC,  AEC  together ■=  a  rt.  ^  , 
and-.-  I  EAC=  lAEO, 
.-.  zyl£C'= half  art.  i. . 

So  also  I  8  BEC,  EBG  each  =  half  a  rt.  ^  . 

.-.  z  AEB  is  a  rt.  z  . 
Also  z  DBG,  wluch=  z  EBC,  is  half  a  rt.  z , 
and  .-.  z  BGD  is  half  a  rt.  z  ; 
.-.  BD^'DG. 
Again,  -,-  z  FGE=ha\{  a  rt.  z  ,  and  z  EFG  is  art 


1.  A. 


R  C-or. 
I.  34. 


-.FG. 


I.  B.  Cor. 


z  FEG =hii\{  a  rt.  z  ,  and  EF 
Then  sum  of  sqq.  on  AD,  DB 
^suni  of  sqq.  on  AD,  DG 
=  8q.  on  ^(r 

=»t\.  on  AE  together  with  sq.  on  EG 
=sq(i.  on  AC,  EC  together  with  sqq.  on  EF,  FG 
=  twice  sq.  on  ^C  together  with  twice  scj.  on  EF 
= twice  sq.  on  AC  together  with  twico  sq.  on  CD.  q.  r.  d. 


47. 
47. 
47. 


to  U 


T} 
'I 


I 

|)ur 
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PROPOSITION  Xi. 


I.  A. 


Proposition  XI/  rnonLKM. 

To  dwiile  a  given  straight  line  t'n<o  two  parts,  «o  that  the  rrft- 
'%n(jU  Mntaincd  hij  ihc  vhoh  and  o?ie  of  the  parts  shall  be  equal 
to  the  tqyunre  on  Uui  other  part. 


1.46. 
I.  10. 

1.46. 


Let  ABhc  the  given  st.  line. 

On  AB  descr.  the  sq.  ADCB. 

Bisect  AD  iii  E  ;itul  join  EH. 

Produce  DA  to  f,  iiuikinf?  EF=EB 

On  A E  descr.  the  sq.  AFGH. 

Then  AB  is  divided  ire  H  so  that  rect.  AB,  Bll=sq.  on  AH. 

Produce  (,'  fl  to  K. 
Then  •.•  J>A  is  liisectcd  in  /v'  and  ])rodnccd  to  F, 
.'.  rect.  DF,  FA  togetlier  with  sq.  on  AE 
■=sq.  on  EF 

=Bq.  on  Eli,        -.'  EB=EF, 
«=snni  of  8(iq.  on  AB,  AE. 
Take  from  each  the  squiire  on  AE. 

Tiicn  rect.  DF,  JF'^l=sq.  on  AB. 


II.  6. 
1.47. 

Ax.  3. 


iNow  l'A'=rect.  DF,  FA,        v  FO=FA. 
.-.  FA'  =,1(7. 
Take  from  each  the  common  ])art  AK. 

Tlien  FH  =  HC; 
that  is,  sq.  on  A  //-rect.  A  H,  Jllf,         v  BC=AB. 


Thus  AB  is  divided  in  Jl  as  was  reqd. 


Q.  K.  F. 


Ex.  Show  that  tho  squares  on  the  whole  line  and  one  of  the 
|)urtfi  are  equal  to  three  times  tlie  square  on  the  other  part. 
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pROrOSITICN  XII.      TnKOHEM. 

In  obtuie-angltd  triangles,  if  a  perpendicular  be  drawn  from 
either  of  the  acutt  angle*  to  the  ojipogite  side  produced,  the  square 
on  the  side  subtending  the  obtuse  angle  is  greater  than  the  squares 
on  the  side*  containing  the  obtuse  angle,  by  twice  the  rectangle 
contained  by  the  side,  upon  which,  wlun  produced,  the  perpendi- 
enlar  j^  .,  and  the  straight  line  intercepted  vrithout  th«  triangle 
between  the  perpendicular  and  the  obtuse  angle. 


Let  ABC  be  an  obtuae-anplcd  A ,  having  i  A  CB  obtuBe. 

From  A  draw  AD  l.  to  BC  produced. 
Then  must  sq.  on  AB  be  greater  than  sum  of  sqq.  on  BC, 
CA  by  twice  red.  BC,  CD. 

For  since  BD  is  divided  into  two  part*  in  C, 
sq.  on  BD^saxn  of  sqq.  on  BC,  CD,  and  twice  rect.  BC,  CD. 

II.  4. 
Add  to  each  sq.  on  DA  :  then 
sum  of  sqq,  on  BD,  Z>^=:8um  of  sqq.  on  BC,  CD,  DA  and 
twice  rect.  BC,  CD. 

Now  sqq.  on  BD,  7)^=sq.  on  AB,  I.  47. 

and  sqq.  on  CD,  Z)ui=sq.  on  CA  ;  I.  47. 

.".  sq.  on  j4B=sum  of  sqq.  on  BC,  CA  and  twice  rect.  BC,  CD. 
.'.  sq.  on  AB  is  greater  than  sum  of  sqq.  on  BC,  CA  by 
twice  rect.  BC,  CD. 

Q.  E.  D. 

Ex.  The  squares  on  the  diagonals  of  a  trapezium  are 
together  equal  to  the  squares  on  its  two  sides,  which  are  not 
parallel,  and  twice  the  rectangle  contained  by  the  sides,  which 
are  parallel. 


Book  n.] 


PRorosiriox  xiii. 


<>i 


I'ltoroHITION  XIII.      TnEOKKM. 

7;i  every  triniKjlf,  Ihf  sijiutrc  on  the  niiU  mhirnding  any  of 
llif  iicnic  aiiijli'.i  u  li)ii<  than  Ihr  sifiiarit  on  th'i  si  '■  •  ■untainititj 
that  anfjie,  bi/  twirt  the  rtctanijU  contained  hy  either  of  'hut  rides 
It nd  the  HtraiijUt  Hue  intrrcejited  hilnem  the  ]iirii^n  hcular,  let 
fall  ui>on  it  from  the  ojiponiUi  anylt,  and  the  wntt  amjle. 


Fiu.  1. 


Fio.  2. 


1*  ('  B  C 

Let  ABC  be  nny  A  ,  having  the  <c  A  liC  ad-to. 

From  A  dnnv  Al>  ;    f"  /.'for  y.V  priMlncod. 
Thin  viimt  .si/,  oh  AC  U  lai.i  than  the  sum  of  sqq.  on  AB, 
aC,  by  tiriee  net.  IW,  J  ID. 
For  in  Fig.  1  IW  i.s  dividcfl  into  two  parts  in  J), 
and  m  Fig.  2  Bl)  i.s  divided  into  two  pitrts  in  C; 

.".  in  bdtli  ca.-iC8 
Bum  of  sciq.  on  BC,  BD =snm  of  twice  rect.  BC,  BD  and 

Bq.  on  CD.  11.  ". 

Add  to  each  the  sq.  on  DA,  then 

sum  of  sqq.  on  Bt\  BD,  DA  =  suui  of  twice  rect.  BC,  BD 
and  sq<i.  on  CD,  DA  ; 

.-.  sum  of  s(i(i.  on  BC,  AB^auiu  of  twice  rect.  BC,  BD  and 
»q.  on  A  C ;  I-  -l?. 

.•.  sq.  on  AC  is  les."  than  sum  of  sqq.  on  AB,  BC  by  twice 
roct.  BC,  HI). 

The  caae,  in  which  the  perpendicular  AD  coincides  with  AC, 
needs  no  proof. 

Q.  E.  D. 

Ex.  Prove  that  the  sum  of  the  squares  on  any  two  sides  of 


triangl 


is  cqu 


ill  t( 


)  twire 


the  sum  of  the  squares  on  half  the 


base  and  on  the  lino  joining  tlie  vertical  angle  with  the  middle 
point  of  the  base. 
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Proposition  XIV.     Pkoblkm. 

To  describe  a  square  tluit  shall  be  equal  to  a  givan  rectilintar 
figure. 


Ijet  A  be  tho  given  rectil.  fitjiire. 
It  is  reqd.  tn  describe  a  siinare  Hint  ^h(iU  =  A. 

Describe  tlie  reetuiifiuliir  OJ  tU 'hK=  A.  I.  4r,. 

Then  if  BE=  El)  Hie  ZZ7  JU'I>E  is  a  s.jiiare, 
and  what  was  reqd.  is  done. 

But  if  BE  be  not  =  /?/),  produce  BE  to  F,  ro  that  EF=ED. 
Bisect  BF  in  0  ;  and  with  centre  0  an<l  distance  GB, 
describe  the  Bemicircle  BUF. 
Procbice  DE  to  //  and  join  GH. 

Then,  •.•  BF  is  divided  equally  in  G  and  unequally  in  £', 
.'.  rect.  BE,  EF  toRether  with  sq.  on  GE 

=sq.  on  GF  II.  5. 

=s(i.  on  Gil 

=suni  of  s(|(i.  on  Eli,  GE.  I.  47. 

Take  from  each  the  s(  [uare  on  G  E. 

Then  rect.  HE,  EF==sq.  on  Elf. 
But  rect.  BE,  EF^  BD,        :•  EF=  ED ; 
.-.  sq.  on  EH  =  BI); 
.'.  sq.  on  AW= rectil.  figure  A. 

a  B.  F. 


ok  n. 


dOok  n.]        MISCELLAXEOUS  EXERCISES. 


9S 


Mixcdlaneoits  Exercises  on  Book  II, 


linear 


T.  4r.. 


II.  6. 
1.47. 


.  F. 


1.  In  a  triangle,  whose  vertical  angle  is  a  rignt  angle,  ft 
Btraight  lino  is  drawn  from  the  vertex  perpeiulicular  to  the 
biuse  ;  shew  that  tlie  sqniire  on  either  of  the  sides  adjacent  to 
the  right  angle  is  equal  to  the  rectangle  contained  by  the 
ha-se  and  the  segment  of  it  adjacent  to  that  side. 

2.  The  squares  on  the  diagonals  of  a  parallelogram  are  to- 
gether equal  to  the  squares  on  the  four  side*. 

3.  if  ABCD  be  any  rectangle,  and  0  any  point  either 
within  or  without  the  rectangle,  shew  that  the  sum  of  the 
squares  on  OA,  OC  is  equal  to  the  sum  of  the  squares  on  OB, 
01). 

4.  If  either  diagonal  of  a  pari>'lelogram  be  equal  to  one  of 
the  sides  about  the  opposite  angle  of  the  figure,  the  square  on 
it  shall  bo  less  than  the  square  on  the  other  diameter,  by  twice 
the  square  on  the  other  side  about  that  opposite  ang'e. 

5  Produce  a  given  straight  line  AB  to  C,  so  that  the  rect- 
angle, contained  by  the  sum  and  difference  of  AB  and  A  (7,  may 
De  equal  to  a  given  square. 

6.  Shew  that  the  sum  of  the  squares  on  the  diagonals  of  any 
quadrilatcml  is  less  than  the  sum  of  the  squares  on  the  four 
sides,  by  four  times  the  square  on  the  line  joining  the  middle 
points  of  the  diagonals. 

7.  If  the  square  on  the  perpendicular  from  the  vert«x  of  a 
triangle  is  equal  to  the  rectangle,  contained  by  the  si'giiit'nls 
of  the  base,  the  vertiail  angle  is  a  riglit  ani:Ii>. 

H.  If  two  .stra!;,'ht  lines  bo  given,  sliew  how  to  produce  one 
of  them  so  that  tlio  rectanglo  contiiiiied  hy  it  and  tlio  produced 
part  may  bo  tHjual  to  the  square  on  the  other. 

9.  If  a  straiglit  lino  bo  divided  into  thrco  parts,  tho  square 
on  the  wholo  iiin'  is  r(|uid  to  tlu>  sum  of  tli'>  s(|ii!ircs  on  tho  jiarts 
t(ij.;('ther  with  twice  tho  rectangle  contuined  by  ouch  two  of  tlie 
parts. 
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10.  Jn  any  quadrilateral  the  squares  on  the  diagonals  are 
together  equal  to  twice  the  suui  of  the  squares  on  the  straight 
lines  joining  the  middle  points  of  opposite  sides. 

11.  If  straight  lines  be  drawn  from  each  angle  of  a  tri;m(,'le 
to  bisect  the  opposite  sides,  four  times  the  sum  of  the  scjuures 
on  these  lines  Ls  equal  to  three  times  the  sum  of  the  squares  on 
tlie  sides  of  the  triangle. 

12.  GD  is  drawn  perpendicular  to  AB,  a  side  of  the  triangle 
ABG,  in  which  AC=AB.  Shew  that  the  square  on  CD  is 
ecjual  to  the  square  on  BD  together  with  twice  the  rectimgle 
AD,  DB. 

13.  The  hypotenuse  J  J?  of  a  right-iinjilod  trian<rlo  ABC'x^ 
trisected  in  the  poinl-s  i>,  E\  prove  that  if  (7>,  CK  he  joined, 
the  sum  of  the  scjuiires  on  the  sides  of  the  tiiiinjile  CDE  is 
equal  to  two-tliirds  of  the  sfjuiire  on  AB. 

14.  The  square  on  the  hypotenuse  of  an  isosceles  right  angled 
triangle  is  equal  to  four  times  the  stpiare  on  the  perpendicular 
from  the  right  angle  on  the  liypotemise. 

15.  Divide  a  given  stniight  line  into  two  jmits,  so  that 
the  rectangle  contained  by  tliein  shull  he  eciniil  to  the  s(piaro 
described  upon  a  straight  liuO;,  vhicli  i.s  less  than  half  the  li»-« 
divided. 
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NoTK  6. — On  the  Measurement  of  Areas. 

To  measure  a  Magnitude,  we  fix  upon  some  magnitude  of  the 
same  kind  to  serve  as  a  standard  or  unit ;  and  then  any 
magnitude  nf  that  kind  is  meiiaured  by  the  number  of  times  it 
contains  tliis  unit,  and  this  number  is  called  the  Mkasurk  of 
the  quantity. 

Suppose,  for  instance,  we  wish  to  iiieasure  a  straight  lin* 
AB.     We  take  another  straight  line  EF  for  our  standard, 


E    F 


and  then  we  say 

\i  AB  contain  EF  three  times,  the  measure  of  AB  is  3, 

if four 4, 

if X   X. 

Next  suppose  we  wish  to  measure  two  straight  lines  AB, 
CD  by  the  same  standard  EF. 

If  AB  contain  EF  m  times 

and  CD  n  timea, 

where  m  and  n  stand  for  numbers,  whole  or  fractional,  we  say 
that  AB  and  CD  are  commensurable. 

But  it  may  happen  that  we  may  be  able  to  find  a  standard 
line  EF,  such  that  it  is  contained  an  exact  number  of  times  in 
AB  ;  and  yet  there  is  no  number,  whole  or  fractional,  which 
will  express  the  number  of  times  EF  is  contained  in  CD. 

In  such  a  case,  where  no  unit-line  can  be  found,  such  that  it 
is  contiiincd  nn  exact  number  of  times  in  each  of  two  lines 
AB,  CD,  tliese  two  lines  are  called  incoiumensurable. 

In  the  processus  of  Geometry  we  constantly  meet  with 
incommensurable  magnitudes.  Thus  the  side  and  diagonal  of 
a  square  are  incomuiensurables  ;  and  so  are  the  diamet«r  and 
eircumferenco  of  a  circle. 
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Next,  suppose  two  lines  AB^  AC  to  be  nt  ii<.'lit  aniflca  to 
each  other  unci  to  be  comincnsunible,  so  tliat  AP>  coiittiiiis  four 
times  a  certain  unit  of  linear  meaaurement,  which  is  contained 
by  A  C  three  times. 


A 

a 

JJ 


D 


Divide  AB,  AC  into  four  and  three  equal  part<?  respectively, 
and  draw  lines  throuf;h  tlie  points  of  division  parallel  to  AC, 
yl ii  respectively  ;  then  ilie  rectangle  yl^7>/i  is  divide'  into  a 
number  of  equal  squares,  each  constructed  on  a  line  eii'ial  to 
the  unit  of  linear  measurement. 

If  one  of  these  squares  be  taken  as  the  unit  of  area,  the 
measure  of  the  area  of  the  rectangle  ACDB  will  be  the  number 
of  these  squares. 

Now  this  number  will  evidently  be  the  same  as  that  obtainofl 
by  multiplying  the  nicn.sure  of  AB  by  the  measure  of  AC; 
that  is,  the  me.'isure  of  AB  being  4  and  the  measure  of  ylC'3, 
the  measure  of  ACDB  is  4  X  3  or  12.    (Algebni,  Art.  38.) 

And  generally,  if  the  nu-asures  of  two  adjacent  sides  of  a 
rectangle,  supposed  to  be  conmiensurable,  be  a  and  h,  then  the 
measure  of  tlie  rectangle  will  be  ah.     (Algebra,  Art.  31).) 

If  all  lini's  wi're  commensurable,  then,  whatever  might  be  the 
length  of  two  mljacent  sides  of  a  rectangle,  wo  might  select  the 
unit  oflongth,  so  that  the  nionsurcs  of  the  two  sides  .should  be 
whole  luimbers  ;  and  then  we  might  apply  the  proces.ses  of 
Alj.ebra  to  establish  many  Propositions  in  Geometry  by  simpler 
metluiils  tliiin  those  ndopted  by  Kudid. 

Take,  for  example,  tlie  theorem  in  liook  ii.  Prop.  iv. 

If  all  lines  were  commensurable  we  might  proceed  thus  ■ — 
L«t  the  mea-sure  of  A(>  be  x, 

of  (7;  ...  //, 

Then  the  measure  of  Alt  is  a'+//. 

Now  (f  I  iif—x"  t  if  +  'ixy, 

which  JirdVeK  tl:r   (111  iiicli;* 
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Kut.  inasniuch  lus  all  lines  me  not  coniiiieiisuraLle,  we  have 
in  (ieonietry  to  treat  of  rruigailudes  and  not  of  iiicujiunx : 
that  is,  when  we  use  the  symbol  A  to  rei)rt.'Kfnt  a  line  (iis 
in  I.  22),  A  stands  for  the  line  itself  and  not,  as  in  Algebra, 
for  the  number  of  units  of  length  contained  by  the  line. 

The  method,  adopted  by  Euclid  in  Book  II.  to  explain  the 
relations  between  the  rectangles  contained  by  certain  lines,  is 
more  exact  than  any  method  founded  upon  Algebraical  prin- 
ciples can  be  ;  because  his  method  ajiplies  not  merely  to  the 
c:uso  in  which  the  sides  of  a  rectangle  are  commensurable,  but 
aLso  to  the  case  in  which  they  are  incommensurable. 

The  student  is  now  in  a  position  to  understand  the  practical 
application  of  the  theory  of  Eijuivalt'iico  of  Arwia,  of  which 
the  foundation  is  the  35th  Proposition  of  Eook  I,  We  shall 
give  a  few  examples  of  the  use  made  of  this  theory  in  Men- 
suration. 


Area  of  a  Parallelogram. 

The  area  of  a  parallelogram  A  BCD  is  equal  to  the  area 
of  the  rectiingle  ABEF  on  the  same  base  AB  and  between 
the  same  parallels  AB,  FC, 


No^  EH  ifl  the  altitude  of  the  parallelogram  ABCD  if 
ABhQ  taken  as  the  base. 
Hence  area  oiCJ  ABCD =rcci.  AB,  BE. 
If  then  the  measure  of  the  b;we  be  denoted  by  6, 

and  altitude  h, 

the  measure  of  the  area  of  the  OJ  will  be  denoted  by  ftft 
Tliat  is,  when  the  base  and  altitude  are  connuensurable, 
measure  of  area= measure  of  base  iuto  measure  of  altitude. 
0  n. 
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Arm,  of  a  Triamjle. 

If  from  one  of  the  anjfiihir  points  A  of  a  tiian^'U!  Al>(\  a 
perpendicular  AD  bo  drawn  to  BC,  Fij^.  1,  or  to  BC  produced, 
Fig.  2, 


and  if,  in  both   cases,  a  parallelogrtini  ABCE  be  completed 
of  which  AB,  BC  are  adjacent  sides, 

area  of  A  ABC=\\A\i  of  area  oiCJ  ABCE. 
Now  if  the  meiisure  of  BC  be  h, 

and....  ,, AD...h, 

measure  of  area  of  CJ  ABCE  is  hh  ; 

/.  measure  of  area  of  A  ABC  is  -^  • 

Area  of  a  lihombus. 

Let  ABCD  be  the  (riven  rhombus. 

Draw  the  diagonals  AC  and  BD,  cutting  one  another  in  0. 


It  id  easy  to  prove  that  A  C  aiul  BD  Ijisect  each  other  at 
right  angles. 

Then  if  the  measure  of  yl  r?  be  x, 

and BD  ...  y, 

measure  of  area  of  rhombus  =  twice  measure  of  a  ACD. 

=  twice    •' 
4 
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Arm  of  a  Trapezium. 

Let  A  BCD  be  the  given  trapezium,  having  the  sides  J.  B, 
CD  parallel. 

Draw  A  E  at  right  angles  to  CD. 


Produce  DC  to  F,  making  CF=AD. 

Join  AF,  cutting  BC  in  0. 

Thvn  in  ^sA()!',,COF, 

:■  L  BAO=  L  CFO,  and  i  AOB=  i  FOC,  and  AB=CF; 

.-   hCOF^^AOB.  1.26. 

ITenre  trapezium  ABCD=  aADF. 

Now  suppose  the  niea.siues  of  AB,  CD,  ^4^7  to  be  m,  n,p 
ii'spi'ctively  ; 

.-.  measure  of  AF=?/i  +  «,  *.•  CF=AB, 

Then  measure  of  area  of  trapezium 

==.i  (measure  of  DF  X  measure  of  AE) 

That  is,  the  measure  of  the  area  of  a  trapezium  is  fouv  i,f 
multiplying  half  the  ineasure  of  the  sum  of  the  parallel  ^ides 
hy  the  niensure  of  tiie  perpendicular  distance  between  the 
parallel  t^ides. 
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Area  of  an  Irregular  I'nlyijmi,. 

Tliore  are  tliit'c  iiiothncls  of  finding  tho  urea  of  an  irrcgulut 
poly^roii,  which  wo  hIiuII  hvm  biiclly  notice. 

1.   Tlu;  jtolj/gofi    vttiij   hf.    diridr^l     into   triamjhA,   and    the 
arm  of  each  of  those  triangles  Iw  found  separalely. 

n 


K  D 

Thus  tho  arrft  of  tho  irroguliir  polyiron  A  BODE  in  oqtiiil 
to  the  sum  of  tho  arcjw  of  tlic  triniii^lcH  AHH,  Klil),  DBC. 

II.  Tlie  jiolygott,  may  be  convirtcd  into  a  xingle  tnav/jk 
of  equal  area. 

If  A  liCDE  bo  (I  pent.ngon,  wo  can  convert  it  into  nn 
equivalent  quadrihiteral  by  tlio  followuiir  procesa  : 


Join  BD  and  draw  CF  parallel  to  BT>,  meeting  EB  prf)- 
<3uccd  in  F,  and  join  V>F. 

Then  will  (piadrilateral  ^1 /.'/■" /v-^pontngon  ABODE. 

For  A  BDF=  A  BCD,  on  same  base  B>D  and  between 
same  parallels. 

If,  diet),  from  tho  pentagon  wo  remove  A  BCD,  and  add 
hllDF  to  tho  remainder,  wo  obtain  a  quadrilateral  ABFE 
<>qiiivMlent  to  the  ])entn^'(>n  .1  H(U>E. 


DooV.Bl.  &n.l  Ah'F.A  OF  AS'  IKRI-.cri  AR  I'OT.YGON.    lOl 


The  (lUiidrilatcnil  iiiiiy  then,  ))y  n  siitiilnr  prnccMS.  bo  con- 
verted into  Hu  eriuiviileiit  triangle,  and  thu.s  a  pulyfron  of  any 
iiiiiidier  of  widen  may  bo  f;ra(bially  converted  into  au  equiva- 
lent triangle. 

The  an-iu  of  this  trian;,'le  may  tlien  bo  found. 

III.  Tiie  third  method  is  chiefly  employed  in  practice  by 


Let  ABCDEFG  be  an  irn.'truhir  polypjon. 

Draw  AE,  the  lonf^eHt  diit<j;onal,  and  drop  perpendiculars 
on  AE  from  tlie  other  angular  points  of  tiie  polygon. 

The  polygon  is  thua  divided  into  figure:!  wliich  arc  either 
1  ight  angled  triangles,  rectangles,  or  trapeziums  ;  and  the  areas 
v»f  each  of  these  liguroa  may  be  readily  calculated. 


'ciiUBil 
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NoTK  7.     On  Projections. 


The  projection  of  a  point  B,  on  a  straight  line  of  unlimited 
length  AE,  is  the  point  M  at  the  foot  of  the  perpendicular 
dropped  from  B  on  AE. 

The  projection  of  a  strainht  line  BC,  on  a  straight  lino  of 
unlimited  length  AE,  is  MN, — the  piirt  of  AE  intercepted 
between  perpendicuhirs  drawn  from  B  and  ('. 

When  two  lines,  as  AB  and  AE,  form  an  angle,  the  pro- 
jection of  AB  on  AE  is  AM. 


"We  might  employ  the  terra  projection  with  advantage  to 
shorten  and  nuiku  clearer  the  eiiiiiiciatiuns  of  i'rops.  xii.  and 
XIII.  of  Book  II. 

Thus  tiie  enunciation  of  Prop.  xn.  might  be  : — 

*'  In  ol)li(|ue-angled  triangles,  the  square  on  the  side  sub- 
tending the  ol)tuse  angle  is  greater  than  the  squares  on  tin- 
sides  containing  that  angle,  by  twiee  ihc  I'cetangle  contained 
by  one  of  these  sides  and  the  pioiecfii^ii  ol  tlie  oflicr  on  it." 

The  etmnciatiou  of  Prop.  xiu.  might  be  altered  in  a  similar 
manner. 


fiooks  I.  ft  II 


OX  /.(>(■/. 
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Note  8.     On  Loci. 

Suppose  we  have  to  determine  the  position  of  a  point, 
Ni  liich  is  equidiatiiut  from  the  extremities  of  a  given  straight 
line  BC. 

There  is  an  infinite  number  of  points  satisfying  this  con 
(lit ion,  for  the  vertex  of  any  isosc.lcs  triangle,  described  ou 
DC  as  its  base,  is  equidistant  from  li  uiid  Ct 


Tilt  ABC  he  me  of  the  isosceles  triangles  described  on 

r.(\ 

If  BC  bo  bisected    in    D,  MN,  a  perpendicular  to  BC 
dtuwu  through  L>,  will  pass  through  A. 

It  is  easy  to  show  that  any  point  in  MN,  or  MN  produi.d 
ill  cither  direction,  is  equidistant  from  B  and  C. 

It  may  also  bo  proved  that  no  point  out  of  MN  is  equi 
distant  from  B  and  C. 

The  lino  MN  is  called  the  Locus  of  all  the  points,  infinite 
in  number,  which  arc  equidistant  from  B  and  C. 

Def.  In  plane  Geometry  Loma  is  the  name  given  to  n 
line,  straight  or  curved,  all  of  whoso  points  satisfy  a  certain 
geometrical  condition  (or  have  a  common  property),  to  tl  > 
j'vc.liision  of  ;ill  oMicr  points. 
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Next,  mii)|)iis(^  wi-  li;ivi'  to  dnteiiiiine  tlio  position  of  a  point, 
wliicli  is  I'qiiidisLMiii  IVom  three  giveu  points  A,  By  V,  not  in 
the  »aiue  atniiyht  liuo. 


If  WG  join  A  anrl  Ti,  wo  Icnnw  that  all  points  pquirlistant 
from  A  iuul  7>  lie  in  the  lino  i'7>,  whidi  bisects  .'li>' iit  ri^jlit 
ani^les. 

If  wo  join  Tl  and  C,  wo  l^now  that  all  points  equidistant 
fnni  ]'>  and  ('  lie  in  the  lino  (,)/-;,  which  bisects  7i(' at  rijjlit 
angles. 

Hence  O,  the  point  of  intersection  of  PI)  and  ^^,  ia  the 
only  point  erjuidistaiit  from  A,  H  and  (* 

PD  is  the  Locus  of  points  ecjuidistant  from  A  and  li, 

QE P  imJ  <', 

and   tlje   Intersection   of  these   Loci   determines    the    point, 
which  is  equidistant  fnjm  A,  H  and  C. 

Examples  of  Loci. 
Find  the  loci  of 

(1)  Points  at  a  j,'iven  distance  from  a  jriven  point. 

(2)  Points  at  a  <fiven  distance  from  a  j^iven  straif^ht  line. 

(.3)  The  middle  points  of  straight  lines  drawn  from  a 
t;iven  point  to  a  {fiven  straight  line. 

(-1)  Points  equidi.stant  from  the  arms  of  an  angle. 

(5)  Points  equidistant  from  a  given  circle. 

(f!)  Pointa  equally  distiint  from  two  straight  linea  which 
interatjct. 


Books  I   ti  II.)     :,0/.r77f>.V  or  PROni.F.MS. 


tos 


NoTK  0.   On.  th  Miih(^ili  nnployed  in  tht  $olution  of 
I'mhltvi*. 

In  tho  soliilinn  of  (Jcnmctrinil  Kxrrrijcs.  ccrtnin  methods 
tiny  \w  npi)li<'(l  with  huccchs  to  p;irticiil;;    d  i,->sch  of  qiU'stions. 

We  j)ro[)oso  to  make  li  fow  reiiiiirk^  nii  these  methods,  so  far 
;iH  tliey  are  upplicablu  to  the  first  two  books  of  Euclid's 
momeuis. 

The  Method  of  Synthegis. 

Tn  tho  Exercises,  iiff.ichfMl  to  the  Propositions  in  the  pr»- 
rcdiiij^  pn^f**)  •'"'  coostniction  of  Ihf  diaunim,  necessary  for  the 
"uliition  of  each  (pii'sti  .11,  hiia  usually  heen  fully  described,  or 
fufl'u'iciitly  HUj.';^'i'stt'il. 

Tho  student  hius  in  nnst  cases  heen  required  simply  to 
apply  tiie  f;ef)metrical  fact,  prnved  in  the  Proposition  precedinjr 
tiie  exercise,  in  order  to  arrive  at  the  conclusion  demanded  in 
tlie  question. 

This  way  of  proceeding  is  called  Synthesis  (<rvi'5ffrjr  =  coni- 
position),  because  in  it  we  proceed  by  n  re^'ular  chair  of  reason- 
if)!^  from  what  is  (j!n;n  to  what  is  sontjht.  This  being  the 
iiiitliod  employed  by  ]''ucliil  throuyiiout  the  Elements,  we  have 
no  need  to  exemplify  it  here. 


Th«  Mdhod  of  Analym. 

Tlio  solution  of  many  Pio])lem3  is  rendered  more  easy  hy 
mijrposiiiij  (lie  problem  solved  and  the  dinyram  construeitiL 
It  is  then  often  poHsil)Ie  to  observe  relations  between  lines, 
ani^les  and  figures  in  the  diagram,  which  are  suggestive  of  the 
steps  by  whicli  tho  neces.sary  construction  might  have  been 
cfFectcd. 

This  is  called  tho  Method  of  Analysis  (fi>'nXv(T(r  =  resolufioTiV 
It  is  li  method  of  discovering  truth  by  reasoning  concernin<' 
tilings  Tinknown  or  propositions  merely  supposed,  as  if  the  one 
were  given  or  tho  other  wire  really  true.  The  process  can 
liest  be  explained  by  the  fullowing  examples. 

Our  first  example  of  tiie  Analytical  process  shall  be  the  31s( 
Proposition  of  Euclid's  Firat  IJook. 
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Ex.  1.  To  draw  a  draight  line  through  a  given  point  parallel 
to  a  given  straight  line. 

Let  A  be  the  jfiven  point,  and  BC  be  the  given  straight  line. 
Suppose  the  problem  to  be  ed'ected,  and  EF  to  be  the 
straight  line  required. 


E 


A 

z 


ir 


^ 

Now  we  know  that  any  straight  Hue  AD  drawn  from  A  to 
meet  BC  makes  equal  angles  with  EF  and  BC.    (i.  29.) 

This  is  a  fact  from  which  wo  can  work  liackward,  and  arrive 
at  the  steps  necessary  for  the  solution  of  the  problem  ;  thus  : 

Take  any  point  D  in  BC,  join  AD,  make  L  EAD=  L  ADC, 
and  produce  EA  to  F :  then  EF  must  be  parallel  to  BO. 

Ex.  2.   To  iiiscrihe  in  a  triangle  a  rhombus,  having  one  of  its 
angles  coincident  vith  an  angle  of  the  triangle. 

Let  ABC  be  the  given  triangle. 

Suppose  the  problem  to  be  effected,  and  DBFE  to  bo  tht 
rhombus. 


Then  if  EB  be  joined,  i  DBE=  l  FJiE. 
This  is  a  fact  from  which  wo  can  work  backward,  and  deduce 
the  necessary  construction  ;  thus  : 

Bisect  z  AB('  by  the  straight  line  RE,  meeting  AC  m  E. 
Draw  Ki)  and  /'.'/''  parallel  to  BC  iuv\  AB  respectively. 
Thw  DBFE  is  the  rhombus  required.     (See  Kx.  4,  p.  59.) 
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K,  ;5  '/".-  ,/,,',  n-M-,<c  iU  point  in  a  givui  straujht  hne,  at 
„i,lrk  .hai^lU  /MM.,  dnurn  fnna  Uro  .,,ca^imnU,  on  the  .ume 
.nic  uj-  tin',  ijiiat  line,  wake  ainal  cuujhs  Kith  %t. 

L,t  CD  1.0  the  given  l.ne,  a.ul  .1  and  B  the  given  points. 

Snppose  the  problem  to  be  effected,  and  P  to  be  the  pouit 
re(|uiied. 


\\\  llii'M  iiMMJu  liiihs  : 

if  tit  weit  produced  to  m\w  point  A  , 

L  VPA\  hvw^=  I  BPD,  will  be=  z  APC. 
Again,  ii  PA'  be  made  ociual  tn  PA, 

A  A'  will  be  bisirltd  by  CI'  at  right  angles. 

T\m  is  a  fact  from  which  we  can  work  backward,  and  find 
the  Kt.-p^i  necessary  for  the  solnliun  of  the  problem  ;  thus  : 

From  ,1  ill  aw  .1"  i    to  Cl>. 
Produce  AO  to  .1',  makin-  OA'-^OA. 
Join  UA',  cutthig  Cl>  in  P. 
Then  P  is  the  point  reiiuired. 


NoTK  10.     (hi  Siimnutry. 

The  problem,  wlurh  nnc  have  iiist  b.cn  considering,  suggeBts 
the  biilowin^;  ninarks  : 

If  iwo  puiiils  .1  an. I  .r,  br  S.I  silna'..!  vm'Ii  i.>|»rt  to  a 
,uaflil  liii.'  <•/•  llial  Cl>  his.Mis  at  ii,l.Ii1  aii-i.s  ll.f  stniigliL 
lin,  juinio-  A  and  A',  then  .1  and  A  are  bald  to  be«(/(/im€<ncai 
with  regard  to  CD. 

The  importaiu;c  of  Bymnietrical   relations,  as  snggentiTe  of 
int^thnils  for  tlie  solution  of  problems,  ciinnot  be  fully  shewa 
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to  a  learner,  who  is  unacquainted  with  the  properties  of  the 
circle.  The  following  example,  however,  will  illustrate  this 
part  of  the  subject  sufficiently  for  our  purpose  at  present. 

Find  a  point  in  a  given  straight  line,  $uch  that  the  mm  of  its 
distances  from  two  fixed  points  on  the  same  sidt  of  the  line  is  a 
minimum,  that  is,  li\^s  than  tlie  sum  of  the  distances  of  any  other 
point  in  the  line  from  the  fixed  points. 

TakinjT  the  diagram  of  the  last  example,  suppose  CD  to  be 
the  given  line,  and  A,  B  the  given  points. 

Now  if  A  and  A'  bo  symmetrical  with  respect  to  CD,  we 
know  that  every  point  iu  CD  is  equally  distant  from  A  and  A'. 
(See  Note  8,  p.  103.) 

Hence  the  sum  of  the  distances  of  any  point  in  CD  from  A 
and  B  is  equal  to  the  sum  of  the  distances  of  that  point  from 
A'  and  B. ' 

But  the  sum  of  the  distances  of  a  point  in  CD  from  A'  and 
B  is  the  least  possible  when  it  lies  in  the  straight  line  joining 
A'  and  B. 

Hence  the  point  P,  determined  as  in  the  last  exa/mple,  is  the 
point  required. 

NoTK.  Propositions  ix.,  x.,  xi.,  xii.  of  Book  I.  give  good 
examples  of  symmetrical  constructions. 


Note  11.     Euclid's  J'roif  of  1.  5. 

The  aaglih  at  ihii  base  of  an  iumrdes  triiuuiU:  art  6<iualt<)  on* 
iiuothur  ;  anil  if  tlu:  fijudi  nide-i  be  produced,  tlui  anyles  Upon  the 
other  side  of  the  hiuM,  shall  tie  equai. 

Let  AUC  be  iui  Isosccleb  L,  having  AB—  4C 

I'loduue  .4  B,  A  0  to  IJ  and  E. 

Ttmt  must  l  ABC^  l  ACB, 

and  L  DliC^  c  ECB.  '    ^ 
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In  BD  take  any  pt.  F. 

From  AE  cut  oil'  AG  =  AF, 
Join  i'C  and  (^if. 


rhenin  i\ii  AFC,  AGB, 

•/  /''^^(/M,  and  AC=AB,  and  ^  F^tC=  z  GAB, 

•  FC-^GB,  and  z  ^li''C-  z  .-IG'i;,  and  z  ACF=^  z  ^fi(?. 


Again,  •.•7li''=^l^, 

of  which  tho  parts  Alt,  yU'aio  cijual, 
.".  remainder  i>i''=  remainder  €G. 


1.4. 


Ax.  3. 


Then  in  as  BFC,  CGIl, 
•.'BF'-^CG,  and  FC-'GB,  and  z  RFC=  z  C(?JS, 
.-.  z  /'7>'L'-  z  (/C'/i,  and  z  Bt'i''=  z  t'iiG', 

Jiow  it  lia.s  lieeii  proved  tliat  z  ^ ('/''=-  z  J/;(7, 
of  which  the  jiarLs  .:  IIVF  and   z  C/i'd'  are  e({Ual , 

lenMUiuiL'  -  .■!<'/>-- remaining'  l  ABC 

Also  u  Lius  been  proveii  that  i  FBO—  i  QCB, 


thiit  ib. 


z  2>iiC'-  ^  i'O^. 


1.4. 


Ai.  3. 
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Note  12.     EitdUfs  Frooj  of  I.  H. 

If  two  auyh.s  of  a  triangle  be  equal  to  one  another,  the 
sides  also,  which  subtend  the  equal  auyies,  slioll  be  equal  to 
uut  anolhtr. 


In  A  ABC  let  i  A  Cli^  i  ABO. 
Tlunmiut  AB=AC. 
For  if  not,  AB  i»  either  greater  or  less  than  AQ 
Suppo.se  A B  to  he  ^'renter  than  AG. 
From  AB  cut  off  BD=AC,  and  join  DC. 
Then  in  t,  a  DBC,  A  CB, 
-.'  DB=AC,  and  BC  is  coimiion,  and  i  DBC^  L  ACB, 

.'.  t^l)BC=c,ACB\  I.    1. 

that  is,  the  less = the  {^reatur  ;  which  is  absurd. 
.•.  AB  is  not  f,neater  than  AC. 
•Similarly  it  may  be  shewn  lliat  AB  is  not  less  than  AC; 
.:  AB=AC. 

Q.  E.  D. 

Note  13.     Eudid!s  Proof  of  I.  7. 

XTpon  the  tame  bane  and  on  the  sume  side  of  it,  there 
cannot  be  two  triamjh'.H  that  have  their  sides  which  are  Ut- 
minated  in  one  extreinilji  of  the  baxe  equal  to  one  another, 
and  their  sides  which  are  terminated  in  the  other  extremity 
of  the  base  equal  aim. 

If  it  be  possible,  on  the  same  base  AB,  and  on  the  same 
■ide  of  it,  let  there  be  two  L  s  ACB,  ADB,  Buch  that  AC— AD, 
•nd  also  fiC=£I>. 

Jwio  CD. 
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First,  whcii  the  vertex  of  each  of  the  as  is  ouUHa  the 
other  A  (Fig.  1.) ; 


FiQ.  2. 


1.5. 


.:  lACD^i  Ana 

But  I  ACD  is  frreater  than  i  BCD  ; 

. .  I  ADC  is  greater  than  A  BCD  ; 
much  more  is  i  BDC  greater  than  /  BCD. 
Again,  •••  BC=BD, 

.:  L  BDC=  L  BCD, 
that  is,  I  BDC  is  both  equal  to  and  greater  than  z  BCD ; 
tvhich  is  absurd. 

Secondly,  when  the  vertex  D  of  one  of  the  as  falls  mthin 
the  other  A  (Fig.  2) ; 

Produce  ^C  and  J  D  to  E  and  F 

Then  •.•AC=^AD. 

.-.  i  EC1)=  L  FDC.  I.  •'>■ 

But  z  BCD  is  greater  than  /  BCD  ; 

.-.  z  FIX'  is  greater  than  /.  BCD  ; 
much  more  is  i  BDC  greater  than  z  iJCP. 
Again,  •••  BC^BD, 

.'.  L  BDC=  L  BCD  ; 
fhiit  is,  L  r.DC  is   both  equal  to  and  greater  than  iBi'l>\ 
wliich  is  absurd. 

La-stly,  when   the    vertex    D  of  one   of  the  As  falls  on  a 
side   liC  of  the  other,  it  i«  plain  that  BC  and  BD  ouu.ot 

-  t\    V    r\ 

he  ecjual. 


q.  K.  D. 
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NoTB  14.    Eudi(Tx  Froof  of  I.  8, 

If  tvfo  triangles  have,  tmo  ^iidcn  of  the  one  equal  to  two 
nideJi  of  the  oilier,  eiirh  to  each,  and  have  ItkewUe  iheir  ha.-ie» 
equal,  the  angle  leliieh  is  contained  hy  the  two  KidiH  of  the 
one  mM-st  be  equal  to  the  angle  contained  by  the  two  aides  of 
the  otlier. 


Lot  tho  Bides  of  tho  hn  A BC,  DEFhc^  equal,  each  to  each, 
that  iH,  Ali^  l>K,  AC=l>F  and  ]iC=EF. 

Then  must  L  BAG=-  /  EDF. 


Apply  tho  aABC  to  tho  A  DEF. 

80  that  i)t.  B  is  on  pt.  E,  and  BC  on  EF. 
Then  •.•  BC^EF, 

.:  C  will  coincide  with  /'', 
and  JiC  will  coincide  with  EF. 

Then  AB  and  AC  must  coincide  with  DE  and  DF. 

For  if  AB  and  A(^  have  a  dilTercnt  position,  as  GE,  GF, 
then  upon  tho  same  basffi  and  U[ion  tlie  same  Hide  of  it  tliere 
can  bo  two  As,  which  have  their  sides  wliicli  are  terminateil  in 
one  extremity  of  tlie  base  equal,  and  their  aides  wliich  are  ter- 
minated m  tho  other  extremity  of  tho  b;uso  also  equal  :  whidi 
is  impossible.  I.  7. 

.*.  since  buse  BC  coincides  with  ho-so  EF, 

AB  must  coincide  with  J)F,  and  ^C  with  DF; 
.'.  L  £^ C  coincides  with  and  is  equal  to  t  EDF. 

g.  B.  D. 


Book    I.  &n.]   ANOTHER  FKOOF  Of'  T.   24. 
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Note  15.  Anoihtr  Prooj  of  I.  24. 
In  the  AS  ABC,   UKF,  let  AH==DE  and  ^r;=Pii',and 
let  I  UAChii  Ki'L'utor  tlian  /  EhF. 
Tl  m  must  BC  be  ijrcakr  tluiu  EF. 

.1 


Apply  tho  A  DBF  to  the  ts  ABC 
Ko  that  1)E  coincides  with  .1  H. 
'.''hfii  •.•  /  KDb'  is  Ifss  tlian  i  HAC, 
;>/<' will  fall  betwi't'ii  HA  iiiiil  AC, 
.  id  F  will  i'iiU  on,  or  ahuue,  or  Wow,  jB(7. 
1.  UFMloiiBC, 

Uf  is  less  than  BC; 
.'.  EF  is  less  than  BC. 

n.  If  F  fall  afcow  BC, 

BF,  FA   ttii^ether  aro  less  than 

BC,  CA, 
o.iu\FA=^CA; 

.:  BF  is  less  than  BC ; 

/.  EF  is  less  than  BC. 


III.  If  F  fall  Wow  7^(7. 
let^FcntiiClnO. 


Then  HO,  OF  tot^elher  are  {/rcater  than  PP,  I.  20. 

and  CC.  AO ^<' ;  I-  2^- 

.-.  L'C'  Ji*' 7^^,  ^C  together, 

and  .l/''=vir, 
.-.  /ir  IS  j,'iva(tT  than  iJi''  • 
and  .-.  EF  is  less  than  BC.  <J.  K.  o. 


B. 
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NoTK  IC.  Eud'uVs  Proof  of  T.  20. 

If  two  triangles  have  two  amjles  of  the  one  equal  to  fno  angles 
of  the  other,  eaeh  to  each,  and  one  side  equal  to  one  side, 
viz.,  either  the  sides  adjacent  to  the  equal  angles,  or  the  sides 
opposite  to  equal  angles  in  each  ;  then,  shall  the  other  sides  he 
equal,  each  to  each  ;  and  also  the  third  angle  of  the  one  to  Vie 
third  angle  of  the,  other. 


a  10 

In  t^ii  ABC,  DEF, 
Let  I  ABC  =  I  DBF,  and  i  ACB  =  l  DFB; 
and  first, 

Let  the  sides  adjsicent  to  the  equal  z  s  in  each  bo  equal, 

thatis,  letI.'C'=7;i'l 
Then  must  AB=DE,md  AC=]JF,am\  l  BAC  =  l  EDF. 

For  if  AB  be  \wt=DE,  one  of  them  must  be  the  fjreater. 
Let  AB  be  the  greater,  and  make  G'B—UE,  and  join  GC 

Then  in  LsGBC,l)EF, 
:•  CrB=DE,  and  BC=EF,  and  i  OBC  =  z  JJBF, 

.:  iacr,=  .  DFE.  L4. 

But  z  A  rii  =  z  DFE  by  bypothesia  ; 

.-.  iGCi:^  z  ACli; 
that  is,  the  less  =  the  (greater,  wliich  is  impossible. 
.'.  AB  is  not  {,'reater  than  DE. 

In  the  same  way  it  may  bo  shewn  tluit  AB  is  not  less  than 

DE; 

.:  AB=DE. 

Then  in  t.a  ABC,  DEF, 

•••  AB=  DM,  and  BC^  EF,  and  z  A  BC=  z  DEF, 

.:  AC-DF.  i.nil  ^  nAC=  I  EDF.  T    \. 
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J  IS 


Next,  let  the  sides  which  mo  (ij)po8ite  to  equal  angles  in  euch 
triiiiit;le  1)0  e(iuiil,  viz.,  All— -DE. 
77(e»t  must  AC=DF,  and  UC=EF,  and  L  BAC  =•  i  EDF. 


u   a 


For  if  BG  be  not=EF,  let  BC  bo  the  greater,  and  make 
r,ll  =  EF,  and  join  AH. 

Tlienin  t.^ABU,DEF, 

:■  AB==DE,  and  BH==EF,  and  .  ABII=^  l  DEF, 

.-.  lAHB^iDFE.  1.4. 

Dut  i.ACB  =  i  DFE,  by  hypothesis, 

..  L  Aim  =- ^  ACB ', 
that  is,  the  exterior  i  oi  t.  A  UC  is  equal  to  the  interior  nn.l 
(ijiposite  L  ACB,  whicli  is  impossible. 

.•.  BC  IS  not  greater  than  KF. 
In  the  same  way  it  may  be  sliewu  tluit  lifJ  i.s  not  Ics  lh:;;i 

.:  BC=EF. 
Then  in  as  ABG,  DEF, 

-.'  AB==VE,  and  Il('=^EF,  and  i  A  nC=  l  DEF, 

.:  AC^DF,  and  ^  BAC  ^  l  EDF.  I.  4. 

Q.  K.  D. 
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Miiodlant,ov»  Exercises  on  Hooks  I.  and  II. 


1.  AB  and  CD  nre  equal  straight  linos,  bisecting  one  anothar 
at  right  angles.     Show  that  ^/^iiZ>  is  a  square. 

2.  From  a  point  in  the  Ride  of  a  parallelogram  draw  a  line 
dividing  the  piirallelograra  into  two  equal  |)!utfl. 

3.  In  the  triangle  FDC,  if  FCD  be  a  right  angle,  and  angle 
FDG  be  double  of  angle  CFD,  shew  that  FU  is  double 
of  DG 

4.  ltABC\)C  an  equilateral  triaiijilc,  and  AD,  BE  bo  |>cr- 
pendiculars  to  tliL-  opposite  si(ha  intiTsocting  in  F ;  nhuw  that 
the  Bquaro  on  AB  ia  equal  to  three  times  tlio  square  on  AF. 

5.  Describe  a  rhombus,  which  shall  be  equal  to  a  given 
triangle,  and  have  each  of  its  sides  equal  to  oue  side  of  the 
triangle. 

6.  From  a  given  point,  outside  a  given  straight  line,  draw 
a  line  making  with  the  given  line  an  angle  ei^ual  to  a  given 
rectilineal  angle. 

7.  If  two  straight  lines  be  drawn  from  two  given  points  to 
meet  in  a  given  straight  line,  shew  that  the  sum  of  these  linea 
is  the  least  possible,  when  they  make  equal  angles  with  the 
given  line. 

8.  ABCD  is  a  ijaraliulogram,  whoso  diagonals  AC,  BD  in- 
tersect in  0  ;  sliew  tiiat  if  the  parallelograms  AOBF,  DOCA^ 
be  completed,  the  straight  line  joining  P  and  Q  passes  through 
0. 

9.  ABCD,  EBCF  are  two  pai allelogiams  on  the  same  biwe 
BC,  and  so  situated  that  CF  pnaaes  through  A.  Join  DF, 
and  produce  it  to  meet  BFj  produced  in  K ;  join  FB,  and 
prove  that  the  triangle  FAB  equals  the  triangle  FKK. 

10.  The  alternate  sides  of  a  polygon  are  produced  to  meet ; 
shew  that  all  the  jinj^lco  ni  tlieir  points  of  iiitei>eetiou  together 
with  four  right  angles  aie  equal  to  all  the  interior  angles  of 
the  polygon. 

11.  Shew  that  ine  perimeter  of  a  rectangle  id  always  greater 
tluua  that  of  the  square  equal  to  the  rectangle. 
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12.  Shew  that  the  opposite  Bides  of  an  (>q\uan^,'ular  hexaj^on 
are  pamllel,  though  they  bo  not  equal. 

1 3.  If  two  equal  straight  lines  intersect  each  other  anywhere 
at  ri<,'ht  angles,  shew  that  the  area  of  th«  quadrilateral  formed 
by  joining  their  extremities  is  mvariable,  and  equal  to  one-half 
tlio  square  on  either  line. 

14.  Two  triangles  ACB,  ADB  are  constructed  on  the  sanip 
side  of  the  same  base  AJi,  Show  that  if  AC'='BD  and 
AD'='Ba,  then  CD  is  pnmllol  to  AB  ;  but  if  AC=BC ami 
AD'='BD,  then  CD  is  perpendicular  to  AB. 

10.  AB  is  the  hypotenuse  of  a  right-angled  triangle  ABC: 
find  a  point  D  in  yl  B,  such  that  DB  may  be  equal  to  the  por- 
pendicular  from  D  on  AC. 

16.  Find  the  locus  of  the  vertices  of  triangles  of  equal  area 
on  the  same  base,  aiKl  cii  ilio  huihu  side  of  it. 

17.  Show  that  tlie  purimeter  of  an  isosceles  triangle  is  les.s 
tlian  that  of  any  triangle  of  equal  area  on  the  same  base. 

18.  If  each  of  the  equal  angles  of  an  isosceles  triangle  be 
equal  to  one-fourth  the  vertioil  angle,  and  from  one  of  them  a 
jMjrpendicular  be  drawn  to  the  base,  meeting  the  opposite  side 
produced,  then  will  the  part  produced,  the  perpendicular,  and 
the  remaining  side,  form  an  equilateral  triangle. 

19.  If  a  straight  line  terminated  by  the  sides  of  a  triangle 
be  bisected,  shew  that  no  other  line  terminated  by  the  snino 
two  sides  c;in  be  bisected  in  the  same  point. 

20.  Show  how  to  bisect  a  given  quadrilateral  by  a  straight 
lino  drawn  from  one  of  its  iinglos. 

21.  Given  the  lengths  of  the  two  diagonals  of  a  rhombus,  con- 
struct it. 

22.  ABCD  is  a  quadrilateral  figure :  construct  a  triangle 
whose  biwe  shall  bo  in  the  lino  A  li,  such  that  its  altitude  shall 
be  equal  to  a  given  lino,  and  its  area  equal  to  that  of  tlio 
(luadrilateraL 

23.  If  from  any  point  in  tho  b^so  of  an  isosceles  triangle 
perpondiculans  bo  drawn  to  tho  aides,  their  sum  will  bo  equal 
to  tho  perpendicular  from  either  extremity  of  tlie  base  upon 
the  opposite  side. 


if8 
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24.  If  yl/jObe  a  triiinijlc,  in  \\\\V\\  0  is  h  ri^lit  ;in-lo,  ftiul 
U/i'  be  dr.iwn  from  u  point  l>  in  /Ky' at  ii;;lit  iiii;;lfrt  Li>.M/>, 
prove  that  the  recUint;!*.^  AH^  AJJ  and  AC,  Al)  are  »'<pi;iL 

25.  A  line  is  dniwn  bi.sectinji  piinilleloj^niin  vl/J''7>,  iind 
meeting  AD,  liC  \n  E  md  F  :  slu'w  tiiat  llio  triiini;li'.s  LBlf, 
CED  are  nqual. 

26.  Upon  the  hypotenuse  ItO  and  tlm  sides  CA,  AB  of  a 
rinht-anfjled  trianglL'  ^Z>'C',  si|Uiiina  ri)iA\  AF  and  AH  \m 
described  :  shew  that  the  s(|uares  on  UG  and  KF  are  tyj,'eth(T 
equal  to  five  times  the  square  on  liC, 

27.  If  from  thw  vertical  anj^lo  of  a  triaiiLd*'  throo  straight 
lines  be  drawn,  mu'  liisectiiiff  ihr  anisic,  I lif  Hecond  l.isoctiii!; 
the  base,  and  (tie  third  perpiMidicnlar  tf>  tiie  base,  sdiew  tiiat 
the  lirat  lies,  botii  in  poriiiion  and  ma^^nilude,  lietween  tin- 
other  two. 

28.  If  AliC  bo  a  trianjifle,  whose  atijfln  A  is  a  ri^^ht  anf,'le, 
and  BE,  VF  be  ilrawn  bisect Inji;  tht;  oppoHitesiib'H  respei'tively, 
shew  tiiat  four  times  the  sum  of  the  squares  on  BE  and  CF  i» 
equal  to  five  times  tiie  scpiaro  on  B<-. 

2!).  Let  AClt,  ADli  bo  two  rij,'ht  ani^led  trianjjies  havinj» 
a  common  hypotenuse  AB.  Join  ('/>  and  on  CI)  produced 
both  ways  lira..'  jierpendiculars  ^7'/,  Tii*'.  SInw  that  tlie  su:ii 
of  tlie  3(|m;.i.  >  i'.A  CK  and  C'i''Ls  equal  to  the  sum  of  tlie  squares 
on  DE  and  hF. 

30.  In  tlie  })aap  yt(7  of  a  trian|Tlo  take  any  point  I):  bi.scct 
AD,  DC,  AB,  no  at  tho  points  /■;,  F,  G,  JI  reiipoctivoly. 
Siiow  that  EG  is  equal  and  parallel  to  Flf. 

31.  If  AD  ho  drawn  from  tho  vertex  of  an  inosceles  triangle 
ABCtu  a  point  J)  in  tho  ba.so,  show  that,  tho  rectatiirle  HI),  DC 
is  equal  to  tho  ditVcrciicc  l)etween  the  .«(pmre.s  on  A  II  and  AD. 

32.  If  in  tho  sides  of  a  square  four  points  bo  Liken  at  equal 
distancoa  from  tho  four  angular  points  taken  in  oidor,  the 
figure  contained  by  tho  straight  liner-,  which  join  them,  shall 
also  bo  a  squaro. 

33.  If  tlie  sides  of  on  equilateral  and  eijnian'Milar  j>entagon 
bo  produced  to  meet,  shi'w  liiat  (be  Riiiii  nf  Ihe  angles  at  the 
points  of  meeting  is  e(pial  to  two  right  anj^lcs. 
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31.  i)i>:'cril>i'  ii  Mijiiaro  tli.it  hIiiiII  lie  eijiiul  to  the  diflcrcnce 
butwi'cn  two  ^ivL'ii  1111(1  uiieijuul  Kiiiiures. 

3r)  jy;(7>,  AUC.h'ww,  two  panillclo>,'rains,  EA,  AD  being 
itt  II  .slriii^,'lit  line.  Let  /V/,  diawii  parallel  to  A<\  meet  UA 
liriKluced  in  (/,  Then  tliu  trian-le  AHE  equals  the  triangle 
AUG. 

36.  From  A  C,  tlie  dia<:onal  of  a  .square  A  BCD,  cut  off  AE 

<  (|iia!  to  oiK'-l'oiirtli  of  AC,  and  join  HE,  l>E.     Shew  that  the 
llj^iiro  HA  />/'/'  \!i  equal  t(;  twice  the  square  on  A  E. 

37.  If  AllC  1)0  )i  trian^'li',  with  the  angles  at  H  and  C  each 
double  of  the  an^flo  at  A,  prove  that  the  square  on  AB  is 
(■((ual  to  the  square  on  BiJ  together  with  the  rectangle  AB, 

no. 

38.  If  two  sides  of  a  (juadrilatcral  be  parallel,  the  triangle 
contained  iiy  either  of  tiio  other  sides  and  the  two  straight 
linos  dn'.wn  fmni  its  extremities  to  the  middle  jtoint  of  the 
"'Iipositc  side  is  hidl'  the  quadi'ikteral. 

3i).  Descrilie  a  ])araIlclo;,'ram  equal  to  and  equiangular  with 
.1  given  i)aiaJleIogram,  iimi  iiavin;^'  a  given  altitude. 

40.  If  the  sides  of  a  triangle  taken  in  order  be  produced  to 
twice  tneir  original  lenutli-^,  and  tlie  outer  extremities  be 
Joined,  ihe  Inangio  so  iormed  wiJJ  oe  deveii  times  the  original 
triangle. 

41.  If  ono  of  the  acute  angles  of  a  right-angled  isosceles 
triangle  bo  bisected,  the  opposito  side  will  be  divided  by  llie 
bisecting  lino  into  two  part.^,  sncli  that  the  square  on  one  will 
bo  double  of  the  sipiaro  on  the  otiier. 

42.  ylL'^'  is  a  triangle,  riulit -angled  at  B,  and  BD  is  dnawn 
pprpondicidar  to  the  ba.so,  and  is  pnrduced  to  E  until  ECU  is 
aright  angle  ;  prove  that  the  sijuaro  on  BC  ia  equal  to  the  sum 
of  the  rectangles  ^ /',  /"'and  /;/',  Di:. 

43  Shew  that  the  sum  of  the  sipiares  on  two  une(|Hal  lines  is 
greater  than  twice  t!u!  rectangle  contained  I'V  the  lines. 

44.  I'Viiiii  a  giveji  isoscehs  triangle  cut  cdl"  a  trapezium, 
having  the  ba.se  of  the  Iriaiiglc  f.ir  one  of  its  parallel  sides, 
and  having  the  uther  three  sides  cquaL 
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46.  If  any  number  of  panilleln^rains  he  constructed  havin}» 
their  sides  of  given  lengtli,  shew  that  the  sum  of  the  Bquun-a 
on  the  diagonala  of  each  will  bo  the  same. 

46.  ABCD  is  a  right-angled  parallelogram,  and  AB  is  douV)le 
of  BC ;  on  AB  an  equilateral  triangle  is  constructed :  shew 
thut  its  area  will  be  less  than  that  of  the  parallelogram. 

47.  A  point  0  is  taken  within  a  triangle  ADC,  Huch  that  the 
angles  BOC,  COA,  AOB  are  equal ;  prove  that  the  Hcjuares  on 
BC,  CA,  AB  are  together  equal  to  the  rectangles  contained  by 
OB,  OC ;  OC,  OA  ;  OA,  OB ;  and  twice  the  sum  of  tlie 
squares  on  OA,  OB,  OC. 

48.  If  the  sides  of  an  equilateral  and  e<iuiangular  hexagon 
be  produced  to  meet,  the  angles  forme<l  by  these  lines  are 
together  eqiuil  to  four  right  angles. 

49.  ABC  is  a  triangle  right-angled  at  vi  ;  in  tlio  hypote- 
nuse two  points  D,  E  are  taken  such  that  BD~BA  and 
CE=^  CA  ;  shew  that  the  square  on  DE  is  equal  to  twice  tVe 
rectangle  contained  by  BE,  CD, 

50.  Given  one  side  of  a  rectangle  which  is  equal  in  atta  to  a 
given  Hi|uarp,  find  tlio  other  siile. 

T)  1 .  .1  /)',  A  C  arc  the  two  equal  sides  of  an  isoBcoles  triangle  ; 
from  H,  BJ)  is  drawn  per[)cndicular  to  AC,  meeting  it  in  D; 
snev/  tiiat  the  square  on  Bit  is  greater  than  the  square  on  CD 
by  twice  the  rectangle  AD,  CD, 
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A  POINT  iH  within,  or  without,  a,  cir<;lc,  accordintr  M  ita 
distiiiici'  from  thi-  contie  ifl  less,  or  gresAer  than,  the  radius  of 
the  circle. 

Dkf.  I.  A  strai^'ht  lino,  as  FQ,  drawn  so  as  to  cut  a  circle 
ABCD,  is  called  a  Secant. 


That  Buch  a  lino  can  only  meet  the  clrciirafercnco  in  two 
points  may  bo  sliewn  thua  : 

Snino  point  within  the  circlo  is  tho  contro  ;  let  this  be  0. 
Jdin  0.1.  Then  (Ex.  1,  i.  IC)  we  can  draw  one,  ana  unly  one, 
straight  lino  from  0,  to  meet  tho  straight  lin«  PQ,  euch  tliat 
it  ahall  bo  equal  to  OA.  Let  tliis  lino  bo  00.  '"fncn  A  and 
C  aro  tho  only  points  in  /\>,  which  are  on  thj  circnmLrence 
of  tlio  cireli!. 
tj.  K.  II. 
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Def.  II.  The  portion  AC  of  the  secant  P^,  intercepted  by 
the  circle,  is  called  a  Choud. 

Def.  III.  The  two  portions,  into  which  a  chord  divide* 
the  circumference,  as  ABQ  and  ^DC,  are  called  Arcs. 


Bool 


1 
nrnu. 


Def.  IV.  The  two  figures  into  which  a  chord  divides  the  circle, 
as  ABO  and  ADC,  that  is,  the  fif^ures,  of  which  tlie  boun- 
daries are  respectively  the  arc  ABC  and  the  chord  AC,  and 
the  arc  ADC  and  the  chord  AC,  are  called  Segments  of  the 
circle. 

Def.  V.  The  figure  A  OCD,  whose  boundaries  are  two  radii 
and  the  arc  intercepteil  by  them,  is  called  a  Sector. 

Def.  VI.  A  circle  is  said  to  be  dcscriheil  nhout  a  rectilinear 
figure,  when  the  circumference  passes  tUiuugh  each  of  the 
angular  pointa  of  the  figure. 


an 


And  the  fiijure  is  said  to  bi'  iv-crihed  in  ih.^  circlfl. 


Book  III.] 
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Proposition  I.    Theorem. 

Tht  lint,  which  bisects  a  chord  of  a  circle  ai  right  anglti, 
muit  contain  the  centre. 


Let  J  BC  ho  Lhe  given  0. 


Let  the  st.  line  CE  bisect  the  chord  AB  at  rt.  angles  in  D. 


bisect 
TIi.cn  the  centre  of  the  ®  must  lie  in 


CE. 


For  if  not,  let  0,  a  pt.  out  of  CE,  bo  the  centre  ; 
mn>\]oniOA,OT),OB. 

Then,  in  As  ODA,  ODE, 
'.'  AD  ■-■  BD,  and  DO  is  cnniiiinn,  and  OA  —  OB  ; 

.:  t  ODA  -^  z  ODB;  I- c. 

and  .-.  I  (iniri.^nrh^hil.  I-  ^^c^-  ^ 

r.nt  /.  CDB  is  a  ri^lit  i  ,  by  cnnstrnction  ; 
.'.  i.  ODTi  =  I  CDB.  wliirh  is  iinju'ssible  ; 
.•.  O  is  not  the  contro. 
Thus  It  may  b.-  '.h(nvn  tiiat  n.>  i>nint,  cnit  of  CE,  c.m  bo  the 
centre,  and  .'.  the  (■i'i\1ro  must  lir  in  CE. 

Cor.   //  "'•'  '/'''"^  ^^  ^^  bisected  in  F,  then  F  w  th*.  rmtf 
o/  the  cirdt. 
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Proposition  II.     Theorem. 

//  (my  two  fiorntu  ht.  tah  ii  ia  the  drrunifi'rnirt'  of  a  cirrlr, 
,/=  straight  Une,  which  joins  the/tn,  must  fall  nnthin  t/w 
iieU. 


Let  A  and  B  hp  any  two  ptR.  in  the  Oco  of  tlio  0  A  BC 

Then  must  the  st.  line  AD  fall  within  the  (*>. 

Take  any  pt.  D  in  tho  line  AB. 

Find  0  the  centre  of  tho  © . 

Join  OJ,  OD,  OB. 
Then  •.•  i  OAB  =  i  OBA, 
and  L  01) B  is  greater  than  i  OAB, 
.:  L  ODB  is  greater  than  i  OBA 
and  .'.  OB  is  greater  than  OD. 
.-.  the  (HaUinco  of  D  from  0  is  leas  than  tho  radius  of  tho  (•), 
and  .'.  J)  lies  within  tlio  0.  Powt. 

AmA  the  same  may  be  shewn  of  any  other  pt.  in  AB. 
.".  AB  lies  entirely  within  tha  0. 

q.  R.  D. 


III.  1,  Cor. 

I.  A. 
I.  IG. 

I.  15). 
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I.  A. 
I.  10. 


Proposition  III.    Theorem. 

If  a  straight  line,  drami  through  the  centre  of  a  circle,  bim-t 
a  chrrd  of  the  circle,  which  does  not  pass  through  the  centre,  it 
must  cut  it  at  right  angles  :  and  conversely,  if  it  c«t  it  at  right 
angles,  it  must  bisect  it. 


I.e. 
I.  Def.  9. 


In  the  0   ABO,  let  the  chord  AJi,  which  docs  not  pass 
through  the  centre  0,  be  bisected  in  E  by  the  diameter  CD. 
Then  must  CD  be  X.  to  AB. 

Join  OA,  OB. 
Then  in  as  AEO,  BEG, 
'.'  AE=BE,  and  EO  iw  common,  and  OA  =  OB, 
.-.  I  OEA==  I  OEB. 
Hence  OE  is  x  to  AB, 
that  is,  CD  is  ±  to  AB. 

Next  lot  CD  be  X  to  AB. 

Then  must  CD  bisect  AB. 

For  ■.•  OA-^OB,  an<l  OE  is  coininon, 

in  tlie  riglit-angled  as  AEO,  BEO, 
.-.  AE=BE, 
that  is,  CD  bisects  AB. 

Ex.  1.  Shew  that,  if  CD  doca  not  cut  AB  at  riijht  aiiylc*, 
it  cannot  bi.sect  it. 

Kx.  2.  A  Line,  which  bisects  two  parallel  chords  in  a  circle, 
is  also  perpendicular  to  them. 

Ex.  ;i.  Throufjh  a  fjiveii  ]»{)int  within  a  circle,  which  is  not 
the  centra,  draw  a  chord  which  shall  be  biiectod  in  that  paint. 


I,  E.  Cor.  p.  43. 

Q.  E.  I). 
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Proposition  IV.    Theorem. 

Ij  in  a  circle  two  chonU,  which  do  not  both  jjosx  through  the 
centre  ~  eut  one  another,  they  do  not  bisect  each  other. 


Let  the  chords  AB,  CD,  which  do  not  both  pass  through  the 
centre,  cut  one  another,  in  the  pt.  E,  in  the  ©  ACBD. 

Then  AB,  CD  do  not  bisect  each  other. 

If  one  of  them  pass  throujfh  tlie  centre,  it  is  plainly  not 
1)isected  by  the  other,  whicli  iloos  not  pass  through  the  centre. 

But  if  neither  pass  through  the  centre,  let,  if  it  be  possible^ 
AE^^EB  and  CE=ED  ;  find  the  centre  0,  and  join  OE. 

Then  •.•  OE,  passin<f  tiirongli  the  centre,  bisects  AB, 

.:  I  OEA  is  a  rt.  -i  .  III.  3. 

And  •.•  OE,  passiiiff  tliroujrh  tlie  centre,  bisects  CD, 

.:  L  OEC  is  a  rt.  ^  ;  III.  ;3 

/.  I  OEA  =  I  OEC,  which  is  impossible  ; 
.*.  AB,  CD  do  not  bisect  each  other.  q.  k.  d. 

Ex.  1.  Shew  that  the  locus  of  the  points  of  bisection  of  ,■.;[ 
parallel  chords  of  a  circle  is  a  straight  lino. 

Ex.  2.  Show  that  no  parallelogram,  except  those  which  ar» 
rectangular,  can  be  inscribed  iu  a  circle. 
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PBOPOSiTioy  V.     Theorem. 
If  two  circles  ait  one  another,  they  cannot  home  the  same  centre. 

A. 


I.  Dcf.  13. 


I.  Def.  13. 


If  it  be  possible,  let  0  be  the  common  centre  of  the  06 
aBC,  ADC,  which  cut  one  another  in  the  pts.  A  and  C. 
Join  OA,  and  draw  OEF  meeting;  the  ©s  in  £  and  F, 
Thou  •.•  0  is  the  centre  of  ©  A  EG, 
.'.  OE^(M  ; 
and  •.*  0  is  the  centre  of  ©  ADC, 
.-.OF^^OA; 
.:  OE=OF,  which  is  impossible  ; 
.*.  0  is  not  the  conuuou  centre. 

Q.  E.  1>. 

Ex.  If  two  circles  cut  one  another,  shew  thnt  a  line  drawn 
throu^rh  a  point  of  intersection,  terminated  by  the  circumfer- 
ences and  parallel  to  the  line  joining  the  centres,  is  double  of 
the  line  joining  the  centres. 

Note.  Circles  which  have  the  same  centre  are  called  Con- 
centric. 
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Note  1.   On  the  Contact  of  Circles. 

Def.  VII.  Circles  are  said  to  touch  each  other,  which  meet 
but  do  not  cut  each  other. 

One  circle  is  said  to  touch  another  iiitemalhj,  when  ono 
point  of  the  circumference  of  the  former  lies  o/i,  and  no  point 
icithout,  the  circumference  of  the  other. 

Hence  for  internal  contact  one  circle  must  be  smaller  than 
the  other. 

Two  circles  are  said  to  touch  externally,  when  one  point  of 
the  circumference  of  the  ono  lies  on,  and  no  point  vrithin  tho 
circumference  of  the  other, 

N.B.  No  restriction  is  placed  by  these  definitions  on  tho 
number  of  points  of  contact,  sind  it  is  not  till  we  reach  Prop. 
XIII,  that  we  prove  that  there  cuu  be  but  one  point  0/  contact. 


sail 
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PiiorosiTioN  VI.    Theorem. 

//  „»o  circle  touch  another  iuternally,  they  cannot  have  the 
savui  centre. 


Let  ©  ADE  touch  0  ABC  internally, 

and  let  A  be  a  point  of  contact. 
Then  same  point  E  in  the  Oce  ADE  lies  wiUiin  ®  ABC. 

Def.  7. 

If  it  be  possible,  let  0  be  the  common  centre  of  the  two  ©s. 
J  Jin  OA,  and  draw  OEC,  meetin}r  the  Ocea  in  E  and  C. 
Tiieu  •.■  0  is  the  the  centre  of  0  ABC, 

.•.0.1  =  00;  I.  Def.  13. 

and  •.•  0  is  the  centre  of  0  ADE, 

,:OA==OE.  I.  Def.  13. 

Ueuce  OE=OC,  which  is  impossible  , 

,-.  0  is  not  the  common  centre  of  the  two  ®  8. 

Q.  E.  D. 
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Proposition  VII.    Theorem. 

If  from  any  point  loithin  a  circle,  which  is  not  the  centre, 
straight  lines  be  drawti  to  the  circumference,  the  greatest  of  these 
lines  is  that  which  passes  through  the  centre. 


Let  ABC  be  a  ® ,  of  which  O  is  the  centre. 

From  P,  any  pt.  within  the  ® ,  draw  the  it.  line  PA,  paaa- 
ing  through  O  and  meeting  the  Oce  in  A. 

Then  must  PA  be  greater  than  any  other  st.  line, 
drawn  from  P  to  tfie  Oce. 

For  let  PB  be  any  other  at.  line,  drawn  from  P  to  meet  thft 
Oce  in  B,  and  join  BO. 

Then  •.•  AO=BO, 

.:  ^P=sum  of  BO  and  OP. 

But  the  sum  of  BO  and  OP  is  greater  than  BP,         I.  20. 

and  .".  AP  is  greater  than  BP.  q.  e.  d. 

Ex.  1.  If  AP  be  produced  to  meet  the  circumference  in 
D,  shew  that  PD  is  less  than  any  otiier  straight  line  that  can 
be  drawn  from  P  to  the  circumference. 

Ex.  2.  Shew  that  PB  continually  decreases,  as  B  passes 
from  A  to  D. 

Ex.  3.  Shew  that  two  straight  lines,  but  not  three,  that  shall 
be  equal,  can  be  drawn  from  P  to  the  circumference. 


: 


L  ^k  I  I. 


J  AO/VS/r/OX  17//. 
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Pkoposition  VIII.    Thkoukm. 
//  from  any  joint  n'itliout  a  cinle  drai(jlit  lines  be  draicn  iu 
the  circinnfi-renre,  the  Itast  of  thene  Hum  is  that  which,  when  pro- 
duced, piisses  through  the  centre,  and  the  greatf-''  is  thai  which 
passes  through  the  centre. 


Let  ABC  be  a  0,  of  wliirh  0  is  the  centre. 
From  /*  any  pt.  outside  the   (^,  draw  tho  st.  line  PA^O, 
iHeetini;  the  Oce  in  A  iind  ('. 

Then  nmst  PA  be  less,  and  PC  (jnater,  than  any  other  si    i«(, 
drawn  from  I'  to  the  Oce. 

For  let  Pli  be  any  otlier  st.  line  drawn  from  P  to  mcei.  the 
Oce  in  P,  and  join  Ji(>. 
Then  •.•  sum  of  I'll  and  JiO  is  j^rcater  than  OP,  i.  ..0. 

.•.  sum  of  Pli  and  BO  is  j,'reiiter  than  sum  of  AP  and  wt). 

But  £0=^10; 

.•.  PB  is  greater  than  A  P. 
Ayaia  •.•  PB  is  less  tlian  the  sum  of  PO,  OB, 
,-.  PB  is  less  Uian  tiie  sum  of  PO,  OC  ; 
.-.  PB  is  less  than  PC. 
Kx.  I.  Shew   that   PB  eontimially  increases   h.s   B   passes 
from  A  to  C. 

Kx.  2.  Shew  that  from  P  two  straiuht  lines,  l)at  not  tnroe, 
lliat  shall  bt  coual,  can  be  drawn  to  the  luenmferencc. 

Note.  From  Piops.  vii.  and  viii.  we  ileduee  the  tnllo^itig 

(Jorollary,  v/hiclj  \:c  ohuU  use  in  the  jironf  i.f  Props,  xi.  and  kiu. 

Cor.  //  c  point  be  taken,  within  or  irithant  a  circle,  <•/'  all 

straight  lilies  draum  from  it  to  the  circiunference,  the,  gretdcst  (',< 

that  which  tkccIs  the  circutnferoici  after  fia-ising  ttirouyh  the  centre- 


I.  20. 


(}.   K.   T). 
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PllOrofilTION  IX.      TlIKOUKM. 

Ij  a  point  he  takni  iHthin  ariirlc.from  which  tf if  re  fall  more, 
than  tiro  eipial  straiifht  llii>:n  tit  the  ri  mini  fere  nee,  that  point  is 
the  centre  of  the  circle. 


Let  0  be  a  pt.  in  the  ^  AliC  tVoin  which  more  than  two  at. 
linea  OA,  OB,  00,  drawn  to  the  Oc<>,  are  equal. 

Then  must  0  he  the  centre  of  the  t) . 

Join  Ali,  r.(\  and  draw  01),  OE  i.  to  AB,  BC. 
Then  •."  0A  =  OB,  and  01)  is  cnininon, 
in  the  rii;ht-an<,'led  As  AOI),  BOD, 
.:  AD=DB; 
.'.  the  centre  of  the  ®  is  in  DO. 
Similarly  it  niay  ho  shown  that 

the  eentre  of  the  ©  Is  EO  ; 
.*.  0  is  the  centre  of  the  ©. 

Q.  B.  D 


I.  K.  Cor.  p.  43. 
III.  1. 


nook  in. 
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PuorOSITION  X.       TllKOHKM. 

Two  n'rden  nmhot.  have  more  than  two  points  common  to 
both,  without  comcidiug  citinly. 


If  it  be  possible,  let  ABC  and  ADE  be  two  08  which  hare 
more  than  two  pts.  in  coniiiioii,  as  A,  B,  C. 

Join  AB,  BC. 

Then  •.•  AB  is  a  chord  of  each  circle, 

.•.  the  centre  of  eacli  circle  lies  in  the  straight  line,  wliich 
bisects  AB  at  right  angles  ;  III.  1. 

and  •.•  BC  is  a  chord  of  each  circle, 

.'.  the  centre  (if  each  circle  lies  in  the  straight  line,  which 
bisects  BC  at  right  angles.  III.  1. 

.'.  the  centre  of  eacli  circle  i.s  the  point,  in  which  the  two 
straight  lines,  which  bisect  AB  and  BC  at  right  angles,  meet. 

.•.  the  fi)3  ABC,  ADE  have  a  common  centre,  which  is 
impossible  ;  III.  f)  and  6. 

.*.  two  ©s  cannot  have  more  than  two  pts.  common  to  both. 

Q.  K.  D. 

Note.  We  here  insert  two  Propositions,  Eucl.  in.  25  and 
IV.  5,  which  are  closely  connected  with  Theorems  i.  and  x.  of 
this  book.  The  learner  should  compare  with  this  portioi\  of 
the  »ubject  the  note  on  Loci,  p.  103. 
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Proposition  A.    Problkm.    (Eucl.  in.  25.) 

An  arr  of  a  curie  hcivj  ;;'"'<'»,  'o  comjdete  the  circh  of  which 
it  is  a  part. 


Let  ABC  be  the  given  arc. 

It  is  required  to  complete  the  ©  of  which  ABC  is  a  pa/rt. 

Take  B,  niiy  j)t,  in  aro  ABC,  and  join  AB,  BC. 

From  D  itnd  E,  'Jie  iiiiiidk-  pts.  oi  AB  aiiJ  BC, 

draw  DO,  EO,  ±^  to  AB,  BC,  meeting  in  0. 

Then  •."  AB  is  to  be  a  chord  of  the  0, 

.•.  ccntic  of  the  ©  lies  in  DO  ;  III.  1. 

and  ■.'  BC  in  to  be  a  chord  of  tlie  ©, 

.•.  centre  of  the  ©  lies  in  EO.  III.  1. 


II»^nce  0  is  the  centre  of  the  ©  of  which  A  BC  is  an  arc, 
and  if  a  ©  be  described,  with  centre  0  and  radius  OA,  this 
will  be  the  ®  required. 

Q.  K.  y. 
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Proposition  B.     Troblkm.    (Eucl.  iv.  6.) 
To  describe  a  circle  about  a  given  triangle. 


Let  AP'Che  the  given  A. 

/(  is  required  to  deKcribe  a  0  about  the  A . 

From  D  and  E,  the  miihllo  pts.  of  A  II  and  AC,  draw  DO, 
EO,  LS  to  AB,  AC,  and  It-l  lh<  in  meet  in  O. 

Then  •.•  AB  is  to  he  a  cliord  of  the  0, 

.•.  centre  of  the  ©  hes  in  DO.  HI.  1. 

And  •.■AC'iii  to  be  a  choi-d  of  the  f^, 

.'.  centre  of  the  0  lit's  in  Ed  III.  1- 

Hence  0  is  the  centre  of  the  r;,  whun  can  be  desciibrd 
about  the  A  ,  and  if  a  0  be  described  with  centre  O  and  radius 
OA,  this  will  be  the  ®  required. 

Q.  E.  F. 

Ex.  If  BAC  bo  a  ri;;lit  angle,  show  that  0  will  coincide 
with  the  middle  point  of  BC. 
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PkOPOSITION  XI.      TllEOUEM. 

If  one  circle  *ouch  another  intmialbj  at  any  point,  the 
centre  of  the  interior  circle  viud  lie  in  that  radiux  of  the 
other  circle  which  passes  through  that  point  of  contact. 


Let  tho  ^  ADE  touch  tlio  ^  A  BC  Internally,  and  let  A  be 
a  pt.  of  contact. 

Find  O  the  centre  of  m  ABC,  and  join  OA. 

Then  must  the  centre  of  d)  ADE  lie  in  the  radius  OA. 

For  if  not,  let  P  he  the  centre  of  ©  ADE. 
Join  01',  and  produce  it  to  nio(>t  the  Occa  in  D  and  B. 
Then  •.•  P  is  the  centre  of  ®  ADE,  and  from  O  ai     drawn 
to  the  Oce  of  ADE  the  st.  lines  OA,  OD,  of  which  0I>  pjusses 
throii^di  /', 

.-.  OD  is  (rroater  than  OA.  III.  H,  Cor. 

r.ut  OA==OB; 
.'.  OD  is  greater  than  OB, 
which  is  impo8siV)le. 

.•.  the  centre  of  ©  ADE  ia  not  out  of  the  radhis  OA. 
.'.  it  lies  in  OA. 

q.  E.  D. 
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Proposition  XII.     Tjieorkm. 


Ij  two  circles  touch  one  another  c.iiirniiJhi  (it  an ji  point,  the 
^trairiht  line  join ivq  the  centre  of  one  v-ith  that  point  of  contact 
must  when  produced  pass  through  the  centre,  of  the  other. 


f. 

I 


i 


Let  (^  A  BC  touch  ^  J  T)E  oxtornall}        Ito  pt.  A. 
Let  O  l)p  tlio  centre  of  ^  A  lU  \ 
Join  OA,  and  produce  it  to  I'j. 
Hum,  mnM  tlie  centre  of  0  AJ>E  lie  in  AE. 

For  if  not,  let  /'  ho  the  centre  of  0  ADE. 

Join  O/'  meeting  the  ©a  in  if,  7?  ;  nnd  join  A  P. 
Then  :•  (H]  =  OA, 
andi7>-.ir, 

.".  O/JiUid  PD  tofTetlier=  0.1  nnd  .IP  tofrpther  ; 
.-.  or  i.s  not  less  tliMti  0.\  iiiul  AP  to;,r.'tlu>r 
But  OP  is  h'H.s  tlian  O.I  nnd  A  P  toi,'etlier,  I.  £0. 

wliich  is  iinpossilth^  ; 

/.  tlic  centre  of  v^  ADE  cannot  lie  out  of  AE. 

Q.  K.  T>. 

Ex.  Throe  circlcB  touch  one  anotlier  externally,  whose 
ceiitre.^  are  A,  li,  C.  Shew  tliiit  the  differpnco  between  AB 
and  AC  ifl  half  aa  prmt  na  the  difference  between  the  diameter* 
of  th«  eirolM,  whote  centred  are  B  and  C. 
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Proposition'  XI IT.     Tiikorem. 

One  circle  cannot  tovch  nnnfher  at  inore  points   than  o-ie, 
whether  it  touch  it  internally  or  cxternolly, 

First  let  the  ©  J  DE  touch  the  ©  A  EC  internally  at  pt.  A. 
Then  there  can  he  no  other  point  of  contact. 


Takp  0  tho  crntrc  of  ©  ABG 
Then  P,  the  centre  of  ©  ADE,  lios  in  <>A.  TIT.  11. 

Take  any  pt.  E  in  the  O^e  "f  the  ©  ADE,  and  join  OE. 
Then  •.•  from  0,  a  pt.  within  or  without  tlic  ©  ADE,  two 
lines    OA,  OE  are  drawn  to  the  Qc^,  of  which  OA  passes 
through  the  centre  7', 

.-.  OA  is  greater  than  OE,  III.  8,  Cor. 

and  .•.  S  is  a  point  mthiti  tho  -ti  ABO,  Post. 

Similarly  it  may  be  shewn  that  every  pt.  of  the  Qce  of  the 
©  ADE,  except  A,  lies  mthin  the  (?)  ABC  ; 

,',  A  it  the  only  point  nt  which  the  ®  s  meet 
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JJext.  let  tlic  ©s  AhC,  AlJE  touch  externally  at  the  pt.  A. 
TJien  tliere  can  be  nu  other  point  of  contact. 


Take  0  the  contro  of  the  ?  ABC. 
Then  P,  the  centre  of  the  ©  AVE,  lies  in  OA  produced. 


III.  12. 


Take  any  pt.  D  in  the  Q^'''  <^>f  '-l'^'  -'  -l^^--'.  "n*l  J"i"  ^^^• 
Then  •.•  from   0,  a  pt.  without  the  ©  JiJft',  two  luus  0.1, 
on  are  <lrawn  to  the  Qcc,  of  which  0.1  when  pnM'.uieil  passes 
through  the  centre  /', 

III.  8. 
Post. 


,  OD  in  greater  than  0^1  ; 
D  is  a  point  without  thi   •)  ABC. 


Similarly,  it  m:iy  be  shewn  that  every  pt.  of  the   Qcn  of 
ADE,  except  J,  lies  uithout  the  •'  ABC  ; 


.1  is  the  only  point  at  which  the  ©s  meet. 


Q.  K.  D. 


Dkf.  VIII.  The    dista 


NCR  of  a  choril    frnm    the  centre   is 


measure 


■d  by  the  length  of  the  perpendicular  drawn  from  the 


ctnitre  M  iho  chord. 
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PUOI'OSITION  XIV.       TllEOKEM. 

Equal  f.himh  in  a  circle  are  iqaally  distant  from,  ike  ci'iUrc  ; 
and  coiircrticlji,  thunc  ii)hich  arc  equally  distant  froi"  the,  centre, 
are  equal  to  oui  another. 


Let  the  chords  AB,  CD  in  the  ®  ABDC  be  equal. 
Then  iiru.st  Al>  and  CD  he  eqiialhi  distant  from  the  centre  0, 

Draw  or  jiiicl  OQ  ±  to  AB  i.irI  CD  ;  iuid  join  AO,  CO. 
Thuu  P  and  Q  arc  the  middle  pts.  of  AB  mid  CD  :       III.  3. 

.Mid-.-  Ali^Cl),  .:  AP^Cii. 
Th.u  •.•  AB=^CQ,  and  AO=CO, 
n  the  ri^difc-aiifrled  As  AGP,  COQ, 

.:OP=^OQ;  I.  E.  Cor.  p.  43. 

and  .•.  AB  and  CD  are  equally  distant  from  0.  l)t>f.  8. 

Next,  let  AB  and  CI>  be  eciually  distant  from  0. 
Then  wKsl  AH=CD. 

Tor  •.•  OP=OQ,  and  AO=.C0, 

in  the  riKht-anyleil  as  AOP,  COQ, 

.:AP=CQ,  I.  K.  Cor. 

and.:  A  B=CD. 

Q,  E.  n, 

Ex.  In  a  circle,  whose  diameter  is  10  inches,  a  chord  is 
drawn,  which  is  8  inches  long.  If  another  chord  ])e  drawn,  at 
a  di-ftnnce  of  3  inclies  from  the  centre,  ahew  whetlur  it  is  equal 
or  not  to  the  former. 
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Puol'DSITloN    XV.       TllKDIiKM. 

TIlc  iliaindcr  is  the  (jnalcd  chord  iit,  a  cird,,  "ml  of  all  othds 
timt  which  U  if'tirr  to  the.  centre  /.■<  nhni;!.:  iir'Htn  Ihoii  one 
more  re-mute ;  and  the  (jreatcr  in  luurer  to  the  centre  than  the 
less. 


fi-— ' 


A     rl 


Let  AB  be  a  diametei-  of  the  ®ABDC,  whose  centre  is  0, 
aiiil  let  CD  be  any  other  chonl,  not  a  diameter,  in  the©, 
nearer  to  tlii'  centre  than  the  elmnl  EF. 

Then  iinid  All  he  ijmitir  lh<ia  CH,  "nd  CD  ijrmier  than  EF. 
Diaw  07',  Oy  X  to  CD  and  FF  ;  and  join  0( ',  (>/;,  i)F. 

Then  •.■  .-10-C'O,  and  OB-OD,        I  1x1.  i:'.. 
.-.  AB  =  s\m\  of  CO  and  (W, 
and  .-.  AB  is  {greater  than  CD.  L  ^<'- 

Aj^ain,  •.•  CD  is  nearer  to  tlie  centre  tlian  EF, 

.-.  OF  is  kss  than  OQ.  l>ef.  «• 

Now  ■.•  s<i.  on  Ot'=sii.  on  OF, 
,-.  sum  ot  R(i'i.  on  OF,  /'('=snni  of  sqci  on  OQ,  QE.     I.  47. 
But  SI],  on  OF  is  less  than  sq.  on  OQ  ; 
.-.  s([.  on  FC  IS  i,Meater  than  s(i.  on  i^E  ; 
.-.  P(7  is  greater  than  QK  ; 
and  .'.  CD  is  p;reater  than  EF. 
Next,  let  CD  be  <.;reater  than  EF. 
Then  wn,4  CD  he  nearer  to  (he  c  ntre  than  EF. 
For  '.•  CD  IS  greater  than  FF, 
,\  PV  is  yreuter  than  QMi, 
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Now  the  sum  of  sijq.  on  OP,  i'C'=suiii  of  h(i(|.  on  OQ,  (,'■'. 

But  aq.  on  FC  is  greater  lliaii  sij.  on  QE  ; 

.•.  sij.  on  OP  is  less  than  sq.  on  CX^  ; 

.-.  OP  is  less  than  OQ  ; 

and  .•.  CD  is  nearer  to  the  centre  than  EF. 

Q.  E.  D. 

Ex.  1.  Draw  a  chord  of  given  length  in  a  given  circle,  which 
shall  be  bisected  by  a  given  chord. 

Ex.  2.  If  two  isosceles  triangles  bo  of  equal  altitude,  and 
the  sides  of  one  be  equal  to  the  sides  of  the  other,  shew  that 
their  bases  must  be  equal. 

Ex.  3.  Any  two  chords  of  a  circle,  •which  cut  a  diameter  in 
the  same  point  and  at  equal  angles,  are  equal  to  one  another. 

Def.  IX.  A  straight  line  is  said  to  he  a  Tangent  to,  or  to 
touch,  a  circle,  when  it  meets  and,  being  j)roduced,  does  not  cut 
the  circle. 

From  this  dt  ..iftion  it  follows  that  the  tangent  meets  the 
circle  in  one  point  only,  for  if  it  met  the  circle  in  two  points 
it  would  cut  the  circle,  since  tlie  line  joining  two  points  in  the 
circumference  is,  being  produced,  a  secant.     (III.  2.) 

Dkf.  X.  If  from  any  point  in  a  circle  a  line  be  drawn  at 
right  angles  to  the  tangent  at  that  point,  the  line  is  called  a 
Normal  to  the  circle  at  that  point. 

Def.  XI.  A  rectilinear  figure  is  said  to  lie  described  a^out  a 
'2iicle,  when  each  side  of  the  figure  touches  the  circle. 


And  the  circle  is  said  to  be  inscribed  in  the  figure. 
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Proposition  XVI.     Theorem. 

TU  straight  line  drmmi  at  right  angles  to  the  diameter  of  a 
circle,  from  the  extremity  of  it,  is  a  tangent  to  the  circle. 


the 


Let  ABC  be  a  ©,  of  which  the  centre  is  0,  and  the  diameter 
JOB. 

Through  B  draw  DE  at  right  angles  to  AOB.      I.  11. 

Tlicn  must  I)  E  be  a  tangent  to  the®. 

Take  any  point  P  in  DE,  and  join  OP. 

Then,  •.•  i.  OBP  is  a  right  angle, 

.'.  /  OPB  is  less  than  a  right  angle, 

and  .•.  OP  is  greater  than  OB. 

Hence  P  is  a  point  without  the  ©  ABC. 


I.  17. 

I.  m. 

Post. 


In  the  same  way  it  may  be  shewn  that  every  point  in  7>E, 
or  ])E  produced  in  either  direction,  except  the  point  B,  His 
without  the  0 ; 

Dof.  9. 


.*.  DE  ia  a  tangent  to  the  0 . 


Q.  E.  D, 
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PUOPOSITION    XVII.       PUOHLKM. 

To  drtiir  a  titnii(jht  line  from   a  ijivot  jioint,  either  wiTliuUT 
i>r  ON  the  clrcninfereucc,  ichich  tihiill  towh  a  given  circle. 


liCt  A  he  tho  fjivon  pt.,  vnthMit  tho  (^  BCD. 
Tiike  0  tho  oeiitro  of  «  BCD,  and  join  OA. 
Biaoct  OA  in  A',  ami  with  centre  E  and  ladiiis  KG  describe 
0  ABOD,  cnttin<,'  the  K'^cn  '^  in  7)  and  J). 

Join  AB,  AD.     Thme  are  tanfioits  to  the  (?)  BCD. 
Join  BO,  BE. 
Then  •.•  OE=BK,  .:  i  OBE^-  l  P.OE  ■  I.  a. 

.-.  z  yl  EP,  =  twice  /  0]lE  ;  I.  32. 

and  •.•  A  E----JIE,  .:  z  J  />7;;=  z  /?yl7'; ;  I.  a. 

.-.  I  OEIi  -  twice  I  A  ]!E  ;  I.  32. 

.-.  sum  ofzs  AEB,  0/;/.'= twice  siiin  ofzM  O/;/?,  ABE, 
that  is,  two  I'if^lit  angles  =  twice  z  0/M  ; 

.'.  z  O/Ll  i.s  ii  ri<;ht  an<rlc, 
and  .-.  AH  is  a  tanjrcnt  to  the  0  BCD.       III.  16. 
Similarly  it  may  be  shewn  that  AD  U  a  tani^'cnt  to  0  BCJK 
Next,  let  the  jriven  pt.  he  on  the  O^c  of  tlie  fS),  a.s  />. 
Tlien,  if  HA  he  drawn  J.  to  the  radiu.s  OB, 

BA  is  a  tangent  to  the  ®  at  /.".  III.  16. 

Q.  K.  I). 

Ex.  1.  Shew  that  the  two  tangents,  drawn  from  a  point  with- 
out tlie  circumference  to  a  circle,  are  etnial. 

Ex.  2.  If  a  quadrilateral  A  BCD  he  descrihcd  about  a  circlf, 
shew  that  the  huiu  oi  AJi  and  CD  is  equal  to  the  sum  of  AD 
and  BC. 
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PROruSITION  XVI II.      TllEOUKM. 

If  a  straight  line  touch  a  circle,  the  drai,,ht  line  draumfrorri 
he  cchr  io  the.  point  of  contiict  wnst  be,  ,e.rpmihcular  lo  the 


the  centre  to  tlie  ji 
line  touching  the  cirele. 


Let  the  Bt.  line  DE  totich  the  (^  ABC  in  tho  pt.  G. 
Find  0  the  centre,  and  join  00. 
Then  must  00  he  X  to  DE. 
For  if  it  be  not,  draw  OBFx  to  DE,  nioeting  the  Oco  in  B. 


Tlien  ••■  i.  OFC  is  a  rt.  angle, 

•.  i  OOF  is  less  than  a  rt.  angle, 

and  .-.  00  is  greater  than  OF. 


I.  17. 
I.  19. 


Bnt  00=  OB, 

.:  OB  is  greater  than  OF,  which  i.s  impossiWe  ; 
•    OF  is  not  X  to  DE,  and  in  the  sani."  way  it  may  ho. 
sliewn  that  no  other  lino  <lrawn  from  <),  but  00,  is  x  to  DE ; 
.•.  00  iai.  to  DE. 

Q.  E.  D. 

Ex.  If  two  Straight  lines  intersect,  the  centres  of  all  circles 
touched  by  both  lines  lie  in  two  lines  at  right  angles  to  each 
other. 

NoTR.     Prop.  XVIII.  might  be  stated  thus  -.—All  rndii  of^a 
circle  are  vormals  to  the  circle  at  the  points  where 
circumference.  jj 


victt  the 
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PiiorosiTioN  XIX.     Theorem. 

If  a  straight  line  touch  a  circh;,  and  from  the  point  of  corv- 
tact  a  straight  line  he  drawn  at  right  angles  to  the  touching  line, 
the  centra  of  the  circle  must  be  in  that  line. 


Let  the  st.  line  DE  touch  the  ®  ABC  at  the  pt.  C,  and 
from  C  let  CA  be  drawn  j.  to  DE. 

Then  must  the  centre  of  the  ®  he  in  CA. 

For  if  not,  let  F  be  the  centre,  and  join  FC. 

Then  •.■  DCE  touches  the  ®,  and  FCis  drawn  from  centre 
to  pt.  of  contact, 

.-.  z  FOE  is  a  rt.  angle.  III.  18. 

But  z  ACE  is  a  rt.  angle. 

.•.  z  FCE  =  z  ACE,  which  is  impossible. 

In  the  same  way  it  may  be  shewn  that  no  pt.  out  of  CA 
can  be  the  centre  of  the  ®  ; 

.'.  the  centre  of  the  ®  lies  in  CA. 

Q.  E.  D. 

Ex.  Two  concentric  circles  being  described,  if  a  chord  of 
the  greater  touch  the  less,  the  parts  of  the  chord,  intercepted 
between  the  two  circles,  are  equal. 

Notb;.     Prop.  XIX,  miijrlit  bn  ptfltrd  (huB  '.—Every  nornwl  in 


a  ci. r 


I'ti  •<■ 


lit-  >■:  ilii , 


^B 
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PhOPOSITION  XX.       TlIKOHEM. 

77ie  anrjU  at  the  rcntre  of  n.  rlrrlr  w  <l<)uhk  of  the  angle  at  the 
drcumference,  sulitendid  Inj  the  sdinc  arc. 

Liit  ABC  be  a  0,  0  the  centre, 
BC  any  arc,  A  any  pt.  in  the  Oco. 

Then  mud  l  BOC  =  twice  2  JiAC. 

First,  fioppcse  0  to  be  in  one  of  the  liuea  containing  the 
iBAC. 


Then  •■•  OA  =  OC, 

:.lOCA  =  l  OAC; 

,'.  sum  of  :!  8  OCA,  OAC  =  twice  ^  OAC. 

But  i  iiO('=  sum  of  z  s  OCA,  OAC, 

•  J.B0C=  twice/  OAC. 

tnai  is,  I  BOG  =  twice  ^  BAC 


La. 


1.32. 
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Next,  auppo;  'i  0  to  be  within  (fig  1),  or  without  (fig.  i)  tho 
L  BAG. 


i\g.  1. 


Fig.  2. 


Join  A(\  and  produce  it  to  meet  the  Oce  in  D. 
Thei. ,  us  in  the  first  case, 

i.  COD  =  twice  I  CAB, 
and  /  BOD  =  twice  i  BAD  ; 

.-.■,  fig.  1,  sum  of  z  s  COD,  BOD  =  twice  sum  of  z  s  CAD, 
BAD," 

that  is,  I  BOC  =  twice  i  BAC. 

And,  fig.  2,  difference  of  i  s  COD,  BOD  =  twice  difference 
of  I  s  CAD,  BAD,  tliat  is,  z  BOC  =  twice  z  B^C. 

Q.  E.  D. 

Ex.  From  any  point  in  a  straight  line,  touching  a  circle, 
a  straight  line  is  drawn  through  the  centre,  and  is  terminatfd 
by  the  circumference  ;  tlie  angle  between  tK'se  two  straight 
lines  is  bisected  by  a  stiiii^ht  line,  which  intersects  the  straigiit 
line  joining  their  extremities.  Siiew  that  tho  angle  between 
the  last  two  lines  is  half  a  right  angle 


r^ 
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Note  2.   On  Flat  aiul  Reflex  A  'Ujlcs. 

Wo  have  iilroady  explain"'!  (Note  3,  Book  I.,  p.  28)  bow 
Eiiclid's  definition  of  an  anjrle  may  be  extended  with  advan- 
fai^e,  so  a-s  to  include  the  conception  of  an  ani,de  eipial  to  two 
rif,dit  anj,'les:  and  wo  now  proceed  to  shew  how  the  Definition 
^fiven  in  that  Note  may  be  oxtondo^i,  so  aa  to  cmbraoo  anjflea 
greater  than  two  right  angles. 


E.  D. 


Let  WQ  be  a  .'Straight  line,  and  QE  its  enntinuation. 

Then,  by  the  Definition,  the  angle  made  l>y  ^I'Q  and  QE, 
which  we  propose  to  call  a  Flat  Angle,  is  equal  to  two  right 
angles. 

Now  siipposc  QP  to  be  n  straight  line,  which  revolves  about 
the  fixed  point  Q,  and  which  at  first  coincides  with  QE. 

When  QP,  revolving  from  right  to  left,  coincides  with  Q^V, 
it  has  doscriijed  an  angle  equ.il  to  two  right  angles. 

AVhen  QP  has  cor^'nued  its  revolution,  so  as  to  come  into 
the  position  indicn,  mI  in  the  diagram,  it  has  described  an 
angle  EQP,  indicated  by  the  dotted  line,  greater  than  two 
right  angles,  and  fhis  we  call  a  Reflex  Anq.i.e. 

To  a.ssist  the  learner,  wo  shall  mark  thesje  angles  with  dotted 
lines  in  the  diagrams. 

Admitting  the  existence  of  angles,  equal  to  ;ind  greater  than 
two  right  angles,  the  l^roposition  last  proved  may  be  extended, 
fts  we  now  proceed  to  shew. 
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PuoposiTioN  C.     Thkouem. 

The.  aiiijli;  not  /cw  tluub  two  right  iUKjle.^,  nt  tJic  ccitn  of  a 
circle  is  donhle  i if  the  amjle  at  the  circiiinference,  nuldciuiid  by 
the  same  arc. 


Fig.  1. 


Fig.  2. 


,^/-) 


In  the  V)  ACBT),  Icf  tlic  ;iiii,'lcs  AOB  (not  loss  tlirm  two 
right  ariirli's)  sit  tho  coiitrc,  iinii  A]>I1  iit  the  cirfunii't'UMKi',  lie 
snhtondod  by  the  simic  MIC  .-fr/)'. 

Then  vnt.<l  I  AOI',  =  tirlie  i  AT)  11 

Join  1)0,  and  |H(.(!n(i'  it  i"  nirct  the  aie  ACR  in  (\ 

Then  :•  i  /lOr'^tuice  ^  AlXf,  HI.  l'(I. 

nnd  i  Ii(>('=^^^H^i'l  B])(>,  III.  :!(i. 

.'.  sum  of  i  .<*  .l^H'.  /,'n('^- twice  srni  of/  s  vi/^0,  7.7/0, 

that  is,  /  .J  0/;=  t wiee  /.  A  l)H. 

1).  K.  P. 

NoTK.    Tn  fi^f.  1.  Z  .'10/.'  is  dnwii  !i  (hit  :iii;;le, 

iind  it\  fii:.  2.  z  .1"/-'  is  di:iwii  ;i  ictlix  Miiiile. 


Dkf.  XII.  Tho  iiniile  in  n  pojjniont  is  the  ni.ule  ccntMired  by 
two  straij;ht  linos  di.'iwn  from  imy  jioiiit  in  the  arc  to  the  ex- 
tremities of  the  chord 
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PuorosiTioN  XXI.     Theorem. 

Tkt  aiKjlcs  in  the  same  scjineut  uf  a  circle  are  equal  to  one 
iinother. 


Let  BAC,  BDC  bf  iiiiLrlfs  in  llio  same  scfrTiu-nt  BADC. 

Then  innstABA('=  L  fil>(\ 
First,  when  Hc^'inent  BADV  is  {iroaUT  tlian  a  sciiiicirdc, 

I'Voiu  <>,  till'  cciilR',  draw  (>i:,  <}('.  (Fifr.  1.) 

Tlieii,  •.  •  I  liO(  '=  twicL'  z  JIA  (\  1 1  [   20. 

and  I  /iOr=  twice  l  Bl)(\  HI.  20. 

.-.  I  HAC^  I  BDC. 
Next,  wlien  seirnioiit  BADC  is  less  than  a  f-cmicircle, 

Let  E  be  tlie  pt.  ..f  iiitcisiction  of  A(\  DB.    (Fii,'.  2.) 
Then  \- 1  ABE=  l  DCK,  by  the  first  ca.se, 

mxAlBEA^  l  VFAK  I.  15. 

.■.iEAIl=  I  KD<\  1.32. 

that  is,  z  BAC=  i  BDC.  q.  e.  d. 

Ex.  1.  Shew  that,  by  assiiniin;f  the  possibility  of  an  an^Ie 
bein^  j.'re;iter  than  two  ri<,'lit  angles,  lioUi  the  Ciusei;  of  this 
proposition  may  b,-  included  in  one. 

Ex.  2.  If  two  strai;_dit  lines,  whose  pxtreniifies  are  in  the 
circnmference  of  a  circle,  cut  one  another,  tlic  trianjjles  formed 
by  joiniii)^  their  extremities  are  equianj^ndar  to  each  other. 
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Proposition  XXII.     Thkorem. 

T)if,  opposite  angles  of  any  qnadrUati  ral  Jijure,  iimcribed  in 
a  circle,  are  together  equal  to  two  riijlit  aiujles. 


Let  ABCD  be  <a  quadrilateral  fi{,'.  inscribed  in  a  © . 

Then  miist  eaxih  pair  of  its  opposite  i  s  be  together  equal  to 
two  rt.  L  s. 

Draw  the  diagonals  AC,  BD. 

Then  •.•  /  ADB=  l  ACB,  in  the  same  seKmcnt,         III.  21. 

and  A  BDC-  l  BAC,  in  the  same  se<;;nient  ;         III.  21. 

.-,  8um  uf  z  s  ADB,  B1)C  =mm  of  z  s  ACB,  BAC ; 

that  is,  I  ADC=mm  of/,  a  ACB,  BAO. 

Add  to  each  z  ABC. 

Then  z  8    ADC,   ABC  together = sum  ofzs   ACB,  BAC, 
ABC; 

and  .-.  z  s  ADC,  ABC  together=two  right  z  s.  I.  '6± 

Similarly,  it  may  be  shewn, 

that  I  8  BAD,  BCD  together  =  two  right  z  s. 

y.  K.  n. 

NoTK. — Another  method  of  proving  this  proposition  is  given 
on  page  177. 
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Ex.  1.  If  one  side  of  a  quiulriliiteral  figure  inscribed  in  a 
circle  be  produced,  tlie  exterior  angle  is  equal  to  the  opposite 
ani,'le  of  the  quadrilateral. 

Ex.  2.  If  the  sides  AB,  DG  of  a  quudriliitcral  iuscri]>fd  in 
a  circle  be  produotd  to  meet  in  E,  then  the  triangles  EBOy 
HAD  will  be  eiiuiangular. 

Ex.  3.  Shew  that  a  circle  cannot  be  described  about  a 
rhoiubus. 

Ex.  4.  The  lines,  bisecting  any  angle  of  a  quadrilateral  figure 
inf,cribed  in  a  circle  and  the  opposite  exterior  angle,  meet  in 
the  circumference  of  the  circle. 

Ex.  5.  AB,  a  chord  of  a  circle,  is  the  biuse  of  an  isosceles 
triangle,  whose  vertex  C  is  without  the  circle,  and  whose 
equal  sides  meet  the  circle  in  D,  E  :  shew  that  CD  is  equal 
to  CE. 

Ex.  (5.  If  in  any  quadrilateral  the  opposite  angles  be  to- 
gether equal  to  two  right  angles,  a  circle  may  be  described 
about  that  quadrilateral. 

Propositions  xxiii.  and  xxiv.,  not  being  retpnred  in  the 
method  adopted  for  proving  the  subsequent  Propositions  in 
this  book,  are  removed  to  the  Appendix.  Proposition  XiV. 
has  been  already  proved. 


NoTK  3.   (hi  tJie  Mdhod  of  Superposition,  as  api'liid 
to  Circles. 


In  Props,  XXVI.  xxvii.  xxviii.  xxix.  we  prove  certain 
relations  existing  between  chords,  arcs,  and  angles  in  equal 
circles.  As  we  shall  employ  the  Method  of  Sujierposition,  we 
nuist  state  the  principles  which  render  this  method  appli- 
cable, as  a  test  of  equality,  in  the  c;use  of  figures  with  ci.irnlcj 
boundaries. 
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Def.  XIII.  Equal  circles  arc  those,  of  which  the  radii  are 
equal. 

A  J 


For  suppose  ABC,  A'B'C  to  be  circles,  of  which  the  radii 
are  e(iual. 

Then  if  ©  A'B'C  be  applied  to  S  ABC,  so  that  0',  the 
centre  of  A'B'C,  coincides  with  0,  tlie  centre  of  ABC,  it  is 
evident  that  iwy  particular  point  A'  in  the  O*^^-'  "f  tiie  former 
nnist  coincide  with  some  point  A  in  Qco  of  tlic  latter,  beciiuse 
of  the  equality  of  the  radii  O'A'  and  OA. 

Hence  Qci.'  A'B'C  nnist  coincide  with  Qce  ABC, 
thidh,®  A'B'C  =(•)  ABC. 
Further,  when  we  have  applied  tlie  circle  A'B'C  to  the 
circle  ABC,  so  that  the  centres  coincide,  we  may  iMKiyine  ABC 
to  remain  fixed,  while  A'B'C  revolves  round  the  connnon 
centre.  Hence  we  may  suppose  any  particular  point  B'  in  the 
circumference  of  A'B'C  to  be  made  to  coincide  with  any  par- 
ticular point  B  in  the  circumference  of  ABC. 

Afjiiin,  any  radius  O'A'  of  the  circle  A'B'C  niiiy  be  mude  to 
coincide  with  any  radius  OA  of  the  circle  ABC. 

Also,  if  A'B'  and  AB  be  equal  arcs,  they  may  be  made  to 
coincide. 

Again,  every  diameter  of  a  circle  divides  the  circle  into 
equal  segments. 

For  let  AOB  be  a  diameter  of  the 
circle  ACBD,  of  which  0  is  the  centre. 
Suppose  the  segment  ACB  to  be  ap- 
plied to  the  .segment  ADB,  so  as  to 
keep  AB  a  common  boundary  :  then 
the  arc  ACB  must  coincide  with  the 
arc  ADB,  because  every  point  in 
each  is  equally  distant  from  0. 
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Proposition  XXVI.    Theorkm. 

])h  rqvnl  rirrJi-a,  the  arm,  ii^h'wh  nuhtnid  &puil  anr/lfs,  whether 
they  be  at  the  centres  or  at  the  circumferences,  vinut  be  eipuil. 


Uj 


Let  ABC,  DEF  he  equal  circles,  aTul  kt  i  8  JUIC,  ElIF  nl 
their  centres,  and  ^  s  BAC,  EDF  at  their  O^^^'s,  he  equal. 

Then  viust  arc  BKC^arc  ELF. 

lor,  if  0  ABC  ho  applied  to  ®  DEF, 

80  that  O  coincides  with  IF,  and  (/7>  falls  on  TIE, 

then,  ■.•  GB  =  HE,  .:  B  will  cnincide  with  E. 
And  •.•  z  BGC=  L  EIIF,  .:  GC  will  fall  on  JfF ; 

and  •.•  GC=IIF,  :.  (7  will  coincide  with  F. 
Then  '.•  />  coincides  with  E  and  C  with  F, 
.-.  arc  BKC  will  coincide  with  and  be  equal  to  arc  ELF. 

Q.  K.  D. 

Cor.  Sector  BGCK  is  equal  to  sector  EHFL. 

Note.  This  and  the  three  following  Proixsiuons  are,  and 
will  hereafter  be  assumed  to  be,  true  for  the  same  circle  as  well 
as  for  equal  circlex. 
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PllOl'OSITION  XXVII.       TlIKOKKM. 

In  equal  nrcJcn,  thi;  anijlc^,  vhich  air  nnhliniht}  }iiii<i\i(d  (iiy.-<, 
whe.tker  Ihcij  are  at  the  centres  m  at  the  circninftreuces,  mnd  ht 
eqiial. 


Let  ABC,  TiEF  ho  equal  oircloR,  ami  lot /i  s  J](!(\  HIN'm 
their  contros,  and  /  s  BAC,  EDF  wi  tlicir  Qfos,  Ik"  Mil.tri;il(il 
by  e(inal  arcs  BKV,  ELF. 

Then  must  l  BC,C=  l  EHF,  and  l  BAC==  l  EDF. 

For,  if  ©  ABC  lie  appliorl  to  ©  T>EF, 
so  that  G  coincides  with  //,  and  CB  fall.s  on  HE, 
then  •.•  CrB=HE,  .:  B  will  coincide  with  E  ; 
and  •.■  arc  /;AT'=arc  ELF,  .:  C  will  coincide  witl.  F. 
ITenoe,  OV  will  coincide  with  IIF. 
Then  •.•  BG  coiiici<les  with  EU,  and  CV  with  HF, 

.:  L  BGC  will  coincide  with  and  he  eqnal  to  l  EHF. 
Again,  •.•  z  7^J  r*=half  of  i  BGC,  IT  I.  20. 

and  z  7i,7>F=half  of  z  EUF,  III.  20. 

.-.  zLMC'=  iEDF.  I.  Ax.  7. 

(;.  K.  n. 

Ex.  1.  If,  in  a  circle,  AB,  CD  he  two  arcs  of  jjiven  nia(;ni- 
tnde,  and  AC,  BD  he  joined  to  meet  in  E,  shew  that  the  aii<,de 
yl  EI>  is  invariahlc. 

V.x.  2.  The  straijiht  lines  joininj;,'  the  extremities  of  the 
chord.s  of  two  equal  arcs  of  the  same  circle,  towards  the  same 
parts,  are  parallel  to  each  other. 
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PRorosiTroN  XXVIII.    Theorkm. 

//(  iqiml  rlrchu,  the  arcs,  vlikh  are  suhtended  by  equal 
cliirrdx,  invd  be  equal,  the  yrmtir  to  the  (jreatcr,  and  the  less  to 
the  less. 


F 


Let  ABC,  DEF  be  equal  circles,  and  EC,  EF  equal  chords, 
eubtcndinjf  the  major  arcs  BAC,  FJ>F, 

and  the  minor  airs  BdC,  JJJIF. 
The,,  wvst  a,r  BAC  =  arc  EDF,  and  arc  IKtC  ^  arc  EHF. 
Take  the  centres  A',  />,  and  join  KB,  K(\  hE,  LF. 
Then  •.•  KB=LE,  and  KC=LF,  and  BC=EF, 

.-.lBKC  =  lELF.  I.e. 

Hence,  if  -1  A  lU '  be  applied  to  0  J)EF, 

so  that  K  coincides  with  L,  and  Kl>  falls  on  LE, 

then  ■.■  /.  /.'/vC  =  I  ELF,  .:  KC  will  fall  on  LF; 

and  •.•  A'( '  =  LF,  .:  C  will  coincide  with  /''. 

Then  •.•  />'  coincides  with  E,  and  T  with  F, 

.'.  arc  BAC  will  coincide  with  and  be  ef{nal  to  arc  EDF, 

andarc/>^'(' EHF. 

y.  E,  D. 

Ex.  1.  If,  ill  a  circle  .1  BCD,  the  chord  AB  be  equal  to  the 
chord  DC,  AD  must  be  parallel  to  BC. 

Ex.  2.  If  a  atraii,dit  line,  drawn  from  A  the  miildle  jioint 
of  un  .arc  BC,  touch  the  circle,  shew  that  it  is  parallel  to  the 
chord  BC. 

Ex.  ?>.  If  tuM  equal  chords,  in  a  i^iven  circle,  cut  one  an- 
other, the  scgnicnis  of  liie  one  shall  be  equal  to  the  segments 
"f  the  other,  each  to  each. 
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Proposition  XXIX.    Tiikoukm. 

/;/  fi\ui\,l  circles,  the  clionU,  irltich  subtend  i(puU  airx,  must 
be  equal. 


Lot  A  nC,  DEF  be  equal  circles,  and  let  B(\  EF  be  chords 
3ubt.en(lii)j,r  the  equal  arcs  H(U\  EIIF. 

Then  wild  chord  l!('=  chord  EF. 

Take  the  centres  K,  L. 

Then,  if  -^  .1  BV  be  applied  to  'V)  DEF, 

so  that  jfv  coincides  with  />,  and  />  with  E, 

and  arc  BGC  falls  on  arc  EIJF, 

V  arc  /i(rV:'=arc  ElfF,  .:  C  will  coincide  with  F. 

Then  •.•  B  coincides  with  E  and  ('  with  /'', 

.*.  chord  BV  niiist  coincide  with  and  be  equal  to  chord  /•,'/''. 

Q.   K.   D. 


Ex.  I.  The  two   straight  lines  in  a  circle,  which  join  the 
extremities  of  two  parallil  chmds,  are  eijiud  to  one  another. 

FjX.  2.  Tf  three  equal  choiils  of  a  circle,  cut  one  another  in 
the  same  point,  within  the  circle,  that  point  id  the  centre. 
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NoTK  4.   On  the  Symmetrical  jrro{>erties  of  the  Circle  with 
regard  to  its  diameter. 

The  brief  remarks  on  Syiiiiuotry  in  pp.  107,  108  may  now 
lie  exlemlcd  in  the  following  wiiy  : 

A  Jiijnrc  \H  said  to  be  Byimiii'tri(;;il  with  regard  to  a  line, 
'vlien  every  peipeiidiculur  to  the  line  meets  the  figure  at 
points  which  are  equidistant  from  the  line. 

Hence  u  Circle  is  Symmetrical  with  regard  to  its  Diameter, 

btcjiuse  the  diameter  bimxls  every  chord,  to  which  it  is  })er- 
pendicular. 


horda 


:.  D. 

in  the 
ler. 

her  in 


Further,  suppose  All  to  be  a  diameter  of  the  circle 
iCBD,  of  which  <>  is  the  centre,  and  Cl>  to  be  a  chord 
perpendicular  to  AB. 

Then,  if  lines  be  drawn  as  in  the  diagram,  we  know  that 
Ah  bisects 

(1.)  The  chord  CD,  III.  1. 

(2.)  Thearcs  CJi^and  C'/>'A  III. -2(5. 

(3.)  The    angles    CAD,    COD,    CBD,  and   the   retlex 
angle  DOC.  I.  4. 

Also,  chord  CJ5  =  chord  DB,  I.  4. 

and  chord  .<-lC=  chord  AD.  I.  4. 

These  Symmetrical  relations  should  be  carefully  observed, 
because  they  are  often  suggestive  of  methods  for  the  solution 
of  problems. 
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Proposition  XXX.     Pkohlkm. 
To  bisect  a  given  arc 


ADO 

Let  ABC  be  the  given  arc. 

It  in  required  to  bisect  the  arc  A  BC. 

Join  A(\  and  bisect  the  chord  AC  in  D, 
From  T)  draw  Z>/ixto  AC. 


I.  10. 
1.11. 


Then  will  the  arc  ABC  be  bisected  in  B. 

Join  BA,  BC. 

Then,  in  hs  AUB,  CDB, 

','  ADo^CD..  and  1>B  is  common,  and  i  AT)B  =  i  CDB, 

.•.BA  =  BC.  1.4. 

Rut,  in  the  same  circle,  the  arcs,  which  are  Bubtended  by 

equal   chords,  are  equal,  the  greater  to  the  greater  and  the 

less  to  the  less  ;  III.  28. 

and  '.'  BD,  if  produced,  is  a  diameter, 

.*.  each  of  the  arcs  BA,  BC,  is  less  than  a  semicircle, 

and  ,'.  arc  ii.4=arc  BC. 

Thus  the  arc  ABC  is  bisected  in  B. 

Q.  E.  F. 

Ex.  If,  from  any  point  in  the  diameter  of  a  semicircle, 
there  be  drawn  two  straight  lines  to  the  circumference,  one 
to  the  bisection  of  the  circumference,  and  the  other  at  rigiit 
aii<;'les  to  the  diameter,  the  squares  on  these  two  lines  are 
logeliier  double  of  the  squaro  on  the  radius. 
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Proposition  XXXI.     Tiikoi'.km. 

///  a  riirh;  th  aiiijle  in  a  sninciirlK  is  a  riaht  andle  ;  (ntil 
llir.aiHjh  in  n  Hctjiiient  (jrmter  llxtn  a  Kunirircli  i-f  Iim  Ihait,  a 
riiilil  iiiiiji  ■ ;  <i)i<l  thi'  (diijli'  in  a  sKjment  has  than,  a  scvticirch 
(s  (jrcakr  than  a  riyht  aiKjle. 


Let  ABC  be  a  f^ ,  0  its  centre,  and  BC  a  diameter. 
Draw  AC,  dividing  the  ®  into  the  set,'nients  ABC,  ABC. 
Join  BA,  AD,  DC,  AO. 

Thrn  viii^t  the  I  in  On:  saiiirirdi:  BAC  he  n  rt.  L  ,  and  i  in 
sefpnint  ABC,  (jmit<r  than  a  xi  nticirch',  has  than  a  rt.  L  ,  and  l 
in  segment  ADC,  Iks  than  a  umicirde,  greater  than  a  rt.  l  . 
First,  '.•  BO^AO,  .:  l  /M0=  l  ABO ;  I.  a. 

.-.  z  COJ=  twice  ziMO;  1.32. 

.nu\:- CO='AO,.:iCA(>=  lACO;  La. 

.-.  z  BOA  =  twice  z  CA  0  ;  I.  :j-'. 

.-.  sum  ofz  s  COA,  /.'O.l  =twiee  sum  of  z  .s  BAG,  CJO,  that 
is,  two  ri<,'ht  anyles= twice  z  BAC. 

.•.  z  BAC  i.s  a  riglit  angle. 
Next, -.-z  /)'.ir*isart.  z, 
.-.  z  A  />V'  is  less  than  a  rt.  z  .  1.  17. 

Lastly,  •.  •  sum  of  /.  s  A  lU ',  A  l>C==  tw..  rt.  z  s         III.  22. 
and  z  ABC  is  less  than  a  rt.  z  , 
.-.  z  ADC  is  greater  than  r.  rt.  Z  .  '.'.  K.  D. 

NoTS.— For  a  simpler  proof  see  page  178. 
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Ex.  1.  If  a  circle  be  ilescribed  on  the  railiiis  uf  unotlier  circle 
as  diiiineter,  any  stniijflit  line,  dniwn  Irmii  tlie  point,  wiiere 
they  meet,  to  tlie  outer  circumference,  ia  bisected  by  the  in- 
terior one 

Ex.  2.  If  a  stnii^'lit  line  be  drawn  to  touch  a  circle,  and  be 
parallel  to  a  chord,  the  point  of  contact  will  be  the  middle 
point  of  the  arc  cut  ofl"  by  the  chord. 

E>  3.  If,  from  any  point  without  a  circle,  lines  be  drawn 
touchinj^  it,  the  anyle  contained  \\y  the  lanj^ents  is  double  of 
the  anj^le  contained  by  the  line  joininj^  the  points  of  contact, 
and  the  diameter  drawn  through  one  of  them. 

Ex.  4.  The  vertical  anj^le  o;  any  .jblique-angled  trian<;le 
inscribed  in  a  circle  is  jrreater  or  less  than  a  ri<fht  anj^le,  by  the 
•iiijde  contained  by  the  base  and  the  diameter  drawn  from  the 
extremity  of  the  base. 

Ex.  5.  If,  from  the  extremities  of  any  diameter  of  a  {jiven 
circle,  perpendiculars  be  drawn  to  any  chord  of  the  circle  that 
is  not  parallel  to  the  diameter,  the  less  jjerpeiidicular  .'.hall  be 
equal  to  that  .segment  of  tlie  greater,  which  is  contained  between 
the  circumference  and  the  chord. 

Ex.  6.  If  two  circles  cut  one  another,  and  from  either  point 
of  intersection  diameters  be  drawn,  the  extrenaties  of  these 
di:i meters  and  the  other  point  of  intersection  lie  in  the  same 
e.traigiit  line. 

Ex.  7.  Draw  a  straight  line  cutting  two  concentric  circles, 
CO  that  the  part  of  it  which  is  intercepted  by  the  circumference 
of  the  greater  m:iy  be  twice  the  part  intercepted  by  the  circum- 
ference of  the  less. 
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PlinPoSITIiiN    XXXII.       TllKdllKM. 
//  (I  stviii/lif  ItiK  fiKirli  II  rirrli,  anil  fn, 111  ilir  /  aiiil  cf  rmitart 
1/  .-IrnKjht  liin    III  ilfiiirn   rnttiiiii  the  rinli\  tin    uiiijli.-i  iiiiiile  hij 
thisliiii-  irltli  the  liiw  tiiiirliinij  thi'  riirlf   must  lir  tipiid  to  the 
aiiijlcn,  whick  an  iit,  the,  alttrnate  Mtjtiitats  0/  tht  circle. 


Let  the  st.  line  Afl  touch  the  ®  CDEF  in  F. 
Draw  tlic  cliiinl  Fl>,  (iivi(]ini.'  the  •  into  si'irnients  FCD,  FI'D. 
Thai  m.ii.<t  .  />/-'/;=  _  //(  siiiiii.iit  Ft']), 
ami  I  l>FA=  L  in  seijiiiiiit  FED. 
From  /'Mriiw  the  elioni  fV  i  to  Ml. 

Tlicn  /'V  is  a,  (iianictfr  of  tli.>   •  .  TIF.  19. 

Take  liny  pi.  /■.'  in  \\w  arc  IiJK  iind  juin  FF,  Fl>,  !><'. 
Tlieii  •.•  FIX'  is  a  .seniiciici. .  ,-.  .  Flu'  is  a  rt.  z  ;     111.  :il. 
.-.  Sinn  of/  s  Frn,  (7'7>  =  a  rl.  1  .  I.  '^-2. 

Also,  sum  of.s  DFH,  ('Fl)  =  :i  rt.  /  . 
.-.  .funi  (.f  ^  s  DFIi,  <'l'l)  =  ^um  of.  .s  FCD,  ('Fl>, 
an.l  .-.  .  l)Ffi=  .  FCD, 
that  is,  .:  />/■'/;-  I  \\\  st;.'nii'nt  F<'lK 
Attain,  ■.'  CDKF  is  a  ijuaihilateial  li;;.  inscribed  in  a    -^ 

..-.  snni  of.  s  /''/•;/>.  /'V'/'^-two  rt.  .  s.  111.  -l-l. 

Also,  snm  of    s  hI'A,  />/'7N-two  rt.  i  s.  I.  115. 

.-.  sum  of  -  s  />/•■.!,  />/''/;     Slim  of.  s  FED,  FCD; 

and  ^  UFIi  has  heeii  proved^-  .:  FCD; 

.-.i  l)FA=-  I  FED, 

that  is,  .  UFA  ^  i.  in  se(j[rnent  F£7/ 

g.  R.  1). 

Ex.  The  chord  jnininjj  the  points  of  contact  of  parallel  tan- 
ffonts  is  a  diameter. 
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Proposition  XXXIIT.     Phoiu.km. 
On  a   (j'mv   stntiijht   line  In  d>.<rrihi'  n  Kfijvicnt  of  a  circle 
capable  of  containiiiy  an  umjlc  t'lwd  to  a  (jirun  angle. 


Lot  Alt  he  ilif  oivcii  st.  lino,  nrKl  T' tho  pivon  z  . 
It  in  riqniird  to  dc^^cribe  on  AB  "  S''i>niiit  nf  n   ^  irluch 
ihall  Contain  an  l  —  l  V.. 

At  pt.  .1  in  St.  lino  Ah  iiiako  /  i>'.l  i>=  l  V.       I.  2:5. 
Unuv  AK    tfi  M>  tnul  hiMct  AU  in  V. 
From  /'  ilr.wv  FGxto  J^,  nioctin;,'  ^A'  in  (»',     .Idiii  '''/>'■ 

■riini  in  ./s  Jifffi\  IIUF  : 
:•  AF=i;t\  ,ni.l  ^V,'  i<  rmnium    in.]       I  f^^-  >  hFO  ■ 

.    iiA=(Jf;  1.4. 

With  (i  as  cent  10  and  if  ,i  «.-=  nKlin.i  dcscrilio  a  ;•;  ABII. 

Then  will  .•!///;  f.r  Cho  sOifnimt  tvi\i\. 
f(i  •  '.■  -l/^  is  I  t'l  ,1/'/',  a  line  pas>--in^  tlironi^h  the  ciiitro, 

.-.   .1  />  IS  a  t,inf,'CMt  to  th«  '>■^  Afifl.  III.  Hi, 

Afiil  ".'  tlio  (.•li"i)l  Ml  is  (Ir.'iwn  from  the  pt.  of  ((intact  A, 

.-.  .   li  \l>=  /  iti  s.Mrinoi.t  AUB,  III.  32. 

\\u\l  U,  flic  Hi'grfl>i|(<.  f'l///*  oontains  an  l  ==^  l<\ 
ami  it  in  mvf\\m\  m  Hh  as  was  ro<i(l. 

(J.    K.   I'. 

fix.  /,  'i'wD  (.iiclcs  intersect  in  .1,  and  tlironLrli  .1  is  drawn 
a  strai(.'lit  lino  n'octitiff  the  circles  auain  in  /',(,'•  Prove  that 
the  an^do  hetwciii  the  tanixonts  at  /'  uiid  (^  is  e([ual  to  the 
anjilo  liotvvoon  the  tanucnts  mI  .1. 

j'lx.  2.   l''ifiin  two  f^iven  jxiints  on  the  same  side  of  a  stniipht 
line,  {liven  in  position,  draw  two  straijiht  linos  whidi  shall  con 
tain  u  given  an^le,  and  lie  torniinuted  m  the  j^iven  line. 
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To  nd  off  a  snjuhut  fiom  a  (jiviii  circle,  capable  of  con- 
iainlng  an  aiujk  equal  to  a  ijiveii  angle. 


Let  A  r>f'  be  the  p;iven  ^  ,  aiul  T)  the  (,'iven  i  . 


1 1  /.-  riijiiirid   til  iiO   iifj   friini 
containiiuj  nil  :  —  I  I). 


ABC  a  tiajuicnt  cajiaolc  of 


Draw  ilie  .■>t.  line  l!f:F  to  touch  the  circle  iit  />. 

At  B  make  i  FBV  =  i  D. 

Then  ".•  the  chord  B< '  i.s  drawn  from  tlie  pt.  of  contact  B, 

.-.  I  FBC  =  .  in  segment  BAC,  III.  32. 

that  is,  the  segment  BAC  contuinH  an  ^  =  _  Z); 
and  .'.  a  seyuient  has  l)een  cut  oH"  from  the  0,  as  was  reqd. 

g.  K.  F. 

Ex.  1.  If  two  circles  toudi  inten.Mlly  at  a  point,  any  straight 
hne  passing  ciiroiigh  tlie  point  will  divide  the  circles  into  seg- 
ments, capable  of  containing  ciiual  angles. 

Kx.  2.  ftiven  a  side  of  a  lii.inglt',  its  vertical  angle,  and  the 
radius  of  the  circumscribing  circle  :  coii^tnnt  tlie  liiaiigle, 

Kx.  3.  (ii.'en  the  base,  vertical  angle,  and  the  perpendicular 
from  the  extremity  of  the  base  on  the  opposite  side  :  cuiistruct 
tihe  triangle. 


•  ::    ^ihAv 
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PlicirdSriKiN    X.\X\'.       TlIKnKl.M. 

Tf  tiro  chiii'd.-:  ill  II  rirrlc  cnl  uin'  iniiitln  r,  tin  irrtniHlfi^  I'lm- 
tainfil  liji  llii  Si  ij  III  I  Ills  i)f  iiiii  iif  till  III,  i.i  iijiiid  tit  the  nctanijh 
cotdaiiial  lij  the  scijiiioita  oj  the  uthei: 


Let  the  chords  AC,  111)  in  tlic  •   .MU'I>  intcrsict  in  the  pt.  /'. 

Thill   iiiii.^t  i:rt.    .1/'.   I't'.-rirt.   HI',   l'l>. 

Fni;n  O,  t'li'  ci'iitic,  (lr:iw  OM,  O.V    \  s  to  AC,  IIP, 

and  join  (>A,  Oil,  or. 

Tlu'M  "."  A<'  is  divided  f(|u:dly  in  M  and  uh(M|ii;diy  ni  /', 

.-.  m't.  .1/',  /'(•  with  s(i.  on  .\//'  =  .s.|.  on  A.\l.      II.  T). 

Addinif  to  eai'li  liii;  ^i|.  on  Aid, 

red.  AP,  PC  with  sqii.  ,.n  MP,  3^0=8(1(1.  on  AM,  MO  ; 

.-.  ri'cl.  .1/',  J'C  with  8q.  on  0/'  =  s,|.  on  OA.       I.  17. 
Ill  the  same  way  it  niiy  he  shewn  that 

rect.  lii',  I'D  witli  s(|.  on  0/'  =  m|.  on  ni;. 
Then  ■.■  si|.  on  0.jr=s(|.  on  Oil. 
rect.  AP,  PC  witli  sij.  on   O/'^ivet.   /;/',   I'D  witli  sq 


Oli 


OP 


lect.  Al'.  PC=:ivvL  BP,  I'D.  c^  K.  I), 


Ex.  1.  A  and  B  are  fixed  poii.ts.  and  two  ciroh^s  are 
described  passing  throuirh  them;  I'CQ,  l'<\/  are  chords  of 
these  circles  intersecting  in  ('.  a  point  in  AH;  shew  that  the 
reet.an;:le  CP,  CQ  is  e.pi.d  to  the  rectangle  CI",  CQ'. 

Ex.  2.  If  through  any  point  iu  the  common  chord  of  two 
circles,  which  intersect  one  another,  there  be  drawn  any  two 
other  chords,  one  in  each  circle,  their  four  extremities  shall  all 
lie  in  the  circumference  of  a  circle, 
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//',  fiiilil  (iinj  imiiil  irillioiit  a,  cirih',  lira  stiiiKjld  l-ii,'. 
Ill'  ih(tii'l),  dill  III  irlnrli  ml-  tin'  nrrli,  ilml  lln  ullnr  t:iiic]ii  < 
it  ;  the,  rii'Uuiifli'  riiiiliiniul  hii  lln  n-lmli  linr  irlilrli  riitx  tin 
riirli,  mill,  lln-  jiiirt  of  il  iritlioiit  tin  n'rrif,  iinii,!  1 1:  t'ljiia'  In 
the  tiijuare  on  the  line  which  fuiichi:--'  it. 


Let  D  1)1"  liny  pf.  niilmut  flic  ^  AEC, 

iiid  let  tlic  s(.  lines  DHA,  l>i '  !»■  diann  to  cut  ;mfl  touch  the  (^. 

'rhiii   nnist  Int.   Al>.   hH-^sij.  nil  DC. 

Fiuni  (>,  the  cciitic,  (liMw  O.M  iiiscctiiijf  All  in  /i/, 

ami  join  ('/.',  '"',  ()!>. 
Then  ■.•  .1/)'  is  liisccted  in  M  imil  pUMlnccil  to  /', 
.-.  rc<t.  .1  />,  nil  with  s<|.  nil  Ml!-.^n.  on  .\ll>.     II.  (5. 
AiJdini,'  til  ciicli  the  si|.  (HI  M(>. 
reel.  Alt,  l>li  uith  s.|(|.  (.11  Ml!.  .U"  -M|,|.  nil  Ml),  Md 
Now  the  anules  at  M  ami  ''are  it.   ..  s  ;     1 1 1 .  :!  and  IS. 
.-.  roct.  .!/>,  />/;  with  sc].  nii  />/>'  =  s(|.  on  Oh; 
.:  reet.  AD,  Dli  with  si],  on  0/;.-=s(i(i.  '"*  '"''  '"'■      '   ■^~- 
And  >i\.  on  n/;=Tsc|.  on  'X'; 
•.  rcct.  Al>,  />/>'  =  s.j.  on  DC.  Q.  K.  D. 
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Pliol'oSITION  XXXVII.      TllEOUKM. 

If,  from  II  /id! lit  n-itliout  a  ciirlf,  there  be  droini  tiro  utraiijlit 
lines,  one  of  irhirh  enf.'^  the  circle,  and  the  other  vuets  it  ;  ij 
the  rirtanijle  coiitninnl  lnj  the  vhole  line  lehirh  etit.-i  the  circle, 
and  the  fiiirl  of  it  icithoiil  the  circle,  be  equal  to  the  square  on 
the  line  which  meets  it,  the  line  irhieh  in  eels  mud  touch  the  circUk 


Let  A  bo  a  pt.  without  the  '^)  BCD,  of  which  0  is  the  centre. 
From  A  let  two  st.  linos  .\('l>,  Ali  \w  drawn,  of  which 
ACL)  cuts  the  (?)  niid  AH  meets  it. 

Then  if  red.  DA,  AC=sq.  on  Ali,  A  U  mnst  touch  the  ®. 

Draw  .1  K  touching'  tho  -^  in  E,  ami  J<  .11  (Jli,  (K\,  OE. 

Then  ".•  ACl>  cuts  the  i-i,  and  AE  touches  it, 

.■.  rect.  />.!,  .ir=sq.  on  AE.  111.  36. 

But  root.  />.!,  AC^-f~i\.  011  AB\  Hyp. 

.".  sij.  (Ill    I  />  — s((.  (in  A  E  ; 
.■.AH=AK. 
Then  in  the  As  o.|/;.  (K\K, 
;•  Oh=Oi:,  and  '>  |  j^  common,  and  Ali^AE, 


I /.'*>=  ..  ,1/0. 
But.  A  Kit  IS  a  rt.  .ii  ; 
.•.  .-  AHO  is  a  rt,  i  . 
Now  HO.  if  produced,  is  a  diamolcr  of  ihe  (») ; 
,'.  Ah  touches  the  ®. 


I,t(. 

111.    IH. 


III.  HI. 

Q.  K.  U. 
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Misccllnnroux  EmriM  9  on  I'ool:  I  IT. 

1.  Thr'  so!;rj)|(.(itM,  into  wliicli  a  c  role  is  cut  Ly  any  stnn^ht 
line,  cfmlMJii  iuij^k's,  wliosc  (iifi'i-reDce  is  i'(ni!il  to  tiie  inclination 
to  oach  other  of  the  strai<rht  linos  touching  the  circle  at  the  ex- 
tiemities  of  the  straight  line  which  diviilcs  the  circle. 

2.  If  from  (he  point  in  which  a  nntiilicr  nf  circles  touch  each 
ether,  a  .straight  line  he  drawn  cutting  all  the  circhvs,  .shew 
tliat  the  lines  which  join  the  points  of  intersection  in  each  circle 
with  its  centre  will  he  all  parallel. 

;5.  From  a  puint  ()  in  a  circle,  (,^V  is  drawn  perpendi<'ul,ir  to 
a  chord  /'/",  and  (j^'.^/"  perpendicular  to  tlie  tangent  at  i' :  nhew 
that  the  triangles  XQl'',  QI'M mv  ecpiiangnlar. 

4.  AB,  AC  are  chords  of  a  circle,  and  7>,  E  are  tlie  middle 
points  of  their  arcs.  If  I 'I!  be  joined,  shew  tint  it  will  cut 
itti'  eipial  parts  from  .1  /,',  .1''. 

f).  One  an^ie  nf  a  i|n;idrilateral  figure  inscrilied  in  a  circle  is 
a  right  .ingh',  and  lidui  I  he  centre  of  the  circle  ]ier|ii  iidiculars 
are  drawn  to  the  sides,  shew  that  the  sum  of  their  xiuarcs  is 
ecpial  t(j  twice  the  square  oi  the  radius. 

(5.  A  is  the  e\tremity  of  tiie  diameter  of  a  circle,  O  ;iny 
point  in  tlie  di.mieler.  The  elmril  \\hi(  li  is  liisected  at  <>  s\di- 
teuds  a  greater  or  less  .tngle  at  .1  than  any  other  chord  through 
(>,  according  .is  (>  and  A  are  on  the  same  or  opposiie  sides  ot 
the  I'entie. 

7.  If  a  straight  line  in  a  circle  not  piussing  through  the  centre 
he  bisected  hy  ani>tlier  and  this  hy  a  third  and  so  on,  prove  that 
the  points  el  hi^ecliou  continually  ajtjiroach  the  centre  of  tho 
eirek 

H  If  tt  circle  he  descvilicd  passing  through  tlie  opposite 
i\neles  of  a  ]i;ir;dlelogram,  and  cutting  the  four  sides,  and  tho 
points  of  intersection  be  joined  so  lus  to  form  a  hexagon,  the 
•traight  lines  thus  drawn  shall  be  parallel  to  each  other. 

9.  If  two  circles  touch  each  other  externally  and  any  third 
ciri  Ib  toucli  both,  prove  that  the  difference  of  the  diatanoee  of 
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the  cciitro  of  the  third  circle  from  the  centres  of  the  otlxT  two 
is  invariable. 

10.  Draw  two  concentric  circles,  such  that  tliose  chords  of 
the  outer  circle,  which  tnuch  the  inner,  may  equal  its  diameter. 

11.  If  the  sides  of  a  qtiadriliitcral  inscribed  in  a  circle  lie 
bisected  and  the  middle  jxiints  of  adjacent  sides  joined,  the 
circles  described  about  the  triaiij^des  thus  formed  are  all  equal 
and  all  touch  the  ori^'inal  circle. 

12.  Draw  a  tanfrenl^  to  a  circle  which  shall  be  parallel  to  a 
piven  finite  straij^ht  line. 

13.  Describe  a  circle,  which  shall  have  a  given  radius,  and 
its  centre  in  a  f^iven  straij^ht  line,  and  shall  also  touch  another 
straif^ht  line,  inclined  at  a  given  angle  to  Ihe  fdrmer. 

14.  Find  a  point  in  the  diameter  produced  of  a  given  circle, 
from  which,  if  a  tangent  be  drawn  to  the  circle,  it  shall  l)e 
equal  to  a  given  straight  line. 

15.  Two  equal  circles  intersect  in  the  points  A,  B,  and 
through  B  a  straight  line  CBM  is  drawn  cutting  them  again  in 
(7,  M.  Shew  that  if  with  centre  C  and  radius  BM  a  circle  be 
described,  it  will  cut  the  circle  AB(J\n  a  point  L  such  that  arc 
^L— arc  AB. 

Shew  also  that  LB  is  the  tangent  at  B. 

16.  AB  \9,  any  chord  and  .IC.'a  tangent  to  a  circle  at  yl  ; 
CDK  a  line  cutting  the  circle  in  D  and  K  and  parallel  to  A  11. 
Shew  that  the  triangle  ACD  is  equiangular  to  the  triangle 
EAB. 

17.  Two  equal  circles  cut  one  another  in  the  points  .'1,  /.'  ; 
BC  is  a  ch(ird  equal  to  AB  ;  shew  that  A(^  is  a  tangent  tn  the 
other  circle. 

18.  A,  B  are  two  points  ;  with  centre  7?  describe  a  circle, 
Buch  that  its  tangent  from  A  shall  be  e(|nal  to  a  given  line. 

19.  The  perpendiculars  drawn  from  the  angular  i)oints  of  a 
tri&ngl*  to  th«  opposite  sides  pass  tltrouyh  the  same  point. 
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iJO.  Ff  |)('r|i('ii(liciil;ir.s  bo  (IiopikmI  from  tlio  an^'ulur  points  of 
u  tiiiiiii^'le  on  tlit;  o|)|)osito  sidis,  sliew  tliiit  tlit;  sum  of  the 
s(|ii;iri's  on  tlie  sides  of  tlie  triiinj;le  is  t'<|i)al  to  twice  the  sum  of 
till'  ructniii,'k'S,  I'ontiiiiied  bytiic  pcrpt  ndicuiiirs  and  that  jiait  of 
each  int'.Tci'|)lod  liclwei-n  ihi-  angles  of  the  tiian;;les  und  the 
jioint  of  interseetion  of  tlie  pfipeMiliiidais. 

21.  Whuii  two  circles  intersect,  their  common  clioid  Id.sects 
their  common  tan;,'ent. 

22.  Two  ciiclcs  intersect  in  A  and  /'.  Two  ]i.iiiii.>  r^n/d  l> 
are  taken  on  one  of  liie  circles  ;  <'A,  CIS  meet  the  olhei  cucle 
in  /v,  F,  and  J>A,  I'll  meet  it  in  (J,  11;  siicw  that  IG  is 
liarallel  to  ill  I. 

23.  A  and  B  are  fixed  iiuiiils,  and  two  circles  are  descrdjed 
piissini;  throni,h  them  ;  CI',  (V'arediawn  from  a  point  ''on 
All  produced,  lo  touch  the  circles  in  7',  1"  ;  .-ihew  that 
I'l'^Cl". 

21.  From  each  an;,'ular  jioint  of  a  tiiaii„de  a  jierpendiciilar  is 
let  fall  upon  the  op[)osite  side  ;  jirove  that  the  rerlanj^les  con- 
tained l>y  the  se;,'meiits,  into  which  each  ]>erpendiculai'  is  divided 
by  the  point  of  intersectifin  of  tlie  three,  aie  e([ual  to  each  other. 

25.  If  from  a  point  without  a  circle  two  equal  stiai;;lit  lines 
be  drawn  to  the  circumference  and  ])roduced,  shew  that  they 
w  ill  be  at  the  same  distance  from  the  centre. 

2(i.  Let  0,  0'  be  the  centres'of  two  circles  which  cut  each 
01  her  in  A,  A'.  Let  It,  Jl'  be  two  points,  taken  one  on  each 
circumference.  Let  C,  C"  be  the  centres  of  the  circles  HA  II', 
BA'Jl'.  Tlien  prove  that  the  anyle  CJJi."  is  the  supplement  of 
tlie  aui,'Ie  OA'O'. 

27.  The  common  chord  of  two  circles  Ls  produced  to  any 
point  P  ;  PA  touches  one  of  the  circles  in  A  ;  PBC  is  any 
chord  of  the  other  :  slicw  that  the  circle  which  {)asses  through 
A,  B,  C  touches  the  circle  to  which  I'A  is  a  tant,'ent. 

28.  Given  tiie  ba.se  of  a  trian^de,  the  '  ertica!  anj,de,  and  the 
length  of  the  line  drawn  from  the  vertex  to  the  uuddle  point  of 
the  bttse  :  construct  the  tnanele. 
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20.  II  a  ciirlc  ho  (loscribed  itlmui  the  trluiii,'!!'  .I/Jr,  .ind  a 
Ktiaii,'lit  liiii-  111' 1 1  lawn  WistcUii;,'  llic  iinijlc  /.'.  I  ( '  and  ciilliiii,' 
tlif  circle  ill  />,  shew  that  tlie  aiij,df  lu'll  will  1m'  ci[Uiil  to  liiiU' 
tlu!  aiiijle  y.M''. 

30.  If  tlic  lino  Al)  hist'cl  tlie  an;,'Ii'  .1  in  the  tnMii;,dt'  AU(\ 
iind  hU  1)1'  diMwn  witlioiit  tlie  triaiiL;lt'  makiiii:  ,iii  aiiilf  with 
ii('c(iiial  tu  lialf  tlic  an^^le  7<J(',  blicw  that  a  ciicle  in.iy  bo 
di'tscrihrd  .iliout  A11CI>. 

;jl.  Two  ciiiial  circles  intersect  in  J,  /; :  /'(,>'/'  pci  pi  mlicul.ir 
t(i  AH  inci'ts  it  in  7'aiid  llic  circles  in  /',(,>.  Al\  l:<,i  nieei  in 
Ji  ;  Al,>,  HI'  in  S  ;  pnive  that  the  aii^ie  /."/W  is  hi-ectnl  by 
TF. 

32.  If  the  aiii^le,  ciintained  by  any  side  of  a  unadriiiteiMl  and 
the  adjacent  side  produced,  be  equal  to  the  opposite  aii;,de  of 
the  (iiiadrilateral,  prove  tliat  any  .side  of  the  (|uadrilatend  will 
subtJiid  e<pial  an^ii's  at  the  opposite  ani,des  of  the  (piadiilaleral. 

33.  If  J)l^  be  drawn  parallel  to  the  base  BO  of  a  triangle 
AJiC,  pii'Ve  that  the  circles  desciibed  about  the  triaiij;les  A  HO 
and  Ai>E  have  a  coiiiinon  tanj,'ent  at  ^1. 

34.  Describe  a  square  equal  to  the  iliUcrence  of  two  j^iven 
squares. 

35.  If  tanj^ents  be  drawn  to  a  circle  from  any  point  without 
it,  and  a  third  line  be  drawn  between  tlie  point  and  the  cent'e 
of  the  circle,  tonchiiii^  the  circle,  the  peiiineter  of  the  triangle 
formed  by  the  three  tanj^ents  will  be  the  same  for  all  positions 
of  the  third  point  of  contact. 

3n.  If  on  the  sides  of  any  trian^de  ;is  chords,  circles  be  de- 
scribed, of  which  llie  se;.;ments  external  to  the  trian|t;le  contain 
angles  respectively  equal  to  the  angles  of  a  given  triangle,  those 
circles  will  intersect  in  a  point. 

37.  Prove  that  if  AHO  be  a  triangle  inscribed  in  a  circle, 
such  that  BA—BC,  and  A  A'  be  drawn  parallel  to  BO,  meeting 
the  circle  again  in  A\  and  A'B  be  joined  cutting  ^10  in  E,  BA 
touches  the  circle  described  about  the  triangle  AEA'. 

38.  Describe  a  circle,  cutting  the  sides  of  a  given  square,  so 
that  its  circumference  may  be  divided  at  the  points  of  inter- 
section into  eight  equal  arcs. 
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39.  All  is  tli('  (liaiiiftiT  <if  11  .scriiirinlc,  />  and  E  any  two 
jitiiiits  on  its  circuiiifiiciiM'.  .Slu'w  that  if  tlit;  clioicls  j<iiniii;; 
A  ami  /.'  uitli  /'  ami  /v,  ciilicr  way,  intersect  in  F  and  ^',  ilie 
lan;;ent.s  at  I)  ami  /v  meet  in  llie  niiilille  puint  nf  the  line  /'(/, 
ami  that  /*'(/  iiitiilneed  is  at  ri^iit  aie^les  to  A  !>. 

40.  Shew  that  tiie  sriuare  on  the  tant,'eiit  rliiiwn  from  any 
j)oint  in  the  outer  of  two  concentric  circles  to  the  inner  equals 
the  fliH'ereiice  of  the  squares  on  the  tan),'ents,  drawn  fruni  any 
point,  without  both  circles,  to  the  circles. 

41.  If  from  ii  point  without  a  circle,  two  tanfjents  PT,  I'T, 
at  rii^'ht  iiu;,'les  to  one  another,  be  drawn  to  touch  the  circle, 
and  if  from  7' any  chord  TQ  be  drawn,  and  from  2"  a  perpen- 
dicular T'Mhv  dr(.ppe<l  on  TQ,  then  'rM=QM. 

42.  Find  the  loci  : 

(1.)  Of  the  centres  of  circles  passinj;  throui,'h  two  given  points. 

(2.)  Of  the  middle  points  of  a  system  of  parallel  ciionls  in  a 
circle. 

(H.)  Of  points  such  that  the  difference  of  the  distances  of  each 
from  two  given  straight  lines  i.s  eijual  to  a  given  straight  line. 

(4.)  Of  the  centres  of  circles  touching  a  given  line  in  a  given 
point. 

(5.)  Of  the  middle  points  of  chords  in  a  circle  that  pass 
through  a  given  point. 

(G.)  Of  the  centres  of  circles  of  given  radius  which  touch  a 
given  circle. 

(7.)  ( 'i  the  middle  points  of  chords  of  equal  length  in  a  circle. 

(8.)  ('1'  the  11  (Idle  points  of  the  straight  lines  drawn  from  "a 
given  pol   ;  to   iieet  the  cireuml'erenco  of  a  given  circle. 

43.  If  the  base  and  vertical  angle  of  a  triangle  be  given,  tiud 
the  locus  of  the  vertex. 


44.  A  straight  line  remains  parallel  to  itself  while  one  of  its 
extremities  describes  a  circle.  What  is  the  locus  of  the  other 
extremity  ? 
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45.  A  ladder  slips   down    lictwi-cii  ;t  vpiticiil    \v;iil   aiul  <i 
horizontal  plane  :  what  is  tin-  Incus  ut  its  middle  ]K)iiit ? 

46.  J /.V  is  a  liiif  drawn  from  a  point  .1,   without  a  eircle. 


tf 


/>•  and  V 


T; 


\\> 


dt 


I  meet  tlie  ciieumli'renee  in    />' 
to  the  eiitle  at  />'  and  C  whioli  meet  in  D.     What  is  the  locu.i 
of  I)  ? 

47.  The  anyular  points  ,•(,('  of  a  i)aralleloi,r|;ini  Ali('I) 
move  on  two  fixed  .strai^^lit  lines  <)A,  (J<\  wlm.se  inelinaiion  is 
equal  to  the  an^de  liC]);  shew  that  one  of  the  points  li,  J), 
which  is  the  more  remote  from  0,  will  move  ju  a  lixcd  straight 
line  passing  through  O. 

48.  On  the  line  AH  is  described  the  segment  of  a  circle  in 
the  circumference  of  which  any  point  ('  is  taken.  If  A(\  BG 
be  joined,  and  a  point  I'  taken  in  JC'so  that  t'P  is  ecpial  to 
CB,  find  the  locus  of  P. 

49.  The  centre  of  the  circle  CBE1>  is  on  the  circumference 
of  A  HI).  If  from  any  point  A  the  lines  .-I />'(' and  A  I:D  he 
drawn  to  cut  the  cin  Ics,  the  chord  HE  is  |iurallei  to  CU. 

50.  If  a  parallelogram  be  described  having  the  diameter  of 
a  given  circle  for  one  of  its  sides,  and  the  intersection  of  it? 
diagonals  on  the  circumference,  shew  that  the  extremity  of 
eacli  of  the  diagonals  moves  on  the  circumference  of  auothei 
circle  of  double  the  diameter  of  the  first. 

51.  One  diagonal  of  a  quadrdateral  inscribed  in  a  circle  is 
fixed,  and  the  other  of  constant  length,  ^hew  that  the  sides 
will  meet,  if  produced,  on  the  circumferences  of  two  fixed 
circles. 


We  here  insort  Eiiclid's  proofs  of  Props.  23,  24  of  Bof.k  Til. 
first  observiiii?  that  he  gives  the  following,'  definition  of  similar 
sejfinents  : — 

Dkf.  Similar  gv(^inenls  of  circk.i  are  those  in  whidi  the  angle* 
are  equal,  or  which  contaiu  e<nial  anglet. 


PRorosiTioN  XXIII.    TnKonRM. 

Upon  the  mme  utraiijht  line,  and  upon  the  same  side  of  it, 
there  cannot  he  two  similar  segmenU  of  circles,  not  coinciding 
with  each  ytlur. 


If  it  be  possible,  on  the  same  base  All  and  on  the  same  side 
of  it,  let  there  be  two  similar  segments  of(?s,  AB(\  ABD, 
which  do  not  coincide. 

Because  ^  Al>Ii  cuts  (^  ACB  \n  pta.  A  and  /?,  tlu-y  cannot 
cut  one  anotlu'r  in  any  other  pt.,  and  .-.  one  uf  the  segineuta 
must  fall  within  the  other. 

La  ADBfM  within  ACB. 

Draw  the  at.  line  BJ>C  and  join  CA,  DA. 

Then  '.•  segment  ADB  is  similar  to  segment  ACB, 

.:lAUU=  lACB. 

Or  the  extr.  zof  aA=the  intr,   and  opposite /C ,  which  ia 

impossible ; 


/.  the  segmentfl  cannot  but  coincide. 


q.  B.  D. 
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Proposition  XXIV,    Tiieorrm. 

Similar  sigim  ntn  of  cirdts,  upon  equal  straiyht  linen,  are 
iqual  to  one  anolhtr. 


Let  ABC,  DEF  he  similar  segments  of '5s  on  equal  st.  lines 
AB,  DE. 

Then  iinist  ncijimnt  A  BC—hiijiiii  nl  DEE. 

For  if  sef,miont  ABf^^ic  ;ij)|)licfl  to  sf^rment  1>EE,  so  thiit 
■  1  may  be  on  D.iml  AB  on  DE,  then  B  will  coincide  with  E, 
luul  AB  with  DE  ; 

.".  segment  ABC  nnist  also  coincide  with  segnu  \t  DEF ; 

III.  23. 

,".  segment  ^£C'=seguient  DEF.  A\.  8. 

g.  E.  D. 


We  gave  one  Proposition,  C,  page  ir)0,  as  an  pyam])le  of  the 
way  in  which  the  conceptions  of  Flat  and  Jletlex  Angles  may 
lie  employed  to  extend  and  .simplify  Euclid's  proofs.  We  here 
give  the  proofs,  based  on  tlie  same  conceptions,  of  the  iuipoi- 
tant  propositiuus  xxn.  and  xxxi. 
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Proposition  XXII.     Thkouf.m. 

The  np,>oslk  anghi  of  any  qiiaiimaUral  figun,  inscribed  in 
a  circle,  are  together  equal  to  two  right  angles. 


Let  A  BCD  he  a  quadrilateral  il?:?.  inscribed  in  a  ®. 
Then  must  each  pair  of  its  ojqmite  L  s  he  together  equal  to 
hvo  rt.  L  s. 

From  0,  the  centre,  dniw  OB,  OD. 

Then  •.'  I  7i(>/>  =  tNvice  i  BAD,  HI-  20. 

and  the  reflex  i  7>0/J  =  twice  i  BCD,  III.  C.  p.  150. 

.-.  8u»i  of  ii  s  at  0= twice  sum  of  ^  s  BAD,  BCD. 
But  sum  of  I  s  at  0=4  right  ^  s  ;  I.  15,  Cor.  2. 

.-.  twice  sum  of  /  s  BAD,  BCD==^  ritrht  z  a  ; 
.-.  sum  of  /  s  BAD,  BCD  ==i\\o  ngU  i ». 
Similarly,  it  may  be  shewn  that 

Bum  of  L  3  ABC,  ADC^tvfo  right  i  s. 


U 
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Proposition  XXXI.     TiiK(tUEM. 

T/i  o  circlt,  the  auglv  in  a  snnicircle  is  a  rlijht  mhjli' ;  and  the, 

angle  in  a  i^eginvnt  ijrcnicr  thnn  n  si'iaicirrli'  /.s  /ess  thtin  <i  right 

(ingle, ;  anil   thf,  (ingle  in.  a  i^egmeiU   less  thiin  a  semicircle  is 
greakr  tluin  a  ri(jht  (ingle. 


Let  ABC  be  a  ©,  of  whii:li   0  is  lie  centre  and  BO  a 
(liainctcr. 
l»i:i\v  AC,  (livid  iiii;  tho  0  into  tlic  st'tjiiu'iits  AliC,  A  DC 
Join  HA,  AD,  DC. 

27i«n  must  the  L  in  (he  srniicircle  BAl'  he  a  r(.  l  ,  aiul  /  in 
segnimt  AliC,  (jrealer  fhan  a  semicircle,  leys  Ifnui  a  rt.  l  ,  ami  i 
in  geginent  ADC,  less  than  a  seniicircle,  gmiter  than  a  rt.  :  . 

First,  '.•  the  flat  anfrle  liO('=t\\'\v('  l  IIAC,      111.  C  p.  ir.<). 

.".  /.  B AC  is  a  rt.  z  . 
Next,  '.•  /.  BA  C  is  a  rt.  i  , 

.-.  L  AliC  is  less  thjin  a  rt.  ^  .  ^  17 

Lastly.  •.•  sum  of  i  a  ABC,  A  D^-two  rt.  /.  s.  111.  2-2. 

and  /L  A  BC  is  less  than  a  rt.  i , 
.'.  L  ADC  is  greater  than  a  rt.  /  . 

Q.  E.  n. 


BOOK    IV. 


INTRODUCTORY    REMARKS. 

Edclid   gives  hi   'r.bia   Book    of  the  Elements  a  series  of 
Problenm  relatiiif^  to  cases  in  wliich  circles  may  be  dcscrilu'd 
ill  or  about  triiuij^'les,  squares,  and  regular  polyyous,  aud  of  the 
last-iiieiitiimud  he  treats  of  three  only  : 
the  Pentagon,  or  li;,'ure  of  5  sides, 
„    Hexagon,  „  6    „ 

„    Quindeciigon,  „         15     „  . 

The  Student  will  find  it  useful  to  rcinenibpr  the  following 
Tlieoreius,  which  are  establisiied  and  applied  in  tin  proofs  of 
the  Propositions  in  this  Book. 

I.  The  bisectors  of  the  angles  of  a  trinngl",  sipiare,  or 
regular  polygon  meet  in  u  point,  which  is  the  centre  of  the 
inscribed  circle. 

II.  The  perpendiculars  drawn  from  the  middle  points  of  the 
sides  of  a  triangle,  s()uare,  or  regular  polygon  meet  in  a  point, 
which  is  the  centre  of  the  circumscribed  circle. 

III.  In  the  ciise  of  a  stpiare,  or  regul.ir  polygon  the  inscribed 
and  circumscribed  circles  have  a  common  centre. 

IV.  If  the  circumference  of  a  circle  be  divided  into  any 
number  of  equal  parts,  the  chords  joining  each  pair  of  consecu- 
tive points  form  a  regular  figure  inscribed  in  the  circle,  and  the 
tangents  drawn  through  the  points  form  a  regular  figure  de- 
9«hbed  About  the  circle. 
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rUuI'DSlTION   I.       PlilinLKM, 

In  n  qiven  rirrli-  ti>  ilimr  d  itninl  iijuai  to  a  ffivcn  stravjhi 
line,  which  is  not  ijriatcr  than  the  diaindtr  nf  the  circle. 


Let  A  BCho  the  {fiven  ^,  and  D  the  pven  line,  not  greate*' 
than  the  dianiftcr  of  the   •^. 

It  is  requiml  to  ilniw  in  (he  i-  AUC  a  chord  — D. 

Draw  EC,  a  diameter  of  ?  ABC. 

Then  '\l  EC=D,  what  was  required  is  done. 

But  if  not,  EC  is  greater  than  I).  From  EC  cut  off  EF=D. 
and  with  centre  E  and  radius  EF  describe  a  0  AFB,  cuttinjf 
the  ©  ABC  in  A  and  B  ;  and  join  AE. 

Then,  •.•  E  is  the  centre  of  0  AFB. 

.-.  EA  =  EF, 

and  .-.  £vl=I>. 

Thus  a  chord  EA  equal  to  D  has  been  drawn  in  (=>  ABC. 

Q.  E.  F. 

Ex.  Draw  the  diameter  of  a  circle,  which  shall  pass  at  » 
given  distance  froa^  a  given  point. 
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Pkoposition  II,    Problem. 

In  a  given  circle  to  inscribe  a  iriai)gle,  equiangular  to  a  given 
triangle. 


Let  A  BC  be  the  given  © ,  and  DEF  the  given  A . 

ft  i.<  nijiiired  to  inscribe  in  0  ABC  a  A,  equiangular 
(0  A  DI'JF. 

Draw  GAII  touching  the  ?  ABC  at  the  pt.  .1.  III.  17. 

Make  z  GAB=  l  UFF,  and  z  IIAC=  l  DKF.  1.  -n. 

Join  BC.     Tlien  will  A  ABC\w  tlu'  required  A. 

For  •.•  a  AH  is  a  tangent,  and  AB  a  chord  of  the  ®, 

.-.   lACB=  l  gab,  III.  32. 

that  is,  lACB=  l  DFE. 

So  also,  c  ABC=  i  11  AC,  III.  32. 

that  is,  i  ABC=:  L  UFF; 

.•.  remaining  i  j'i.ir=  remaining  z  EDF; 

.:  A  ABC  la  equiangular  to  A  DEF,  and  it  is  inscribed  in 
the  ©  ABC. 

Q.  E.  F. 

Ex.  If  an  equilateral  triangle  be  inscribed  in  a  circle,  prove 
that  the  radii,  drawn  to  the  angular  points,  liisict  the  angles  of 
the  Lriangle. 
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PRorosiTinv  III.     T'roiii.f.m. 

Ahoni  a  givfu  ciirh'  to  lUscribe  a  (riaiKjIc,  t<inia>iguhir  ton 
given  triaiKjk, 


Let  ABVhp  the  given  ©,  iind  VEF  the  given  A. 

It   Vx  riiiniral   to   ihscriU   nhont    the   f^   a   A    tiiuiivujxi'lar 
to  A  KUF. 


From  0,  the  centre  of  tlie  ^,  draw  iiny  nnliiis  OC 

I'roihice  /<;/'' to  the  pts.  (1,  11. 
Make  L  V(K\^  -  l>E(K  itti'l  i-  *'<>!'>--  •   /'/'//. 


Through  A,  li,  <'  diaw  tangents  to  the   •  ,  nu'eling  in 


Tl 

For 


UMI    Wll 


LM.\  l.f  111 


tM|niH'( 


MIj,  /..V,  \M  are  tangents  to  the   -D, 


tl 


le  z  s  a 


t  .1,  />',  Tare  it.  z 


I.  -r-v 

L,  M,  A'. 


ITI.  18. 


Now  /  s  of  quadrilati'pal  AOCM  toget her  =  four  rt.    i  s. 


and  of  these  ..  O.I. \/ and  z  (K'.M  htc  rt.  z  s 

.-.  sum  of  .  s  (V),l,  .LUr=two  rt.  z  a. 
But  sum  of  .  s  /WvV,',  lth:F=\\vn  rt.   z  s  ; 


I.  'A-2. 


sum  ( 


an 


)f  /  s  ('(>.\.  .l,\/r  =  sum  of  z  s  DKd,  DBF. 
d  L  rf>.l=  z  />/>Vr,  by  C(mstrnction  ; 


lAMV 


t)KF 


that  is  z  />.WA'=  z  />/•;/'. 

Similarlv,  it  may  lie  shewn  that  z  LXM=  l  DFE 


also  z  3//>A' 


/■;/>/•'. 


Thus  a  A  ,  equian 


ntiular  to  A  DEF,  is  described  about  the  (L, 


Q.  E.  F. 


B'.jk  IV.] 
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TroiMsiTioN  IV,    Pnom.EM. 
'lo  imcrili  a  circle  in  a  (jiccn  (riainjlc. 


I.  :u\ 


TiOt  Ah('\to  the  Kivpti  A. 

.^t  I'.f  miiliinl  ill  ili.frillif  (I    ■)  in  Uu    .' ■    M''  ■ 

J'.isect  ..s   AliC,   .;<  II  hv  the  »t.    liiu'S    /.'",    ' '",   nict'tinR 

in  a  '  '■  '••• 

Kroin  O.liaw  O/*,  .')/;,  Of,  i  s  t..  .l/>',  /."'',  <'A.        !•  1-- 
Tli.n,  in  AH  1:110,  I  mo, 
:•  :  1:1:0      .   />/;o,  an.lz  liKO^  ^  llDO,M\^\  oil  is  o-nminn, 

.-.  01:=^=  on.  I-  -''• 

Siniiliiily  it  may  lie  slu-wn  tliat  i)K^OF. 
If  llien  a    •    be  licscrilifil,  with  centre   O,  an<l  railiiis   UA 
this  W  will  jiiiss  tlnoii^li  the  pts.  />,  /*>,  /'' ; 

and  •.•  the  l  s  at  />,  /•;  ami  A'  are  rt.  i  s, 
.-.  Ail  liC,  f'A  are  tan;.'ents  to  the   •  ;  HI-  16. 

ami  thus  a  •    1  »/•,'/•'  may  he  insciihed  in  the  A  ABC 

Q.   K.   F. 

Ex.  1.  Shevv  i'liii,  if  ".I  he  drawn,  it  will  liisect  the  an^de 
liAC. 

Ex.  2.  If  a  circle  he  iiiscrdii'<l  in  a  ri;iht-an},ded  trian<,de,  the 
diH'erence  between  the  hypotenn.se  and  the  snni  of  the  other 
hides  is  equal  to  the  diameter  or  the  circle. 

Ex.  3.  Whew  that,  in  an  cqnd.itcral  triangle,  the  centre  of 
theinscribeil  circle  is  eciuidistant  IVom  tl-.e  tricee  an;,'nlar  point.s. 

Ex.  4.  iH'scrii)o  a  circle,  touchinj,'  one  .^ide  of  a  trianirle  and 
the  other  two  iirodiiced.  (NoTK.  'lliis  u  LMi'e.i  an  escribed 
circle.) 
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Note.     EiuIkI's  fiftli    Proposition  ot  thiti   Book  hua  been 
already  given  on  puge  135. 


Proposition  VI.     pRonLRM. 
To  imcribe  <i  square  in  a  given  circle. 


Tlir 
toiiuhi 


Let  ABCD  be  the  given  ®. 

It  is  required  to  insrrihe  a  square  in  the  ®. 

Through  O,  the  centre,  draw  the  diameters  AC,  BO,  i.  to 
each  other. 

Join  AB,  BC,  CD,  DA. 

Then  •.*  the  z  s  at  0  are  all  eiiiial,  being  rt.  z  s,         I.  Post.  4. 

.•.  the  arcs  AB,  BC,  CD,  DA  are  all  equal,  III.  id 

and  .-.  the  chords  AB,  BC,  CD,  DA  arc  all  ciiual  ;      III.  2!). 

and  I  ABC,  being  the  z  in  a  semicircle,  i.s  a  rt.  z  .     III.  31. 

So  also  the  z  s  BCD,  CD  A,  DAB  are  rt.  z  s  ; 

.".  ABCD  is  a  square, 
and  it  ia  inijcribed  in  the  ®  as  was  required. 

Q.  K,  r. 


11 


ei 


1-: 

*ithei 
givci 


Bnok  ^V.i 


FROPosiTroN  vri. 
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Pufd'osiTiDN  VII.     Prioiir.KM. 
To  ilaicribe  a  sfjuarc  about  a  nirrn  circU, 

^2 ^JIL^^ ^ 


let  A  BCD  be  the  siven  '?) ,  ot'  which  0  is  the  centre 
It  is  requind  to  ikscnbe,  a  square  about  the  ®. 

Draw  the  (liiunotcrs  AC,  Hl>,  J    to  »iich  other. 
Through  .1,  /.',  (\  />dniw  EF,  FG,  (HI,  UK 


III.  17. 
III.  U>. 


touchiiiji  the  c 

Tlu'ii  the  .sat  A,  H,  C,  />  aro  it.  .  s. 
Now  •.•  the  ^  s  ut  A,  O,  Tare  all  it.  l  », 

.-.  FE,  JW,  ami  (///  are  all  II ;  I.  ^7. 

and  •.•  the  i  s  at  />',  O,  I>  are  all  rt.  l  s, 
.-.  EC,  A<',  and  /;;7/ are  all  11 ; 
.-.FE  And  a II  eaeli  =/>'/>,  1.34. 

andi't;  and  Ell  eaeh  =  .ir.  1.34. 

And  ■.•  r.l>=  AC, 

.'.  FE,  an,  FCr,  Ell,  are  all  cqiuiL 

Aj;ain,  ".•  FO  is  a  O, 

.:  I  AFB  =  L  AOB,  I.  34. 

and  .-.  -  AFB  is  a  rt.  l  . 

So  also  the  -  s  at  (7,  H,  anil  E  are  rt.  i  s. 

Hence  EFGH  is  a  square,  and  ii  is  described  about  the  0. 

Q.  K.  F. 

Ex.  In  a  piven  circle  inscribe  four  circles,  equal  to  each 
<ithcr,  and  in  mutual  contact  with  each  other  aiul  with  the 
yivcu  circle. 
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Proposition  VIU.     Puoblem, 
To  inscribe  a  circle  in  a  given  square. 

j:  n 


Let  A  BCD  be  the  pfiven  square. 

It  is  rctjiiircd  to  inscribe  a  ©  i)i  the  square. 

Lisect  AB,AI>m  E,  1\  I.  10. 

and  draw  EG  \\  to  AD  or  IU\  and  FH  II  to  AB  or  i^C. 
Let  iiTr  and  FII  intersect  in  O. 
Then  •.•  JOisaO, 
.-.  Ofe'^i-^l  and  OF=KA.  T.  34. 

But  •.•  AB=A]),imd  E,  F  iirv  the  niiddh-  pts.  of  .4/>',  .1 /^ 
.-.  FA^FA, 
and.:  OF ^ OF. 
Simihirly,  it  may  be  shewn  that  00  =  OF,  and  On=OE, 
and  .-.  OF,  OF,  0(t,  OIF  are  all  etpial ; 
and  a  &,  described  with  centre  O  and  radius  OF, 
will  pass  tlirouf^h  F,  F,  0,  Jl, 
and  it  will  be  touched  by  each  of  the  sides  of  the  square, 

•.•  the  .  s  at  E,  F,  a,  H  are  rt.  z  s.  M  I.  If!. 

Thus  a  w  EFGll  may  be  inscribed  in  the  sq.  ABCJK 

Q.   K.  F. 

Ex.  I.  In  what  parallelo<;rauis  can  circles  be  inscribed  / 
Ex.  2.  If,  fnun  any  point  in  the  circumference  of  a  circle, 
straight  lines  be  drawn  to  the  aufjular  points  of  the  inscril)cd 
square,  the  sum  of  the  siiiiares  on  these  four  lines  will  'm 
double  of  the  scjuare  un  thf  diameter. 


♦ooE  IV.; 


J'\\>/i>:u-:.'(K\  /x. 
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PnorosiTioN  IX.    Puoblem. 
To  describe  a  circle  about  a  given  square. 


Let  A  BCD  bo  tho  friven  square. 

It  is  riiiiilnd  in  di.^rrilir  <i   •■  (dxiiit  'he  nquare. 

Diaw  the  diagoiuils  AC,  HI),  iiittrsottiiif,'  each  other  in  O. 

Then  :•  I  DAC  =  ^  ACn,  La. 

and  ^  J'. A  ( '  =  alterinte  z  .1  CD,  I.  i^9. 

.-.  /  7>.ir==  /  HAC 

Thus  tlie  .li:ij,r,,n;il  .  I  < '      fcts  z  /M  />, 

and  .•. -.  O.I/>'  =  lialta  rt.  /  . 

Similarly  it  may  l.c  shewn  that  :  0/;.'l  =  half  a  rt.  /.  ; 

:.L  QUA  =  .  O.t;.'; 

.-.  OA^OB.  i-  n-  'Vr. 

y;  nilarly  it  may  he  slicwn  that  OC=OB,  an<l  0J>  =  (\1  ; 

.-.  OA,  OB,  (><\  0/>aivMll  (M|iiid; 

»nd  .'.  a  C^,  described  with  centre  (>  and  radius  OA,  will 
piuss  thron<;h  A,  B,  C,  J>,  and  will  be  dfserdjcd  idu'iit  the 
Btiiiiire  !i,s  was  retjuired. 

<4.  >u  Ji. 
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PiiorosiTioN  X.     Proulkm. 
To  describe  an  ii<nsceh:s  triangle,  having  each  of  the  angles  at 
the  base  double  of  the  third  angle. 


B /> 

Take  any  st.  line  AB  and  divide  it  in  C, 

so  that  rect.  A  B,  IH '  =  sq.  on  A  C. 
With  centre  A  and  radius  AB  describe  tlie    ^  Bl>K, 
and  in  it  draw  the  chord  BD  —  AC;  and  join  AD. 

Then   will  A  ABD  have  each  of  the  i  s  at  On-  bane  donhlc 
of  L   BAD. 

Join  CD,  and  about  tlie  A  ACD  describe  theC-  A('D. 
Tlien  •.•  rect.  A  B,  BC  =  .sq.  on  AC,  and  BD^AC, 
.:  rect.  Mi,  /i^  =  sq.  on  /?/>, 
and  .-.  BD  touches  the  •)  ACD.  III.  HT. 

BD  touches  '•   ACD,  and  DC  is  a  chord  of  the  •) 

III.  32. 


IT.  11. 

IV.  I. 

doii.l 

TV. 


Then 


.•.iBl)C==  I  CAD. 

A(hl  toeachz  (7>».l. 

Then  /.  BDA  =suiu  of  i  s  CA  D,  CD  A, 

.:  L  BDA  =  I  BCD.  I.  32. 

But  z  /IDA  -  /  CBD  ;  I.  a. 

.-.  /  B(  'D  =  I  CBD, 

and  .•.  Bl>  =  CD.  I.  a  Cor. 

But  B.D  =  CA  ; 
.:  CA  =  CD, 
and  .-.  ,i  Chi  =  I  CAD.  ...  X. 

Hence  sum  of  i  s  CD  A,  CAD  =  twice  i  CAD, 

.:  I  BCD  =  twice  i  BAD.  I.  32- 

But  i.  A  BD  and  i  ADB  are  each  ==  i  B(  7/, 
.*.  L  ABD  and  l  ADB  are  each  =  twice  z  /?.•!  i> ; 
and  thus  an  isosceles  A  ABD  has  been  described  us  rite 
required.  q.  e.  r. 


It 

Ml 
doub 
Inc^ 

ha' 
Til 


a 
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Si 
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PROrOSITION  XI.     PiionLEM. 
To  inscribe  a  regular  pentagon  i)i  a  given  circle. 


Let  ABf'DE  he  the  given  ®. 
It  in  rcqinred  to  inscrihi-  a  rnjular  prntagon  in  the  ©. 
Miiko  an  isose«>IcH  A  F(UI,  liavinj,'  o:\v.\\  (if  the  z  s  at  G,  Ji 
dduhle  (if  z  at  ./''. 

In  .^  A  I{(  'l)H  iiiHfrihe  a  /.  .1  CD  e<iuia!i(;ular  to  a  F(1  IT,     iv.  2. 
having  ZH  at   A,  (',   />  =  thez9  at  F,  G,   II,  respectively. 
Tium  z  .4/>r=t\vice  ^  lK\(\  and  i  jr/>  =  t\vicc  i  1>AG. 
Bisect  the  /  s  Al)(\  A('l>  hy  the  chords  DB,  CE. 
Join  AB,  BC,  J)E,  EA. 
Then  will  .1  J>Cf>E  ho  a  i('(;iilar  pentafrnri. 
For  •.•  z  s  .1 IX \  A  ( 7>  are  cacli  =  t\\ice  .  I>AG, 
and  z  s  A  IX  \  A  ( 'l>  arc  bisected  by  DB,  CE, 
.:  z  s  .1  />/;,  inn',  l>A(\  ECl),  ACE,  are  all  (><iiial  ; 
and  .-.  ares  .1/;,  ItC,  CD,  DE,  EA  are  ail  e(inal  ;      111.  2(1. 
and  .-.  chords  .1  /,',  IW,  CD,  DE,  KA  are  all  eciual.     111.  2i). 
Hence,  the  pentatjon  .1  liCDE  is  ei|uilateral. 
AuM.in,  '.•  arc  <7'  =  arc  AH, 
addinu  to  eiich  arc  A  ED,  we  hiive 
arc  AEDC^.uv  HA  ED, 
and  .-.  .    A  lie-  L  lU'D.  III.  27. 

Similarly,  z  s  CDE,  DEA,  EAU  .«ach=  z  ABC 

Hence,  the  penta;jon  AliCDK  is  eiininnjinlar. 
Thus  a  regular  pentagon  has  been  inscribed  in  the  0. 

Q.  K.  F. 
Ex.  Shew  that  CE  is  jiarallel  to  BA. 
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Proposition  XII.    Problkm. 


To  describe  a  rajuhir  pcnta/jon  about  a  given  circle. 


K        C        ^ 


Lot  A  BCD  E  be  the  given  © . 

It  is  acquired  to  dr^rrihi'  a  ri'jitliir  jictittnion  nhont  Om  ^. 

Let  tlic  aiit;iil;ir  pts.  of  a  lo^'iiliir  pentagon  inscriltud  in  tlie  S 
beat  A,  B,  (',  I),  K, 

so  tliat  lh<>  arcs  AU,  ISC,  CD,  DK,  AM  an>  all  o(|iiii:. 

Tlironjrh   A,   I!,  C,   />,  K  draw   (ill,   UK,   K L,    L.\.,   .,!(! 
taiiwiits  to  tlie  0  ; 


take  the  crntro  O,  and  join  Olt,  OK,  OC,  <)L,  OP. 


Tlicn 

ill  A  s  or.h 

,(>CK, 

.■  OB  =(>(', 

and  O/v  is 

coninion,  aiK 

1  KB^ 

-KC, 
1.  K.  ( 

or. 

\   L    IiK(}=r 

z  CK(),siUi 

1  /  BOK=-  / 

COK, 

that  ia, 

L  BKC^ tw'icci  CKO, 

and  /  /.'Or^ 

twico  / 

COK. 

Seal 

30,  z  DLC^ 

■twice/  CLO,  and/  1>0( 

;=  twice/  COL. 

^ 
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Now  •.•  arc  ZJC'^arc  Ci>, 

.-.  t  BOC=  L  l)Oi\ 

and  .-.  L  COK=  l  COL. 

Hence  in  A  s  OCK,  (JCL, 

. .  ^  ^0^'=  z  rO/y,  and    it.  ^  OCK  =  it.  L  OCL,  and   OC  is 

;ouinion, 

.-.  z  r/vV>=  I  CLO,  and  CK  =  CL,  I.  b. 

and  .-.  i  //A'L=  i  MLK,  and  A'L=t\vice  KO. 
Similarly  it  nuiy  be  shewn  that  i  s  /viiG',  /i(/M,  (JML  each 
=  ^  iiA'A 

.-.  the  pentiijjon  GUKLM  Is  equian<,mlar. 
And  since  it  hits  been  shewn  that  A'L  =  twice  KC, 
luid  it  can  be  shewn  that  i/iir= twice  i^ii, 

andvA'L'=AC,  I.  E.  Cor. 

.-.  UK=^KL. 
Tn  like  manner  it  may  be  shewn  that  IIG,  QM,  ML,  each 
^KL, 

.:  the  pentagon  GUKLM  is  equilateral. 
Thus  a  reguiar  pentag'ju  has  been  .ieaoribed  about  the  ®. 


Q.  K.  F. 
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Proposition  XI II.     I'i;i>iilkm. 
To  iiiscnhe  a  circle  in  a  (jicoi  rcyular  jnnkvjon. 

A 


Let  ABCDE  be  the  [,nvon  ri'i,niliir  ])oiitafron. 

If  (,■>■  rcifiircd  (o  itiscrihc  a   •)  in  the  jn  iilnijnn. 

Bisect  L  s  BCD,  CDE  l)y  tlie  st.  lines  CO,  1)0,  meeting  in  0. 

Join  on,  OA,  OE. 

Then,  in  As  lU'O,  JX'O, 

'.'  BC=DC,  and  iV  is  coniinon,  and  i  BCO=  l  JJL'O, 

.-.i  OBC=  I  OlJd.  I.  A. 

Then,  •.•  z  AlU'^  l  VDE,  Hyp. 

lUuU  VDE=^tw\ciii  01)<\ 

:.L  J ^•('=  twicer  (>/>•('. 

Hence  Ol\  bi.si-cts  .^  WW. 

In  the  Siinie  way  we  can  shew  th;it  UJ,  OK  bisect 

the/s  7)'.-lA',  J/';y>. 

!)raw  Ol\  00,  Off,  OK,  OLlU>  AH,  IU\CI),  1>E,  EA. 

Then,  in  AS  UoC",  llO(\ 

:■  L  ii(JO=^  L  IIVO,  an.l  z  0(t'C'=  z  0//C', 

and  OC  is  common, 

.\oa=^oji.  i.n\. 

So  also  :*  may  be  shewn  tliat  OF,  OL,  OK  are 

Ciu:\i  =  (Kfov  OH; 

.'.  OF,  00,  on,  OK,  OL  are  all  equal. 

Hence  a  0  described  with  centre  O  and  radius  OF 

will  pass  throuirh  0,  II,  K,  L, 

and  will  touch  the  sides  of  the  ])enta<,'on, 

■••  the  /  s  at  /'',  (,',  //,  K,  L  arc  rt.  i  s.  III.  10. 

Thus  a  0  will  be  inscribeil  in  the  pentaj;uu.      q.  k.  f. 


Hook  IV. 
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ProPOSITUjN  XIV.       PltOliLEM. 

2o  describe  a  circle  abunt  a  tjivcn  raj^dar  pentagon. 


1.4. 
Hyp. 


1.  -liV 


III.  Ifi. 
Q.  K  F. 


Let  ABCDE  be  the  given  regular  pentagon. 

//  ('*•  required  to  descrilie  a  &  ahoid  (he  pentagon. 

Bisect  the  i  s  BCD,  CDE  by  the  st,  lines  CO,  DO,  meeting 
iti  0. 

Join  OB,  OA,  OE. 
Then  it  niiiy  be  shewn,  as  in  the  preceding  Proposition,  that 
OB,  OA,  OE  bisect  the  i  s  VBA,  BAE,  AED. 
Ami  •.•  I  I'>('1>=-  I  CDE, 
and  I  OCD  =  \\^\i  l  BCD,  and  l  ODC^XvAS.  l  CDE, 
.-.  L  OCD^  L  ODC, 
and  .-.  OD^Oa 
In  the  aanie  way  we  may  shew  that  OB,  OA,  OE 
ciich=^ODnr  0C\ 
.-.  OA,  OB,  OC,  OD,  OE  are  all  eciual, 
and  a  ■•)  described  with  centre  O  and  radius  OA  will  pass 
through  B,  C,  1),  E, 

and  will  be  described  about  the  pentagon. 

«j.  K.  F. 
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riloroSlTloS  XV.       I'lUHiLKM. 

To  inscribe  a  mjular  licxatjan  in.  a  ijivcn  circle. 


Then 

and 

and 


1.32 
1.13 


Let  ABfDEF  be  the  pi  von  ©,  of  which  0  is  the  centre. 
Tt  is  raiiiind  to  inacriln'  a  rajiilor  hixarjon  in  the  0. 
Driiw  the  (li.iint'tcr  AOD, 
and  with  cciitiL^  J)  and  radius  ]><)  descrilie  a  (^  EOCQ 
Join  EO,  CO,  and  proihu'e  them  to  /.'  and  b\ 

Join  AB,  B(J,  VI),  J)E,  El^',  FA. 
:•  O  is  the  centre  of  &  ACE,  .:  OE^-OD; 
.-  D\s  the  centre  of  &  (K  'E,  .:  OD-^DE  ; 
•.  OED  is  an  eiiuilatt-ral  A, 
•.  L  /';o/>  =  the  tliird  part  of  two  rt.  L  3. 
So  also  L  />or  =  the  third  part  of  two  rt.  i  «, 
and  .■.   -  }VH'^=\\\('  third  part  of  twn  rt.   .:  s. 
Thus  .:  s  E(H>,  D(M ',  lUn '  are  all  e.jnal  ; 
and  to  these  the  vertically  opposite  zs  BOA,  AOF,  FOE 
are  ecpia!  ;  1-  '''■ 

.-.  .:  .4  Aon,  HOC,  COD,  DOE,  EOF,  FOA,  are  all  eijual, 
and  .-.  arcs  AB,  BC,  CJ>,  1>E,  EF,  FA  are  all  eiiual. 

111.  2(i. 
and  .-.  chords  AH,  EC,  CD,  I>E,  EF,  FA  are  all  equal. 

III.  2a 

Thus  the  hexaijon  ABCDEF  is  equilateral. 
Also  •.•  each  of  its  z  s  =  two-thirds  of  t.vo  rt.  L  s, 

.'.  the  hexat^on  ABCDEF  is  ecpiianjjuLir. 
Thus  a  ref;nlar  liex;iL,'nn  has  been  inscribed  in  tlio  ®. 

0.  E.  F. 
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Proposition  XVI.     Problem. 
To  inscribe  a  regular  quindecagon  in  a  given  cireU. 


1.32 
1.13 


Let  ABC  be  the  given  ®. 
It  it  'required  to  inscribe  in  the  ®  a  regular  quindecagon. 

Let  ABhe  the  side  of  an  equihvteral  A  inscribed  in  the  ®, 

IV.  2. 

and  AD  the  side  of  a  regular  pentagon  inscribed  in  the  ®. 

IV.  11. 

Then  of  such  equal  parts  as  tlie  whole  Oce  ABC  contains 
fifteen, 

arc  ADB  must  contain  five, 

and  arc  AD  nnist  contain  three, 

and  .'.  arc  DB,  their  difference,  must  contain  two. 

Bisect  arc  DB  in  E.  IH-  30. 

Then  arcs  DK,  EB  are  each  the  fifteenth  part  of  the  whole 
Oce. 

If  then  chords  DE,  EB  be  drawn, 

and  chords  equal  to  them  be  placed  all  round  the  Oce,    IV.  1. 

a  regular  (luindecagon  will  be  inscribed  in  the  (F). 

Q.  E.  F. 
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Miscellaneons  Exercises  on  Book  IV. 


1.  The  perpendiculars  let  fall  on  the  sides  of  an  equilateral 
triangle  from  the  centre  of  tlie  circle,  described  about  th« 
triangle,  are  equal. 

2.  Inscribe  a  circle  in  a  given  regular  octagon. 

3.  Shew  that  in  the  diagram  of  Prop.  X.  there  is  a  second 
triangle,  which  has  each  of  two  of  its  angles  double  of  the  third. 

4.  Describe  a  circle  about  a  given  rectangle. 

6.  Siiew  that  the  diameter  of  tlie  circle  which  is  described 
about  an  isosceles  triiiiiglo,  which  has  its  vertical  angle  d<>uble 
of  either  of  the  angles  at  the  base,  is  equal  to  the  base  of 
the  triangle. 

6.  The  side  of  the  equilateral  triangle,  described  about  a 
circle,  is  double  of  the  side  of  the  equilateral  triangle,  inscribed 
in  the  circle. 

7.  A  quadrilateral  figure  may  have  a  circle  described  about 
it,  if  the  rectangles  contained  by  the  segnierits  of  the  diagonals 
be  equal. 

8.  The  square  on  the  side  of  an  equilateral  triangle,  inscnlied 
in  a  circle,  is  triple  of  the  square  on  the  side  of  the  regular 
hexagon,  inscribed  in  the  same  circle. 

9.  Inscribe  a  circle  in  a  given  rhombus. 

10.  ABC  is  an  equilateral  triangle  inscribed  in  a  tTcle  ; 
tangents  to  the  circle  at  A  and  B  meet  in  M.  Shew  that  a 
diameter  drawn  from  ]\r.andmeetingthecircumference  in  /)and 
r,  bisects  till'  aii!,'l('  .1.1//-',  and  that  /Kj  is  equal  to  twice  Ml). 

11.  Conq)are  the  areas  of  two  regular  hexagons,  one  in- 
scribed in,  the  other  described  about,  a  given  circle. 

12.  Inscribe  a  square  in  a  given  semicircle. 

13.  A  circle  being  given,  describe  six  other  circles,  each  of 
them  equ'il  to  it,  and  in  contact  with  each  other  and  with  the 
given  circle. 
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11.  Given  the  anjjl.s  of  a  triangle,  and  the  perpendiculars 
from  any  point  on  liie  three  sides,  construct  the  triunj^le. 

\r>.  llavinf,'  ^iven  the  radius  of  a  circle,  determine  its  centre, 
wlien  the  circle  touches  two  given  lines,  which  are  not  panillel, 

1(5,  If  the  distance  between  the  centres  of  two  circles,  which 
cut  one  another  at  right  angles,  is  ecpial  to  twice  one  of  the 
radii,  the  common  chord  is  the  side  of  the  regular  hexagon, 
inscribed  in  one  of  the  circles,  and  the  side  of  the  equilateral 
triangle,  inscribed  in  the  other. 

17.  If  from  0,  the  centre  of  il.e  circle  inscribed  in  a  triangle 
ABC,  OD,  OE,  OFhv  drawn  poipendicular  to  the  sides  BC, 
CA,  AB,  respectively,  and  from  any  point  i' in  OP,  drawn 
,)Mrallcl  to  vl/i,  peri)endiculars  IQ,  I'R  be  drawn  upon  OD 
iind  OB  respectively,  or  those  produced,  show  that  the  triangle 
t^/hO  is  equiungultu  to  the  triaugle  J  J>\| 
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Euclid  Paj'crs  ut  in  the  Mathemnticnl  Tripos  at  Cavibridiji 
from  1848  to  1872. 


QUESTIONS  arising  out  of  the  PiopositioiiB,  to  which  they 
Bre  nttachod,  hiivi-  \)vcn  proposed  in  tlie  Eiiilid  PiipriB  tu 
Vundidatea  for  Malhcmutical  Honours  since  llie  year  1848. 

A  complete  set  of  these  (juestions,  so  fur  as  they  refer  to 
Hooks  i.-iv.,  is  here  given.  The  tigurei  preceding  wch  (juestion 
denote  the  particuhir  Propo.sition  to  which  the  (pie.stion  wa.^ 
attached.  It  is  expected  that  the  sohition  of  each  cpiestion  is 
to  be  obtjiined  inaiidy  hy  using  tlie  Proposition  wliich  precedes 
it,  and  that  no  Proposiiiou  which  comes  later  in  iiUclid'u  order 
Bhould  be  assumed. 

Of  some  of  tlie  questions  here  given  we  have  already  made 
use  in  the  preceding  pages.  As  examples,  however,  of  wliat 
has  been  hitherto  expected  of  Candidates  for  Honours,  and  in 
order  to  keep  the  series  of  Papers  complete,  we  have  not 
hesitated  to  repeat  them. 

1^48.  I.  34.  If  tlio  two  diagonals  be  drawn,  shew  that  a 
parallelograjii  will  be  divided  into  four  eipud 
parts.  In  what  case  will  the  diagonal  bisect 
the  angles  ol  ilie  parallelognuu  ? 

III.  15.  Shew  that  all  equal  straight  lines  in  a  circle 
will  be  touched  by  another  circle. 

m.  20.  If  two  straight  lines  AEB,  VED  in  a  circle 
intersect  in  E,  the  angles  subtended  by  ^  C 
and  BD  at  the  centre  are  together  double  of 
the  angle  A  EC. 
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1H49.  I.  1.  Ly  a  iiictliod  similar  to  tlint  used  in  tiiis  pro- 
hlt'iii,  describe  on  a  ^iveii  liiiile  straiLdit  lino 
an  isosceles  trianf^Ie,  tiie  siiles  of  whicli  nliall 
be  each  equal  to  twice  the  base, 
n.  n.  Shew  that  in  Euclid'.s  ri;,'iire  four  other  lines 
beside  the  nlven  line,  are  divided  in  the  re- 
quireil  manner. 
IV.  4.  Describe  a  circle  touching  one  side  of  a  trianjjle 
and  the  produced  parts  of  the  other  two, 

1850.  1.34.   If  the  opposite  sides,  or  the  opposite  angles,  of 

any  quadrilateral  figure  be  equal,  or  if  its 
diagonals  bisect  each  other,  the  qundrilalenil 
is  a  parallelogram. 
11.  14.  Given  a  square,  ami  one  side  r)f  a  rectangle 
which  is  e(|iial  to  the  square,  find  the  other 
side. 
III.  31.  The  greatest  rectangle  that  can  be  inscribed  in 
a  circle  is  a  s(iiiaie, 

III.  34.  Divide  a  circle  into  two  segments  such  that  the 

angle  in  one  of  them  shall  be  five  times  the 
angle  in  the  other. 

IV.  10.  Shew  that  the  ba.se  of  the  triangle  is  equal  to 

the  side  of  a  regular  pentagon  inscribed  in  the 
smaller  circle  of  the  figure. 

1851.  I.  38.  Let  AliC,  AJiI>  be  two  equal  triangles,  upon 

the  same  base  AB  and  on  opposite  sides  of 
it:  join  CD,  meeting  AB  in  E :  shew  that 
CtJ  is  equal  to  ED. 

I.  47.  If  A  BC  be  a  triangle,  whose  angle  ^  is  a  right 
angle,  and  BE,  CF  be  drawn  bisecting  the 
opposite  sides  respectively,  shew  that  four 
times  the  sum  of  the  sriuares  on  BE  and  CF 
is  equal  to  five  times  the  square  ou  BC. 

111.  22.  If  a  polygon  of  an  even  number  of  sides  be  in- 
scribed in  a  circle,  the  sum  of  the  alternate 
angles  together  with  two  right  angles  is  equal 
to  as  many  right  angles  as  the  figure  has  sides. 
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1851.  IV.  16.  In   a  given   circle   inscribe  a  trianji;le,  wliose 

angles  are  as  the  numbers  2,  5  and  8. 

1852.  I.  42.  Divide  a  triani,'ie  by  two  straij^ht  lines  into 

three  parts,  wliich,  when  properlj'  arranged, 
shall  form  a  parallelogram  whose  angles  are 
of  given  magnitude. 
IT.  12.  Triangles  are  described  on  the  same  base  and 
having  the  ditt'urence  of  the  squares  on  the 
other  sides  constant  :  shew  that  the  vertex  of 
any  triangle  is  in  one  or  other  of  two  fixed 
straight  lines. 

r7.  3.  Two  equilateral  triangles  are  described  about 
the  same  circle  :  shew  that  their  intersections 
will  form  a  hexagon  equilateral,  but  not  gene- 
rally equiangular. 
I8B3.  i.B.Cor.  If  lines  be  drawn  through  the  extremities  of  the 
base  of  an  isosceles  triangle,  making  angles 
with  it,  on  the  side  remote  from  the  vertex, 
each  equal  to  one  third  of  one  of  the  equal 
angles,  and  meeting  the  sides  produced,  prove 
that  three  of  the  triangles  thus  formed  are 
isosceles. 
I.  29.  Through  two  given  points  draw  two  lines,  form- 
ing with  a  line,  given  in  position,  an  equi- 
lateral triangle. 

n.  11.  In  the  figure,  if  i/  be  the  point  of  division  of 
the  given  line  AB,  and  DA  be  the  side  of  the 
square  which  is  bisected  in  E  and  produced 
to  ¥,  and  if  IMl  be  produced  to  meet  B¥  in 
i,  prove  that  DL  is  perpendicular  to  BF,  and 
is  divided  by  BE  similarly  to  the  given  line. 

III.  32.  Thi'ough  a  given  point  without  a  circle  draw  a 
chord  such  that  the  dillerence  of  the  angles 
in  the  two  segments,  into  which  it  divides  the 
circle,  may  be  equal  to  a  given  angle. 

III.  36.  From  a  given  point  as  centre  describe  a  circle  cut- 
ting a  given  line  in  two  points, so  that  the  rect- 
angle contained  by  their  distances  from  a  fixed 
point  in  the  line  may  be  equal  to  a  given  square 
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1854.  I.  43.  If  K  be  thft  common  anj^ular  point  of  the  paral- 
lelograms about  the  diameter,  and  BD  the 
other  diameter,  the  difference  of  the  paraU 
lolograms  is  equal  to  twice  the  triangle  BKD. 

II.  li.  Produce  a  given  straight  line  to  a  point  such 
that  the  rectangle  contained  by  the  whole 
line  thus  produced  and  the  part  produced 
fihail  lie  c(jual  to  tlie  sipuire  on  the  given 
straiglit  line. 

III.  22.  If  the  opposite  sides  of  the  quadrilateral  be  pro- 
duced to  meet  in  P,  Q,  and  about  the  tri- 
angles so  formed  without  tlie  quadrilateral 
circles  be  described  meeting  agniu  in  li,  shew 
that  /',  7?,  Q  will  be  in  one  straiglit  line. 

IV.  10.  Upon  a  given  straight  line,  as  base,  describe  an 
isosceles  triangle  having  the  third  angle 
treble  of  each  of  the  angles  at  the  base. 

185.5.  I.  20.  Prove  that  the  sura,  of  the  distances  of  any  point 
from  the  three  angles  of  a  triangle  is  greater 
than  half  the  perimeter  of  the  triangle. 

I.  47.  If  a  line  be  drawn  parallel   to  the  hypotenuse 

of  a  right-angled  triangle,  and  each  of  the 
acute  angles  be  joined  with  the  points  where 
this  line  intersects  the  sides  respectively  oppo- 
site to  them,  the  squares  on  the  joining  lines 
are  together  equal  to  the  squares  on  the  hypo- 
tenuse and  on  the  line  drawn  parallel  to  it. 

II.  9.  Divide  a  given  straight  line  into  two  parts,  such 

that  the  square  on  one  of  them  may  be 
double  of  the  scjuare  on  the  other,  without 
employing  the  Sixth  Book. 
Hi.  27.  If  any  number  of  triangles,  upon  the  same  base 
aC,  and  on  the  same  side  of  it,  have  their 
vertical  angles  equal,  and  perpendiculars 
meeting  in  D  be  drawn  from  B,  €  upon  tlie 
opposite  sides,  find  the  locus  of  D,  and  shew 
that  all  the  lines  which  bisect  the  angle  BDC 
pass  through  the  same  point. 
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1866.  IV.  4.  If  the  circle  inscribed  in  a  triangle  vl7?0  touch 
the  sides  Ah,  AC  in  the  points  />,  K,  and  ii 
Btrajrjht  line  be  drawn  from  A  tn  the  centre 
of  the  circle,  meeting  the  circumtVrence  in  (/, 
shew  that  G  is  the  centre  of  the  circle  in- 
scribed in  the  trianrrle  ADE. 

1866.  I.  S4.  Of  all  parallelorjrama,  which  can  be  formed  with 
diameters  of  jriveii  len<;th,  the  rhombus  is 
the  greatest. 
II.  12.  If  AB,  one  of  the  eqUMJ  rides  of  an  isosceles 
triangle  AB(J,  be  iirodiiced  br-yond  the  base 
to  D,  so  that  BD  =  A  B,  shew  that  the  square 
on  CD  is  ecpial  to  the  squart>  on  A  B  together 
with  twice  the  square  on  BIj. 
rv.  15.  Hiicw  how  to  derive  the  hexagon  from  an  equi- 
lateral triangle  iiiscribed  in  the  ciicle,  and 
from  this  construction  shew  tliat  tlir  side  of 
the  hexagon  equals  the  radius  of  tiu^  circle, 
and  that  the  ln.'xagon  is  double  of  the  tri- 
angle. 

1857.  I.  35.  yl /ir' is  an  i.sosceles  triangle,  of  which  .1  is  the 
vertex:  AB,  AC  are  bisected  in  /)  and  /v 
respectively  ;  1}B,  CI)  intersect  in  F :  shew 
that  the  triangle  .1  DI'J  is  equal  to  three  times 
the  triangle  DBF. 
IL  13.  Tlie  })a.so  of  a  triangle  is  given,  and  is  bisected 
by  the  centre  of  a  given  circle,  the  circum- 
ference of  which  is  the  locus  f)f  the  vertex  : 
prove  that  the  sum  of  the  squares  on  the  two 
sides  of  the  triangle  is  invariable. 
ni.  22.  Prove  that  the  sum  of  the  angles  in  the  four 
segments  of  the  circle,  exterior  to  the  (|uadri- 
lateral,  is  equal  to  six  right  angles. 
IT.  4.  Circles  are  inscribed  in  the  two  triangles  fornu'd 
by  drawing  a  perpendicular  from  an  angle  of 
a  triangle  upon  the  opposite  side,  and  analo- 
gous circles  are  described  in  relation  to  the 
two  other  like  perpendiculars  :  prove  that  tho 
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sum  of  tiie  diameters  of  the  six  circles  toge- 
tiier  with  tlie  sum  of  the  sides  of  the  original 
triangle  is  equal  to  twice  the  sum  of  the  three 
perpeudiculiirs. 

1858.  I.  28.   A.ssuining  as  an  axiom  that   two  strfiight  lines 

cannot  both  Ijo  iiarallel  to  the  .same  straight 
line,  deduce  Euclid's  sixth  postulate  as  u 
corollary  of  the  proposition  referred  to. 
II.  7.  Produce  a  given  straight  line,  so  that  the  sum 
of  the  squares  on  the  given  line  and  the  part 
produced  may  be  ecpial  to  twice  the  rectangle 
contained  by  the  whole  line  thus  produced  and 
the  produced  part. 
HI.  19.  Describe  a  circle,  which  shall  touch  a  given 
straight  line  at  a  given  point  and  bisect  the 
circumference  of  a  given  circle. 

1859.  I.  41.  Trisect  a  parallelogram  by  straight  lines  drawn 

from  one  of  its  angular  points. 
11.  13.  Trove  that,  in  any  (piadrilateral,  the  squares 
on  tile  diagonals  are  together  ecjual  to  twice 
tho  .sum  of  the  squares  on  the  straight  lines 
joining  the  middle  points  of  opposite  sides. 
III.  31.  Two  equal  circles  touch  each  other  externally, 
and  through  the  point  of  contact  chords  are 
drawn,  one  to  each  circle,  at  'right  angles  to 
each  other :  prove  that  the  straight  line, 
joining  the  other  extremities  of  these  chords, 
is  equal  and  parallel  to  the  straight  line 
joining  the  centres  of  the  circles. 
IV.  4.  Triangles  are  constructed  on  the  same  base  with 
equal  vertical  angles  :  prove  that  the  locus 
of  the  centres  of  the  escribed  circles,  each  of 
which  touches  one  of  the  sides  externally 
and  the  other  side  and  base  produced,  is  an 
arc  of  a  circle,  the  centre  of  which  is  on  the 
circumference  of  thn  circle  circuinscrih'ng  the 
triangles. 
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1860.  L  35.  If  ii  straif,'ht  line  DME  be  drawn  tliioii(,'li  the 
middle  point  M  (if  the  base  7iC'  of  ii  triani^li? 
ABC,  so  as  to  cut  olf  eiiuai  iiarts  A  I),  AJC 
from  the  sides  AB,  AC,  ])ii)diu;L'd  if  neces- 
sary, respectively,  then  shall  BJJ  bo  equal  to 
CK 
II.  1 1.  Sliew  how  to  construct  a  icctaii^^lc  wiiidi  sliall 
be  equal  to  a  ^nveii  .^iiuaie  ;  (I;  wiieu  ilu- 
sum,  and  (2)  whi-n  tiie  diliirince  oi  two  ad- 
jacent sides  is  j^iven. 

III.  36.   If  two  chords  AB,  AC  be  dra\Mi  from  any  point 

A  of  a  circle,  and  be  pinduced  to  1>  and  E, 
so  that  th(!  rectanirle  AC,  A  E  is  etpial  to  tlie 
rectanjjle  ^L',  AD,  then,  it  O  be  the  centre 
of  the  circle,  AO  is  iierpendiouiar  to  DK. 

IV.  10.  If  A  be  the  vertex,  and    lU)  the  ba.se  of  the 

constructed  triani^le,  L)  beinj^oneof  the  points 
of  inteRBection  of  the  two  circles  employed  in 
the  construction,  and  E  the  other,  and  .1  Ii 
be  drawn  ineetinij;  Bl>  proiluced  in  F,  prove 
that  FAB  is  another-  isosceles  tiiaiiyle  of  the 
same  kind. 


1861.     I.  32.  If  ABC  be  a  triande,  in  which  C 
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anffle,  shew  how,  by  means  of  Book  I.,  to 
draw  a  straight  line  parallel  to  a  given 
Btraiglit  line  so  a.s  to  be  letiuinated  by  CA 
and  CB  and  bisected  ly  A  Ii. 

IL  13.  If  ABG  be  a  triangle,  in  which  C  is  a  ri^^ht 
an},de,  and  DE  be  drawn  from  a  point  I)  in 
AC  at  right  angles  to  AB,  prove,  without 
using  Book  III.,  that  the  rectangles  AB,  AE 
and  AC,  AD  will  be  equal 

IIL  32.  Two  circles  intersect  in  A  and  B,  and  CBD  is 
drawn  perpendicular  to  Ali  to  meet  the 
circles  in  C  and  D  ;  if  AEF  bisect  either  the 
interior  or  exterior  angle  between  CA  and 
DA,  prove  that  the  tangents  to  the  circles  a( 
E  and  F  intersec.  in  a  point  on  AB  produuod' 
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IttUi  IV.  4,  Describe  a  circle  touching  the  side  BC  of  the 
triiinj^le  ABC,  iiiiil  llie  other  two  sided  pro- 
duced, uud  prove  tliat  tlie  distance  between 
the  points  of  contact  of  the  side  B<!  willi  »iie 
inscribed  circle,  and  the  latter  circle,  is  equal 
to  the  ditference  between  the  sides  vlL'and 
AC. 

1862.  I.  4.  Upon  the  sides  AB,  BC,  and  CD  of  a  parallelo- 
gram A  BCD,  three  ecpiilatentl  trian^rlvs  'ue 
described,  that  on  BC  towards  the  same  parts 
as  the  parallelogram,  and  those  on  AB,  CD 
towards  the  opposite  parts.  Prove  that  the 
distances  of  the  vertices  of  the  triangles  on 
AB,  CD,  from  that  on  B<.,  are  respectively 
equal  U)  the  two  diagonals  of  the  paridieio- 
gram. 
a.  10,  Divide  a  given  straight  line  into  two  parts,  so 
that  the  sipiares  on  the  wIkjIc  line  nml  on 
one  of  the  parts  may  be  together  double  of 
the  square  on  the  other  part. 
III.  28.  A  triangle  is  turned  about  its  vertex,  until  one 
of  the  sides  intersecting  in  that  vertex  is  in 
the  same  straight  line  as  ihe  other  previously 
was  :  prove  that  the  line,  joining  the  vertex 
with  the  point  of  intersection  of  the  two 
positions  of  the  base,  produced  if  necessary, 
bisect-s  the  angle  between  these  two  positions. 
r?.  10.  Prove  that  the  smaller  of  the  two  circles,  em- 
ployed iu  Euclid's  construction,  i.s  equal  to 
the  circle  described  about  the  required  tri- 
angle. 

Ib63.  I.  47.  Two  triangles  ABC,  A'B'C  have  their  sides 
respectively  parallel.  BBi,  CCi  are  drawn 
perpendicular  to  7i'( '';  CC-i,  AAt  to  C'.l  ;  and 
A  A3,  BBi  to  A'B'.  1  'rove  that  the  sum  of  tne 
squares  on  ABi,  BC,,  CA,,  together,  is  equal 
to  the  sum  of  those  on  A  C'l,  BA^,  CB3  together. 
II.  11.  Divide  a  given  straight  line  into  two  parts,  such 
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that  the  rectangle  contaitied  hy  tlio  whole  and 
one  ])art  may  be  equal  to  that  contained  by 
the  other  part  and  a  jfiven  8traii,'ht  line. 
1803.  lil.  28.  Two  equal  circles  intersect  in  A,  B  ;  I'QT 
jierpendicular  to  AB  meets  it  in  T,  and  the 
circles  in  P,  Q.  Al',  BQ  meet  in  It  ;  AQ, 
BP  in  <S' :  provo  that  tiie  anjjle  liTH  is  bi- 
sected by  Tl\ 

1864.  i.  38.  If  a  quadrilateral  fi^'ure  have  two  sides  parallel. 

and  the  parallel  sides  be  bisected,  the  lino 
joininj,'  the  points  of  bisection  shall  piusa 
throuffh  the  point  in  which  the  dia},'onals  cut 
one  another. 

II.  14.  Divide   a  ^ivcn   strai<:;ht   line    (when    possible) 

into  three  parts  such  that  the  rectani^le  con- 
tained by  two  of  them  .shall  be  equal  to  a 
given  rectilineal  fii^nire,  and  that  the  squares 
on  these  two  parts  shall  toj^ether  be  equal  to 
the  square  on  the  third. 

III.  36.  If  from  a  given  point  A  without  a  given  circle 

any  two  straight  lines  AFQ,  AliS,  be  drawn, 
making  equal  angles  with  the  diameter  which 
passes  through  A,  and  cutting  the  circle  in 
P,  Q,  and  li,  S,  resjiectively,  then  PS,  Qli, 
shall  cut  one  another  in  a  given  point. 
IV.  11.  If  a  figure  of  any  odd  number  of  sides  have  all 
its  angular  points  on  the  same  circle,  and  all 
its  angles  e(iual,  then  shall  its  sides  be  equal. 

1865.  I.  20.  Give  a  geometrical    construction  for    finding   a 

point  in  a  given  straight  line,  the  difference  of 
the  distances  of  which  from  two  given  pointo 
on  the  same  side  of  the  line  shall  be  the 
greatest  possible. 
11.  12.  The  base  BG  of  an  iaosceles  triangle  ALC  ia 
produced  to  a  point  D  ;  AD  ia  joined,  and  in 
AB  a  point  E  is  taken,  such  that  the  rect- 
angle AD,  AE,  is  equal  to  the  square  on  either 
of  the  equal  sides  AB,  AC,  of  the  triangle; 
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prove  that  the  roctaii(,'lo  BD,  CD  is  equal  to 
the  rectiiiif;le  AD,  ED. 

1805.  III.  18.  A  {,'iven  straif^ht  lino  is  drawn  at  right  an(,'lc3 
to  the  strai<;lit  lino  joininfj  the  centres  of  two 
given  circles  :  prove  that  the  difference  be- 
tween the  squares  on  two  tangents  drawn, 
one  to  each  (urcle,  from  any  point  on  the 
given  straight  line,  is  constant. 
IT.  5.  Having  given  one  side  of  a  triangle,  and  the 
centre  of  tlio  circuniscril)od  circle,  iloterniine 
the  locus  of  the  centre  of  the  inscribed  circle. 

1866.  I.  ;j:].  Trove  that  a  quadrilateral,  which  has  two  op- 
posite sides  and  two  opposite  obtuse  angles 
f'qnal,  is  a  parallelogram. 
Shew  that  the  figure  is  not  necessarily  a  paral- 
lelogram, if  tiie  equal  angles  are  acute. 
n.  9.  Prove  this  also  by  superposition  of  the  squares 
or  their  halves. 

III.  .'12.  If  four  circles  be  drawn,  each  passing  through 
tliree  out  of  four  given  points,  the  angle  be- 
tween thr  tangents  at  the  intersection  of  two 
of  tlie  cir(!les  is  equal  to  tlic  angle  between 
the  tangents  at  the  intersection  of  the  other 
two  circles. 
IV.  2.  In  a  given  circle  inscribe  a  triangle  such  that 
two  of  llie  sides  of  the  triangle  shall  pass 
through  given  points  and  the  third  side  be  at 
a  given  distance  from  the  centre  of  the  given 
circle. 
iS67.  I.  in.  Any  two  exterior  angles  of  a  triangle  are  together 
greater  than  two  right  angles. 

I.  43.  What  is  the  greatest  value  which  these  comple- 
ments, for  a  given  parallelogram,  can  have? 
ri.  11.  Divide  a  given  straight  line  into  two  parts  such 
tiiat  the  squares  on  the  whole  line  and  on  one 
of  the  parts  shall  be  together  double  of  the 
square  on  the  other  part. 
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1867.  in.  22.  If  the  chorda,  which  bisect  two  an<;le3  of  a 
trianf,'le  inscribed  in  a  circle,  be  equal,  prove 
that  either  the  anf^lea  are  equal,  or  the  thiro 
angle  is  equal  to  the  anj^le  of  an  equilateral 
triangle. 

186&.  I.  41.  OKBM  and  OLBN  are  parallelograms  about 
the  diameter  of  a  parallelogram  ABCD.  In 
MN,  which  is  parallel  to  BA,  take  any  point 
F  and  prove  that,  if  PC,  produced  if  neces- 
sary, meet  KL  in  Q,  BP  will  be  parallel 
to  DQ. 
n.  32.  In  a  triangle  ABO,  />,  E,  F  are  the  middle 
points  of  the  sides  BC,  CA,  AB  respectively, 
and  K,  L,  M  are  the  feet  of  the  perpendi- 
culars on  the  same  sides  from  the  opposite 
angles.  Prove  that  the  greatest  of  the  rect- 
angles contained  by  BC  and  DK,  CA  and 
EL,  AB  and  FM,  is  equal  to  the  sum  of  tht> 
other  two. 
in.  S5.  Through  a  point  within  a  circle,  draw  a  chord, 
such  that  the  rectangle  contained  by  the  whole 
chord  and  one  part  may  be  equal  to  a  givei» 
square. 

Determine  the  necessary  limits  to  the  magnK 
tude  of  this  square. 
IV.  4.  If  two  triangles  ABC,  A'B'C  IiG  inscribed  in 
the  same  circle,  so  that  A  A'  BB'  CC  meet 
in  one  point  0,  prove  that,  if  0  be  the  centre 
of  the  inscribed  circle  of  one  of  the  triangles, 
it  will  be  the  centre  of  the  perpendiculars  of 
the  other. 

186P,  1.  40.  ABCh  a  triangle,  Fj  and  F  are  two  points  ;  if 
the  sum  of  the  triangles  ABE  and  BCE  be 
equal  to  the  sum  of  the  triangles  ABF  and 
BOF,  then  under  certain  conditions  EF  will 
be  parallel  to  AC.  Find  these  conditions, 
and  determine  when  the  difiference  instead  of 
the  sum  of  the  triangles  must  be  taken. 
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1869.  11.  11.  Shew  that  the  point  of  fioction  lies  between  tho 

extremities  ot  the  line. 

III.  33.  An  aeute-anglpd  trianffle  ia  inscribed  in  a 
circle,  and  the  paper  is  folded  aloiii^  each  of 
the  aides  of  tho  trianfjle  :  Shew  that  the 
circuniferences  of  the  three  seffnients  will  pass 
throuf,'h  tho  same  point.  State  the  eqiiivalent 
proposition  for  an  obtuse-angled  trian^de. 

nr.  11.  Shew  that  the  circles,  each  of  which  touches 
two  sides  of  a  rcf^idar  penta<;on  at  the  ex- 
tremities of  a  third,  meet  in  a  point. 

1870.  I.  26.   A  BCD  is  a  square  and  E  a  point  in   EC;  a 

straight  line  J'JF  is  drawn  at  right  angles  ♦^o 
u4ii',  and  meets  the  straight  line,  which  bisects 
the  angle  between  CI)  and  liC  produced  in  a 
point  F :  prove  that  AE  is  equal  to  Ef. 
n.  9.  The  diagonals  of  a  quadrilateral  meet  in  !•],  and 
E  is  the  middle  point  of  the  straight  line 
joining  the  middle  points  of  the  diagonals  : 
prove  that  the  sum  of  the  squares  on  the 
straight  lines  joining  E  to  the  angular  ooints 
of  tho  quadrilateral  is  greater  than  ihe  sum  of 
the  squares  on  the  straight  lines  joining  F  to 
the  same  points  by  iour  times  the  square 
on  FJF. 
ni.  32.  AB,  CD  are  parallel  diameters  of  two  circles, 
and  .40  cuts  the  circles  in  P,  Q  :  prove  that 
the  tangents  to  the  circles  at  P,  (^  are  parallel. 
IV.  10.  Hence  shew  how  to  describe  an  equilateral 
and  equiangular  pentjigon  about  a  circle  with- 
out first  inscribing  one. 

1871.  I.  38.  Through    tho    angular    points   A,  B,    C,  of  a 

triangle  are  drawn  three  parallel  straiglit  lines 
meeting  the  opposite  sides  in  A',  i>",  (7  re- 
spectively :  prove  that  the  triangles  AB'W, 
BCA',  GA'B'  are  all  equal. 
Zl.  10.  Produce  a  given  straight  line  so  that  the  square 
on  the  whole  lino  thus  produced  may  be 
double  the  square  on  the  part  produced. 
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1871.  III.  32.  The  opposite  sides  of  a  q\-.it<lrilateral  inscriberl 
in  a  circle  are  produced  to  meet  in  /',  Q,  and 
about  the  four  triantfles  thus  formed  circles 
are  described  :  prove  that  the  taiii^'ents  to  these 
circles  at  i'  and  (^  form  a  quadrilateral  equal 
in  all  respects  to  the  ori{,'inal,  and  that  the 
line  joining  the  centres  of  the  circles,  about 
the  two  quadrilatenils,  bisects  V(^. 
TV.  6.  A  trianjjle  is  inscribed  in  a  given  circle  so  as 
to  have  its  centre  of  perpcndicularHatagiven 
point :  prove  that  tlie  middle  points  of  its 
sides  lie  on  a  fixed  circle. 

\^1'1.  I.  47  If  CI'j,  BD  be  the  squares  described  upon  the 
side  ylC,  and  the  liypotenuso  AB,  and  if 
EB,  CD  intersect  in  F,  pro\e  that  AF  bi- 
sects the  angle  KFD. 
HI.  22.  Two  circles  intersect  in  A,  B  :  PAP',  QaQ^  are 
drawn  equally  inclined  to  AB  to  meet  the 
circles  in  P,  P\  Q,  Q' :  prove  that  PP'  \9 
eqi,;d  to  QQ'. 
IV.  4.  Having  given  an  angular  point  of  a  triangle,  th«> 
circumscribed  circiv,  and  tho  centre  of  the  in- 
.scribed  cirdo,  construct  the  fjLvngla 
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SECTION  £. 
On  Multiples  and  Equimnlliples, 

Dkk.  I.  A  QREATER  luaguitudo  is  a  Mullijde  of  a  less  magni- 
tuile,  wheu  the  greatci'  contiiins  the  less  an  exact  number 
of  times. 

Dkk.  II.  A  less  nitif,mitu(le  is  a  Siib-multiple  of  a  greater 
inagnituile,  when  the  less  is  contained  an  exact  nuniher  of 
times  in  the  greater. 

These  definitions  are  applicahle  not  merely  to  Geometrical 
magnitudes,  such  as  Lines,  Angles,  and  Triangles  ;  but  also  to 
such  as  are  included  in  the  ordinary  sense  of  tlie  word  Magni- 
tude, that  is,  anything  which  is  made  up  of  |)arts  like  itself, 
such  »8  a  Pistuuce,  a  Weight,  or  a  Sum  of  Money. 

Postulate. 

Any  one  magnitude  being  given,  let  it  bo  granted  that  any 
munber  of  other  nuignitudos  may  bo  found,  each  of  which  is 
equal  to  the  first. 


Mkthod  of  Notation. 

Let  A  represe»t  a  miicnitude,  not  aa  one  of  the  letters  used 
in  Algebra  to  represent  tlie  measure  or  a  magnitude,  but  let  A 
stand  for  the  magnitude  itself.  Thus,  if  we  regard  A  as  repre- 
senting a  weight,  we  mean,  not  the  number  of  pounds  con- 
tained in  the  weight,  but  the  weight,  itself. 
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Let  till;  words  .1,  />'  (mjitJu'r  ii'|iit'.si'iit  IIk;  ina;^iiitii>ltM)l»tiiilied 
liy  iiutlin^  the  m;i^,'iiilu(li'  11  to  llu;  iiiai^niiiulo  A. 

Let  A,  A  togdlur  lie  iiljbreviiited  into  li.l, 

A ,  .1 ,  A  toijdher  3  J , 

uiid  so  on. 

Let  .'1,-1 repeated  m  ti.i.es  Le  doi.'.ted  by  in  A, 

m  staiitliiifi  for  a  whole  iiumlttr. 

Let  mA,  iiiA repeated   n   tiiiie.s  be   denoted   by  iniiA, 

\vhere  nm  stands  for   the  aritlinii;tical  product  of  tlie  ivliole 
numbers  n  and  in. 

Let  (iii  +  ii)  A  stand  for  tlie  inai,'uitiule  obtained  liy  puttinjj 
ji.l  to  mA,  m  anil  n  standing,'  for  whole  nmiibi  rs. 

These,  and  these  "idy,  arc  the  syndjols  by  wiiiuii  we  propose 
to  shorten  and  simplify  tlie  proofs  of  this  Book  :  enpilal 
letters  standing',  in  all  cases,  for  magniUulcs ;  and  small  letlera 
^landinj'  for  tvhok    uinho'S. 


SCALKS  CIK  RlULTirLKS. 

By  takiiif,'  a  nundjer  of  ma;,'nitudts  each  e((iial  to  A,  and 

pu'.tinj^  two,  three,  four of  them  toj^eliier,  we  obtain  a  set 

of  mngiiitudes,  depending  upon  J,  and  all  known  when  A  in 
known  ;  namely, 

A,  2A,  3A,  4J,  HA and  so  on  ; 

each  being  obtained  by  putting  A  to  the  preceding  one. 

This  we  call  the  Scale  ov  Multitlks  of  A. 

If  in  be  a  wLole  number,  niA  and  mlJ  are  called  Equi- 
nmltijilcs  of  A  and  B,  or,  the  same  multiples  of  A  and  B 
respectively. 


Axioms. 

1.  Equimultiples  of  the  same,  or  ot  equal  magnitudes,  are 
equal  to  one  another. 

2.  Those  magnitudes,  of  which  the  same,  or  equal,  magni- 
tudes are  equimultiples,  arc  equal  to  one  another. 
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W.  A  multiple  of  a  {jreuter  magnitmle  ia  jfreater  than  the 
Hiiine  iiiultiplu  of  a  less. 

4.  That  tniigtiitudo,  of  which  a  iiniltiplo  is  jrreater  than  the 
same  multiple  of  another,  is  greater  than  that  other  niajjni- 
tude. 

Notp:  1.  If  A  and  B  bo  two  cnmnmnsurahle  niarrnitiidcs,  it 
U  easy  to  sliow  that  there  is  some,  multiple  of  J,  which  is 
(■(liial  to  some  multiple  of  Vk 

For  let  3f  be  a  common  measure  of  A  and  B ;  then  the 
scale  of  multiples  of  M  is 

M,  2.1/,  337", 

Now  one  of  the  multiples  in  this  scale,  suppose  j).lf,  is  equal  to  A^ 
and  one.  suppose  '/.U, B. 

Hence  the  multiple  7/)^/  is  ecpial  to  7.I,  V.  Ax.  I. 

and    the   same   multiple    is   equal    to  j)/j; 
and  therefore  lyi  =  i>\l.  I.  Ax.  1, 


PnoroBTTioN  T.  (End.  v.  1.) 

Tf  any  nvmhrr  of  magnitndes  he  eqnimuUipJes  of  an  many, 
each  of  each;  whatever  multiple,  any  ove  of  them  is  of  iti  mh- 
multiple,  the  same  multiple  must  all  the  first  magnitudes,  taken 
tof/i'ther,  he  of  all  the  other,  taken  together. 

Let  A  be  the  same  multiple  of  C  that  B  is  of  D. 
Then  m^ist  A,  B  together  be  the  same  multiple  of  C,  D  together 
that  A  is  of  C, 

Let    A  =  C,  C,  0 repeated  m  times. 

Then  B  =  D,D,D repeated  m  times. 

.:  A,B  torjcther  =  C,D;  C,D;  C,D; repeated  m  times. 

.■.A,B  together  Ls  the  same  multijue  of  0,  D  to<rether  that 
Ai&otC.  Q.  b;,  d. 
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Proposition  II.  (Eucl.  v.  2.) 

If  the  first  be  the  same  multiple  of  the  second  that  the  third  in 
of  the  fourth,  and  the  fifth  the  same  muUiplc  of  the  second  that 
the  sixth  is  of  the  fourth  ;  the  first  together  with  the  fifth  must  he 
the  same  multijyle  of  the  second,  that  the  third  together  uith  (lie 
sixth  is  of  the  fourth. 

Let.  A,  B,  C,  D,  E,  F  be  six  iiia<];nitiulos,  such  that 
A  is  the  same  multi]i1e  of  1!,  that  C  is  of  1),  and 
E  is  the  same  niiiltiple  of  B,  tiiat  /''  is  of  D. 
Then  must  A,  E  togr'Jicr  he  the  same  multiple  of  B, 
that  C,  F  together  is  of  T). 

Let   A  =  B,  />',  7>, ropeated  m  times  ; 

then  C  =  D,I>,  I), repeated  m  times. 

Also,  let  E  =  B,  B,  />', repeated  n  times  ; 

then  F  =  D,l),l) repeated  n  times. 

.'.  A,  E  to<Tether  =  B,  B,  />', repeated  m  +  n  times, 

.ind  C,  F  to<Tether  =  .D,1),D, repeated  m  +  n  times. 

.•.  A,   E  toj,'ether   is   the   same    multiple   of  B, 
that  C,  F  together  is  of  D. 

Q.  E.  D. 

PnorosiTioN  III.  (Euol.  v.  3.) 

If  the  first  he  the  same  multiple  of  the  S(ro))d  that  the  third 
is  of  the  fi)iirtli  ;  and  if  of  On;  fird  aii'l  third  {here  lie  token 
eqniitiultiiiles,  thrsr,  must  he  cquiuiultiiihs,  the  one  of  the  second, 
and  the  other  of  the  fourth. 

Let  A  he  the  same  mnlti])le  of  />'  that  (7  is  of  />  ; 
and  let  /'/  and  F  he  taken  ((luinjultiplfs  of  .1  and  C. 
Then  mnst  E  and  F  be  eqidnniltiiilrs  of  B  and  /). 

For  let  A  =  B,   B, repeated  m  times  =  ?»/>' ; 

then        (■  =  />,  />, repeated  m  times  =  in/ >. 

Af^'ain,  let /'/' =  A,  A, repeated  n  tiines  ; 

then      7'' =  t",   <", repeated  7i  times. 

/'/  =  niH,  mB, repeated  n  times =7)»h7?  ; 

and  F  —  ml),  ml), repeated  v  times  =  nTO/^. 

.'.  E  is  the  same  nndtiple  of  B  that  F  is  of  />. 

ii.  E.  D. 
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SECTION  II. 

On  Ratio  and  Proportion. 

Dkf.  III.  If  A  and  B  be  maj,'riituiles  of  the  same  kind,  the 
ifliitive  j^realnessof  A  with  respect  to  li  is  called  the  ratio  of 
Aio  B. 


NoTK  2.  When  A  and  B  are  commmsurahle,  we  can  estimate 
their  relative  ^.Tcatness  l»y  considering,'  wliat  niuhiples  they  are 
(if  .siinie  coiiiiiion  .staiulard.  15iit  as  tliis  method  is  not  appli- 
cal)ie  wiien  A  and  7i  are  incommensurabk',  we  liave  to  adopt 
a  MHire  ^'cneral  metlio<l,  a]tplicable  both  to  commensurable  and 
iiu'()ii;iiR'nsiiraV)le  magiiiliides. 

If  A  and  Ji  be  maj^uitudes  of  the  same  kind,  commensurable 
or  incommensurable,  the  scale  of  niidtiples  of  A  is 

A,  2^1...7H.'l,  (w+  l)A...2mA,{2m+l)A..:.iinA...nmA... 

ami  the  Ivatio  of  /)'  to  A  is  estimated  by  considering^  the  posi- 
tion which  Ji,  or  some  multiple  of  B,  occupies  among  tlie 
multijiles  of  A. 

If  A  and  li  be  commensurable,  a  multiple  of  Ji  can  be  found, 
such  that  it  would  occupy  the  same  place  among  the  nuiltiples 
of  A,  which  is  oceui)icd  by  name  one  of  the  multiples  of  A  ; 
that  is,  this  particuhir  multiple  of  Ji  represents  the  same 
magnitude  as  that,  which  is  represented  by  some  one  of  tlm 
multiples  of  A.     >See  Note  1,  p.  '213. 

If,  for  example,  the  7th  multiple  in  the  scale  of  B  represents 
the  same  magnitude  as  that  which  is  represented  by  the  6th 
nmUi|>le  iu  tlie  scale  of  A,  or  in  other  words,  if  7Ji  =  bA,  we 
aie  enabled  to  form  an  exact  notion  of  the  greatness  of  B 
relatively  to  A. 
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When  A  auJ  Zi  are  incoiumensuiiible,  the  rehition  mA=nB 
can  liavo  no  existence  ;  that  is,  no  pair  of  multiples,  one  in 
each  of  the  scales  of  multiples  of  A  and  B,  represent  the  same 
ma<5nitiide.  But  we  can  always  determine  whether  a  par- 
tiadar  nmitiple  of  B  be  greater  or  less  thin  some  one  of  the 
multiples  of  A  ;  that  is,  wc  clu  always  Snd  ^  '  '^^«veen  what  two 
successive  nuiltiples  of  A  any  j;;iven  nmit  nlo       .  ■  lies. 

Hence,  whether  A  and  B  be  commeu  unu.t,  or  incommen- 
surable, we  cau  always  form  a  third  scale,  in  which  the 
multiples  of  B  arc  distributed  timon<^  the  nmltiples  of  A. 

Suppose,  for  example,  we  discover  the  folluwiug  relations 
between  particular  multiples  of  ^1  and  B  : 

B  greater  tiian  A  ard  less  than  2A, 
2B  greater  than  ."LI  and  less  than  4A, 
SB  iiruater  than  bA  and  less  than  (iA, 

and  so  on  ;  the  third  scale  will  commence  thus 

A,  B,  2A,  3A,  2B,  4A,  bA,  3/i,  6.4, 

and  so  on  ;  the  8c;ile  not  being  formed  by  any  law,  but  con- 
structed by  special  calculations  for  each  term. 

Such  a  scale  we  call  the  Scalk  of  Relation  of  ■  ■  '  h\. 
and  we  give  the  following  Definition  : — 

The  Scale  of  Ivelation  of  t\  ■>  magnitudes  of  the  same  kin. 
is  a  list  of  the  multiples  of  both  ad  injinilum,  all  arranged  in 
order  of  magnitude,  so  tliat  any  multiple  of  eitlier  niagnitude 
being  assigned,  the  scale  of  relation  points  out  between  which 
nmltiples  of  the  other  it  lies. 


NoTK  3.  It  iaay  here  be  remarked  that,  if  A  and  B  be 
tvufinHa  magnitudes  of  the  i,aine  kind,  however  r  ...  '1  B  may 
be,  we  n»ay,  by  continuing  the  scale  of  multiple  of  B  suffi- 
ciently far,  at  length  obtain  a  nmitiple  of  B  greater  t.i,,,   A 

Also,  if  B  be  leas  Mian  A,  o)v:  multiple  at  lead  of  the  scale 
of  B  will  lie  between  each  two  consecuiive  nudtiples  of  the 
scale  of  A.  From  tliesi-  cousidw-'-aiions  we  shall  be  justified  in 
nsiiuming 
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(1.)  That  we  can  always  take  mJ5  greater  than  A  or  than  fA. 

(2.)  That  we  can  always  take  nB  such  that  it  is  greater  than 
fA  but  not  greater  than  g4,  provided  that  B  is  less 
than  A,  and  p  than  q. 

We  can  now  make  an  important  addition  to  Definition  in., 
so  that  it  will  run  thus  : — 

If  A  and  B  be  magnitudes  of  the  same  kind,  the  relative 
groiitiicss  of  A  with  respect  to  B  is  called  the  Ratio  of  A  to  £, 
and  this  Ratio  is  determined  by,  that  is,  depends  solely  upon, 
the  order  in  which  the  nn  .ciples  of  A  and  B  occur  in  the 
Scale  of  Relation  of  A  and  B. 


Def.  IV.  Magnitu  les  are  said  to  have  a  Ratio  to  each  other, 
which  can,  being  multiplied,  exceed  each  the  other. 


This  definition  is  inserted  to  point  out  that  a  ratio  cannot 
exist  bt'twct'U  two  magnitudes  unless  two  conditions  be  ful- 
filled :— tirst,  the  magnitudes  nmst  be  of  the  same  kind; 
secondly,  n  itlier  of  them  may  be  infinitely  large  or  infinitely 
small-     See  Note  3. 


Dkf.  V.  When  there  are  four  magnitudes,  and  when  any 
efiuiuiulti|)les  of  the  fii-st  and  third  being  taken,  and  any  equi- 
nmltiples  of  tlie  second  and  fourtli,  if,  wIil-u  the  nmltiple  of  the 
first  is  greater  than  tliat  of  the  second,  the  nmltiple  of  the 
third  is  greater  than  that  of  the  fourth,  and  when  the  nmltiple 
of  llie  first  is  equal  to  tiiat  of  the  second,  the  multiple  of  the 
iliird  is  equal  to  that  of  the  fourth,  and  wh.  ;i  the  nmltiple  of 
the  first  is  less  than  that  of  the  second,  the  nmltiple  of  the 
tiiiid  is  less  than  tliat  of  the  fourth,  then  the  first  of  the 
original  four  magnitudes  is  said  to  have  to  the  second  the 
same  ratio  wliich  the  thii-d  has  to  the  fourth. 
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NoTK  4.  -  'I'l 


ikc   [)ff. 


L-loan 


the  foll( 


„  :)Wing 

illiistiatidii.  SiipposL'  A,  /),  <',  i>  til  U;  lour  maguiludes  ;  tho 
sculub  ul' their  niulliplcs  will  llicii  be  — 

A,  2-1,  :}.! mA , 

li,  2Ii,  •.ill uli 

i',    ■!(',    -M' i„(J , 

U,  ID,  \'jD nl) ; 

where  mA,  mC  stuiiil  for  aitij  e(juimultiples  of  A  and  C,  and 
?//)',  nlJ  stand  for  anij  eiiuiniultiples  of  li  and  D\  then  the 
Definition  may  be  stated  more  brieHy  thus  : 

.1  is  said  to  have  tlie  saiue  ratio  to  11  whieh  ('  has  to  1), 
when  III  A  is  found  in  the  same  position  anioni;  the  nudtiples 
of  /•',  ill  whicli  //(''is  found  aiiiiMiif  the  nudtiples  of  1>;  or, 
wliii-li  is  (he  s;tine  thiuLj,  '/■//•//  tJir  onhr  of  the  nDiItljiIin  of  A 
(Uid  11  til  llic  Snili'  (if  Juhttiiiii  of  A  and  />,  /.s  jiricixilif  tin'  same 
i(.<  till  iinh  r  iif  the  viultiiilis  nf  ( '  mid  I)  in  the  /Sc/fA;  of  lithUion 
of  ('  itnd  D  ;  or,  wiien  rnrii  nudtiple  of  .1  is  found  in  tlie  same 
posiiiou  aumn^r  tlie  nudtiiiles  nf  />',  in  whieh  the  same  multiple 
of  ('  is  found  amoiin'  the  nuiltiples  of  1>. 

Nori-;  5.  The  use  of  Def.  v.  will  be  better  understood  by 
the  folliiwiiiif  a[iplieation  of  it. 

'To  shoir  tliiif  ficliiiiijliti  if  ,ijiiiil  iillitudi'  arc  to  one,  another 
as  till  ir  hasis. 

f  r  r  It 


/■' 


li 


Jt 


a    a     c    f    f/    ti 


Let  A(\  or  be  two  reetaujiles  of  e(|Mal  altitude. 
Let  li,  />'  and  It,  W  stand  for  the  ba.ses  and  the  areas  of 
these  rectan;:,dcs  respectively. 

Take  Ab,  1>I'],  1'jF, )//  in  number,  and  all  equal, 

Alidad,  di,<f,fi/,i/li, n  in  number,  and  all  equaL 


Boob  V. 
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)Wing 
;  tho 


Complete  the  rcct;ini,'les,  as  in  the  (lii)rriaiii. 
Then  base  AF  ==  mli, 
biise    ah  =  nB'. 
recta iifjle  AT  =  mR, 
rectani,'le    op  =  nli'. 
Now  we  can  prove,  by  superposition,  that  if  AF  be  preater 
than  ah,  AP  will  be  greater  than  ap,  and  if  equal,  equal ;  and 
if  loss,  less. 

That  is,  if  mB  be  greater  than  n/J',  vili  is  greater  than  nW; 
and  if  equal,  0(|ual  ;  and  if  less,  less. 
Hence,  by  Dcf.  v., 

B  is  to  B'  as  R  is  to  R'. 
Hence  we  dednre  two  f'orollarics,  which  are  the  foundation 
of  the  proofs  in  Rook  VT. 

Cor.  T.  ParaUelngrams  of  equal  altitude  are  to  one  another 
ax  their  hat-cs. 

For  the  parallelograms  are  equal  to  rectangles,  on  the  same 
b?„ses  and  1)etwcen  the  same  parallels. 

Cor.  II.  Triangles  of  eqvof  altitv,le  are  to  one  another  nit 
their  fioxes. 

For  tlie  triangles  are  equal  to  the  halves  of  the  rectangles, 
on  the  same  bases  and  betw(>en  the  same  parallels. 

N.Ti. — These  Corollaries  are  proved  as  a  direct  Propositior 
in  Fuel.  VI.  1.  Cor.  11.  could  not,  consistently  with  Kuclid'> 
methoil,  lit^  iutrnduced  in  'his  jjlace,  for  it  assumes  I'roposi' 

tion  XI.  nf  I'.odk  V. 

I)r,K.  VI.  Magnitudes  which  have  the  same  ratio  are  called 
J'ropiirtionalit. 

Tf  .1,  /i,  C,  D  be  proportionals,  it  is  usually  expressed  by 
«aying,  A  is  to  li  as  V  is  to  I>. 

The  magnitudes  ,1  and  Care  called  the  y1».'(VY(?<'?i^'f  of  the  ratios. 
B  anil  D Vunsiquentu 

The  antecedents  are  said  to  be  homologonx  to  one  another, 
that  is,  occupying  tliesaidi;  position  it\  the  ra/nw  (n^iiiXoyoi),  and 
1  he  consequents  are  said  to  bo  homologous  to  one  another. 
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Def.  VII.  When  of  the  equimultiples  of  four  magnitudes, 
taken  as  in  Def.  v.,  the  multiple  of  the  first  is  f>reiiitr  than  [or 
is  equal  to]  the  multiple  of  the  second,  but  the  multiple  of  the 
third  is  not  greater  than  [or  is  less  than]  the  multiple  of  the 
fourth,  then  the  first  is  said  to  have  to  the  second  a  greater 
ratio,  than  the  third  has  to  the  fourth. 

Note  6.  The  meaning  of  Def.  vii.  may  be  expressed,  after 
taking  the  scales  of  multiples  as  in  the  explanation  of  Def.  v., 
thus  : — 

A  is  said  to  have  to  JB  a  greater  ratio  than  C  has  to  D, 
when  two  whole  numbers  m  and  n  can  be  found,  such  that 
mA  is  greater  than  nB,  but  mO  not  greater  than  nD ;  or, 
such  that  m.A  is  equal  to  nJ,  but  )nC7  lesa  than  nD. 
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SECTION   III. 

Containing  the  Propositions  most  frequently  referred  to  in 

Book  VI. 


Note  7.  The  Fifth  Book  of  Euclid  may  be  regarded  in  two 
Rspects  :  first,  as  a  Treatise  on  the  Theory  of  Katio  and  Propor- 
tion, complete  m  itself,  and  depending  in  no  way  on  the  pre- 
ceding Books  of  the  Elements ;  and  secondly,  aa  a  necessary 
introduction  to  the  Sixth  Book. 

If  we  make  the  number  of  references  in  Book  vi.  a  test  of 
the  importance  of  particular  Propositions  in  Book  v.,  they 
will  be  arranged  in  the  following  order  ; — 


Proposition  v.  is  referred  to  23  timcB. 

VI.  „  14 

viif.  „  7 

XXI.  „  5 

„     xviii.  „  3 

xn.  „  2 

Propositions  x.,  xi,  xv.,  xvi.,  xix.,  xxii.,  are  referred  to  omf*. 


» 

» 
»» 


It  is  desirable,  then,  that  the  student  should  observe  that 
the  ihret,  Propositions,  which  are  of  especial  importance  for 
Book  VI.,  are  included  in  this  Section. 
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Proposition  IV. 

If  four  magnitudes  he  proportionab,  and  any  equimultipla 
be  take7i  of  the  first  and  third,  a7id  also  any  equimultiples  of 
the  second  and  fourth,  if  the  multiple  of  the  first  he  greater  than 
that  of  the  second,  the  multiple  of  the  third  must  he  greater  than 
that  of  the  fourth  ;  and  if  equal,  equal ;  and  if  less,  less. 

Let  il  be  to  5  as  (7  is  to  D, 
and  let  any  equimultiples  mA,  mC  be  taken  of  A  and  C, 
and  any  equimultiples  nB,  nD of  B  and  D. 

Then  if  mA  he  greater  than  nB,  mCmust  he  greater  than  nD ; 
and  if  equal,  equal ;  if  less,  less. 

For  if  mA  be  fjreater  than  nB,  but  mC  not  greater  than 
nD,  then  will  A  have  to  U  a  greater  ratio  than  C  hiiK  to  D  ; 
which  is  not  the  case.  V.  Def.  7. 

Hence  if  mA  be  greater  than  nB,  mC  must  be  greater  than  nD. 

Similarly  it  may  be  shown  that,  if  mA  be  equal  to,  or  less 
than,  nB,  mC  must  also  be  equal  to,  or  less  than,  nD. 

Q.  E.  D. 

N.B. — We  have  added  this  Proposition  to  meet  an  objection, 
whicli  might  bo  made  to  a  reference  to  Definition  v.,  when  the 
converse  of  tliat  Definicion  is  wanted.  This  reference  is  of 
frequent  occurrence  in  Simson's  edition. 


PnoroRiTioN  V.  (Eucl.  v.  11.) 

Ratios  that  are  the  same  to  the  same  ratio,  are  the  same  to  one 
inoth^r. 

Let  A  be  to  7i  as  C  is  to  1), 
and  Ji  be  to  F  as  C  is  to  J). 
Then  must  A  he  to  B  as  E  is  to  F. 

Take  of  A,  C,  E  any  equimultiples  mA,  mC,  mE, 
and  of    B.  D,  F  any  equimultiples  nB,  nD,  nF. 
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Then  •.•  ^  is  to  /?  us  C  is  to  D, 
.-.  if  myl  be  greater  than  nV>,  mC  is  greater  than  uD 
and  if  equal,  equal  ;  if  less,  less. 


V.  4. 


Apaii 


C  is  to  D  as  E  is  to  F, 


V.  4. 


if  mC  be  greater  than  nD,  mE  is  greater  than  iiF ; 
iml  if  equal,  equal ;  if  less,  less. 

Hence,  if  viA  be  greater  th.an  nB,  mE  is  greater  than  nF 
and  if  eoual,  equal  ;  if  less,  less. 


is  to  £  as  jS  ia  to  J". 


V.  Def 
4.  B.  D. 


I 


Proposition  VI.  (Eucl.  v.  7.) 

Equal  viagnitudes  have  the  same  ratio  to  the  sams  magni- 
tude ;  and  the  same  has  the  same  ratio  to  equal  magnitudes. 

Let  A  and  B  be  equal  magnitudes,  and  C  any  other  magni- 
tude. 

Then  must  A  he  to  C  as  B  is  to  C, 
a7id  C  must  be  to  A  as  C  is  to  B. 

Take  mA  and  mB  any  equimultiples  of  A  and  B, 
and  nC  any  multiple  of  C. 


Then  :'  A  =  B, .:  mA  =  mB. 


V.  Ax.  1. 


.".  if  mA  be  greater  than  nC,  mB  is  greater  than  nC ; 
and  if  equal,  equal  ;  if  less,  less. 


.  •.  .4  is  to  G  as  B  is  to  G. 


V.  Dcf.  5. 


Again,  if  nC  be  greater  than  mA,  nC  is  greater  than  mB ; 
and  if  equ'!,  equal  ;  if  less,  less. 


.'.  (7  is  to  J.  aa  C  is  to  jB. 


V.  Def.  6. 

<iiB.  D. 
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PnoposiTioN  VII.  (Eucl.  v.  8.) 

Of  two  unequal  maguiludes,  Uie  greater  has  a  greater  rcUio  to 
any  other  magnititde  than  the  less  has  ;  and  the  same  magnitude 
has  a  greater  ratio  to  the  less,  of  two  otiier  vmgnitudes,  than  it 
has  to  the  greater. 

Let  A  and  B  he  any  two  magnitudes,  of  which  A  is  the 
greater,  and  let  I)  be  any  other  magnitude. 

Then  must  the  ratio  of  A  to  D  be  greater 
than  the  ratio  of  U  to  D. 

Take  such  equiniulti;)lea  of  A  and  B,  qA  and  qB, 
that  each  of  them  may  be  greater  than  D.  Note  3,  p.  2118. 

Then  •.•  A  is  greater  than  B, 

.:  qA  is  greater  than  qB.  V.  Ax.  3. 

Let  qA  «  qB,  R  together. 

Then,  however  small  R  may  be,  we  can  find  a  multiple  of 
R,  suppose  mR,  such  that  mR  is  greater  than  qB.  Note  3. 

Take  equimultiples  of  7/I  and  qB,  mqA  and  mqB,  and  take 
a  multiple  of  D,  uD,  such  that  nD  is  not  less  than  viqB  and 
not  greater  tiian  {inq  +  5)  B,  Note  3. 

Then  '.•  mqA  =  mqB,  mR  together,  V.  1. 

and  mR  is  greater  than  qB, 
.:  mqA  is  greater  than  {viq  +-g)  B, 
and,  a  fortiori,  mqA  is  greater  than  nD. 

But  mqB  is  not  greater  than  nD, 
.:  the  ratio  oi  A  to  D  is  greater  than  the  ratio  of  B  to  D. 

V.  Def.  7. 
Also,  the  ratio  of  D  to  B  mud  be  greater  than  the  ratio  oj 
DtoA. 

For,  the  same  multiples  being  taken  as  befote, 
•.•  nD  is  not  less  than  mqB, 
and  7iD  is  less  than  7nqA, 
,'.    D  has  to  iJ  a  greater  ratio  than  D  has  to  A. 

V.  Def.  7. 
g.  K.  D. 
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Pkoi-osition  ViII.  (Hucl.  v.  9.) 
Magnitudes,  wliivh  have  the  name  ratio  to  the  mwe  magnitude, 
are  equal  to  one  another ;  and  those,  to    ■  ''ic/t  the  same  magni- 
tude. h(t,i  the  sam^,  ratio,  are  equal  to  one  anotlier. 
Let  A  iiiid  B  Jiavo  the  saiiio  nitio  to  G. 
Then  must  A  =  B. 
For  if  A  were  greater  than  B, 

A  would  Imve  a  greater  ratio  to  C  than  B  has  to  C ; 
which  is  not  the  case. 
And  if  A  were  less  than  B, 

B  would  have  a  greater  ratio  to  C  than  A  has  to  C ; 
which  is  not  the  case. 

:.A=-  B. 
Next,  let  G  have  the  same  ratio  to  A  that  G  hiis  to  B. 

Then  must  A  =  B. 
For  we  can  show,  as  before,  that  A  cannot  be  greater  or  It  . 
thauii 

.*.  A  =  B.  Q.  £.  K 


V.  7. 


v.? 


Proposition  IX.  (Eucl.  v.  10.) 

That  magnitude,  which  has  a  greater  ratio  than  ayiothtr  hat 
to  the  same  viagnitude,  is  the  greater  of  the  two ;  and  that 
magnitude,  to  which  tlie  same  has  a  greater  ratio  than  it  has 
to  another  mag)iitudc,  is  the  less  of  the  two. 

Let  A  have  to  C  a  greater  ratio  than  B  has  to  G. 
Then  must  A  he  greater  than  B. 

For  if  A  were  equal  to  B,  then  would  A  have  li.c  same 
ratio  to  G  that  B  has  to  G ;  which  is  not  the  case.  V.  8. 

And  if  A  were  less  than  B,  then  woidd  A  have  to  C  a  ratio 
less  than  that  which  B  has  to  G  ;  w hich  is  not  the  case,     V.  7. 
.*.  ^  is  greater  than  B. 

Next,  let  G  have  a  greater  ratio  to  B  than  it  hius  to  A. 
Then  mrist  B  be  less  than  A. 

For  if  B  were  equal  to  A,  then  would  G  have  the  same  ratio 
to  B  which  it  has  to  A  ;  which  is  not  the  case.  V.  8. 

And  if  B  were  greater  tiinn  A,  then  C  would  have  to  B  a, 

ratio  less   than  that  wiiich   G  has  to  A  ;   which  is  not  the 

case.  V.  7. 

.  •.  B  is  lcs«  than  A  .  q.  e.  u. 
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PRorosiTioN  X.  (Eucl.  v,  12.) 

If  any  number  of  maijnilmles  be  projMrtionals,  as  one  of  the 
auteceilents  is  to  its  consequent,  so  vtuJ  all  the  antecedents  taken 
together  be  to  all  tluf,  consequents. 
Let  any  number  of  niiignitudos  A ,  B,  C,  D,  E,  F. .  .be  proportionuLs, 

that  is,  A  to  B  as  C  to  U  and  aa  E  is  to  F. . , 
Then  must  A  be  to  B as  A,  C,  E. ..together  is  to  B,  D,  F.  ..together. 

Take  of  A,  C,  A',... any  equimultiples  inA,  mC,  mK... 
and  at  B,  D,  F,..iiuy  ecjuiiaultiples  nD,  nF... 

Then  •.•  ^  is  to  £  as  C  is  to  i>  and  aa  I  F... 

.'.  if  m^l  be  greater  than  nB.mCia  j;,.-  ...»  than  nD, 
and  mE  is  greater  than  nF. , . ;  and  if  equal,  equal ;  if  less, 
less.  V.  4. 

.•.  if  mA  be  greater  than  nB,  niA,  mO,  mii'... toj^ether  are 
greater  than  nB,nD,  Jii''...  together ;  and  if  ecjual,  equal;  if 
less,  less. 

Now  mA  and  mA,  mC,  mi'... together  are  equimultiples  of 
A  and  A,  C,  A'... together.  V.  1. 

And  nB  and  nB,  nD,  ni''... together  are  equimultiples  of 
B  and  B,  D,  f'... together. 

.:  A  i»  to  B  aa  A,  C,  iS^... together  is  to  B,  2>,F... together. 

V.  Def.  5. 

Q.  U.  D. 

Proposition  XI.  (Eucl.  v.  15.) 
Magnitudes  have  the  same  ratio  to  one  another  which  their 
«qn multiples  have. 

Let  A  be  the  same  multiple  of  C  that  B  is  of  D. 

Then  must  C  be  to  D  as  A  to  B. 
Divide  A  into  magnitudes  E,  F,  Cr,...each  equal  to  C, 
and  B  into  magnitudes  JI,  K,  L,...each  equal  to  D, 
the  number  of  the  magnitudes  being  the  sanio  in  both  cases, 
because  A  and  B  are  equimultiples  of  C  and  D. 

Then  '.■  E,  F,  G are  all  equal, 

and  H,  K,  L are  all  equal 

.♦.  .B  is  to  7i,  as  JP  to  jK",  aa  G  to  L...  V.  6 

.:  E  \a  %o  H  aa  E,  F,  (?... together  is  to  ff,  ^,  L.. 
together,  V.  10 

that  is,  E'l&toIIaaAtoB; 
and  ■.•  E-=C,  and  11  =  D, 

.'.  (,'  is  to  D  i\aA  to  B.  Q.  K  D. 


On 
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SECTION    IV. 


Ott  Proportion  by  hwersion,  Altcrmtion,  and  Separation. 


Proposition  XII.  (End.  v.  B.) 


he  proportionals,  they  m'utt  alto  bt  pro- 
inversely. 


If  four  mngnitvdes 
portionah  when  taken 

Let  ^  be  to  B  aa  C  is  to  D. 

Then  inversely  B  must  be  to  A  as  D  is  to  C. 

Take  of  A  and  C  any  cfiiiin\ultii)les  mA  and  mC, 
and  of    B  and  D  any  cquiimiltiples  nB  and  nD. 

Then  •.•  J  is  to  B  as  C  is  to  D, 

.:  '\fmA  he  ^leattT  tlian  nil,  viC  is  greater  than  nD;  and 

ileqiud,  Lcpial  ;  if  loss,  less.  *•  *• 

IIcDcc,  if  vl!  1h"  frrciitor  thnn  mA,  nD  is  greater  than  mC ; 

nml  if  •■(iiuil,  fiiiial  ;  if  If^s  less. 

.-.  /:  i.^t'.    ^  as  />  u,  to  C.  V.  Def.  6. 

Q.  B.  D. 
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Proposition  XIII.  (Eucl.  v.  13.) 

If  the  first  has  to  the  second  the,  same  ratio  n-hirh  the  third  has 
to  the  fourth,  hut  the  third  to  the  fourth  a  greater  ratio  than  the 
fifth  has  to  the  sixtli ;  the  first  invst  also  have  to  the  second  a 
greater  ratio  than  the  fifth  has  to  the  sixth. 

Let  A  liiive  to  li  tlie  same  ratio  thiit  C  has  to  D, 
but  C  to  D  a  {jroater  ratio  than  E  has  to  F. 

Then  must  A  have  to  11  a.  r/reater  ratio  than  K  has  to  F. 

For  ".■  ('  liaa  to  D  a  j^'rcatcr  ratio  tliaii  1']  has  to  F, 
wecanfind  such  (>quiiuulli|)k's  of  C  an<l  /'7,  suppose  mOand  m/ 

and  such  equinuillipU's  of  I)  and  F,  suppose  vD  and  nF, 
that  mC  is  greater  than  iiD,  but  mE  \\<>{  ^'n-ater  tiinn  nF. 

V.  Def.  7. 
Tiu..  •.•  J  is  to  J5  as  C  is  to  D,  Hyp. 

and  m(7  is  greater  than  nl>, 
.:  mA  is  greater  tiiaii  nli.  V,  4. 


And  mE  is  not  greater  tlian  nF. 
,'.  A  lias  to  ii  a  greater  ratio  than  E  has  to  F. 


V.  Def.  7. 

Q.  E.  D. 


PnoposiTioN  XIV.  (Eucl.  v.  14.) 

If  the  first  has  to  the  second  the  same  ratio  uhich  the  third 
has  to  the  fourth  ;  tlieii,  if  the  first  be  ijrvuter  than,  the  third  the 
necond  must  he  ijrcate.r  than  the  fourth  ;  and  if  equat,  equal ; 
and  if  leas,  less. 

Let  A  have  the  same  ratio  to  B  that  C  hiw  to  D. 

Then  if  A  be  greater  than  C,  B  must  he  greater  than  D. 

For  •.•  yl  is  greater  than  C, 
and  B  is  any  "'!:'>>•  niagnitiulo, 
.•.  A  has  a  greater  ratio  to  B  than  C  haa  to  B.       V.  7. 
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But  ^  is  to  JS  as  C  is  to  D. 

.'.  C  has  a  trrcater  ratio  to  D,  than  C  has  to  B.       V.  13. 
.'.  J5  is  greater  tiian  D.  V.  9. 

Similarly  it  may  be  shown  that  if  A  be  less  than  C,  B  must 
he  less  than  D  ;  and  that  if  ^  be  e'iual  to  L\  B  must  be  equal 
to  D.  <^  £.  O. 


Def.  7. 

Hyp. 
V.4. 


Proposition  XV.  (Eucl.  v.  16.) 

If  four  magnitudes  of  the  same  kind  be  inoportiowxts,  they 
vinst  also  be  jyrojwrtionals  when  taken  alternately. 

Let  A,  B,  C,  D  be  four  magnitudes  of  the  same  kind,  and 
111  ^  be  to  B  as  C  is  to  D. 

Then  alternatchj  A  must  be  to  C  as  B  is  to  D, 

Take  of  A  and  B  any  e(|uimultiples  mA  and  mB, 
and  of    C  and  D  any  e(iuimultii)les  nC   and  uD. 

Then  •••  mA  is  to  mil  as  A  is  to  B,  V.  11. 

and  C  is  to     D  as  A  is  to  B,  Hyp. 

.•.  mA  is  to  mB  as  C  is  to  D.  V.  6. 

But  nC  is  to  111)  as  C  is  to  I>  ;  V.  II. 

and  .•.  mA  is  to  mil  as  nC  is  to  vD.  Y.  5. 


If 


mA  be  greater  than  nC,  mB  is  greater  than  n]> ; 

V.  14. 


and  if  equal,  e(|ual  ;  if  loss,  lesti. 
.*.  .<!  ifi  to  C  au  ii  u  to  A 


V.  Def.  5. 


V.  7. 
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Proposition  XVI.  (Eucl.  v.  18.) 

If  moffnitudes  taken  separatehj  be  inoportionah,  they  must  be 
proportionals  also  wheii  taJcen  jointly. 

Let  A  have  the  same  ratio  to  B  that  C  has  to  D. 

Then  must  A,  B  together  have  the  same  ratio  to  B, 
that  C,  D  loijdher  has  to  D. 

First,  when  all  the  miignitudes  are  of  the  satue  kind, 
•.•  ^  is  to  J5  as  C  is  to  D, 

.•-   i  is  to  C  as  B  is  to  D.  *.  16. 

.•.  A,  B  together  is  to  (7,  D  tojjether  as  B  is  to  T),      T.  10. 

and  .".  A,  B  toj^ether  is  to  B  as  C,  D  together  is  to  I).       W.  i5. 

Next,  wlien  ail  the  ningiiitudes  are  not  of  the  same  kind,  we 
may  employ  a  method  of  proof  which  includes  the  former 
case  :  thus — 

Take  of  A,  B,  C,  D  any  equinudtiples  mA,  viB,  mG,  mD, 
and  of  B  and  D  take  any  equimultiples  nB,  nD. 

Then  :•  A  is  to  B  as  C  is  to  /), 

.•.  if  rnA  bo  greater  than  nB,  mO  is  greater  than  nD  ;  and 
if  eijual,  equal  ;  if  less,  less.  V.  4. 

If  then  mA,  niB  together  he  greater  than  mB,  nB  together, 

mV,  ml)  tdgetlici   i.s  nn-aler  than  mC,  uD  togetiier  ; 

and  if  equal,  etpial  ;  if  \tiA^,  less.  I.  Ax.  2,  4. 

Now  mA,  mB  togetiier  is  the  same  nmltiple  of  A,  B  together 
that  W.C,  mD  together  is  of  V,  D  together  ;  V.  1. 

and    ?/(/>',  iiB  together  is  the  same  multiple  oi  B 
that  mU,  uD  together  is  of  D.  V.  2. 

.'.  A,  B  together  is  to  £  as  C,  X)  together  is  to  D.    V.  Def.  5. 
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SECTION   V. 

Containing  the  Propositions  occasionally  referred  to  in 
Book  VI. 


PnorosiTioN  XVII.  (Eucl.  v.  4.) 

Tf  (he  first  of  four  magnitudes  has  to  the  second  the  same  ratio 
irhich  the  third  has  to  the  fourth,  and  nny  equinmltiplf!<,  of  the 
first  and  third  he  taken,  and  also  any  <<]iiimulti]ilvs  of  the  smnid 
and  fourth,  then  must  the  irivHlple  of  the  first  have  the  same 
ratio  to  the  multi.}>}e  of  the  nd  uhich  tlie  multiple  of  the 
ihird  has  to  that  of  the  fourth. 

If  A  be  to  B  as  C  is  to  D, 

and  mA,  m<.  be  taken  equininltipleB  of  A  ami  C, 
and  nB,   nl) of  if  and />, 

ihen  must  mA  be  to  nB  as  mV  is  to  nl>. 

Take  of  mA,  mC  any  oquiniultiplos  jmiA,  pniC, 
and  of    nB,    uD qnB,    qnlK 

Then  jmA,  pmC  are  eqnimultiples  of  A  and  C,  V.  3. 

and    qnB,  qnD of  i?  and  Z>.  V.  3 

And   •.•A  is  to  B  as  C  is  to  D, 

.•.  U  j>mA  be  greater  than  qnB, 

pmV  is  greater  than    qnD  ;  V.  4. 

and  if  equal,  equal  ;  if  less,  less. 

Then  ".•  pmA,  pmO  are  equimultiples  of  mA,  mO, 
axid  qnB,   qnD of  nB,   nD, 

.'.  mA  is  to  7iB  as  mC  is  to  uD.  V.  Def.  6. 

Q.  E.  D. 


2.   2 
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Propositidn-  XVTII.  (End.  v.  A.) 

If  the  first  of  four  magnitudes  have  the  same  ratio  to  th( 
second  that  the  third  has  to  thefotirth,  then,  if  the  first  be  greater 
than  the  second,  the  third  vmst  be  greater  than  the  fourth  ;  and 
if  equal,  equal ;  and  if  less,  less. 

Let  A  be  to  B  as  C  is  to  D. 

Tlien  if  A  be  greater  than  B,  C  must  be  greater  than  D ; 
and  if  equal,  equal ;  and  if  less,  less. 

Take  any  equimultiples  of  each,  mA,  mB,  mO,  mD. 

Then  :■  A  is  to  B  as  C  is  to  D, 

.'.  if  mA  be  greater  than  mB,  mC  is  greater  than  mD  ; 
and  if  equal,  equal  ;  and  if  less,  less.  V.  4. 

First,  suppose  A  greater  than  B, 

then  mA  is  greater  than  mB,  V.  Ax.  i. 

and  .•.  mC  is  greater  tlian  ml), 
and  .•.     (7  is  greater  than     ]>.  V.  Ax.  4. 

Similarly  the  other  cases  may  be  pruved. 

Q.  B.  a 


Proposition  XIX.  (Each  v.  D.) 

If  the  first  he  to  the  second  n.'<  the  third  is  to  the  fourth,  and  if 
the  first  be  a  viultijile,  or  a  snhmnltiple,  of  the  second,  the  third 
must  be  the  same  multiple,  or  the  saine  suhmultijile,  of  the 
fourth. 

Let  .4  be  to  J5  as  (7  is  to  D, 

and,  first,  let  J[  be  a  miiltiple  of  B. 

Tlien  must  0  be  the  same  multiple  of  D. 

Let  A = mB, and  take  mD  the  same  multiple  of  D  that  AiaoiB. 
Then  •.•  A  is  to  B  as  (7  is  to  D, 

.•.  ^  is  to  mB  as  Cia  to  mD.  V.  17. 


But  A  "'  m>B,  and  .:  C  =  mD. 


V.  18. 
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Next,  let  ^  be  a  submultijde  of  B. 

Then  must  C  be  the  game  submultiple  of  D, 


V.  12. 


For  •••  ^  is  to  B  as  f  is  to  D, 
.•.  B\sto  A  as  D  is  to  G, 

Now  J5is  a  multiple  of  A, 

and  .-.  1>  is  the  same  multiple  of  C,  by  the  first  case. 

Hence  C  is  the  same  submultiple  of  D,  that  A  is  of  B. 

Q.  B.  D 


Proposition  XX.  (Eucl.  v.  20.) 

If  there  he  three  magnitudes,  and  other  three,  which  have  the 
mnu  ratio,  taken  two  and  tioo,  then,  if  the  first  be  greater  than 
the  third,  the  fourth  must  be  greater  than  the  sixth  ;  and  if  equal, 
equal ;  if  less,  less. 

Let  A,  7?,  C  be  three  magnitudes,  and  D,  E,  F  other  three, 
aud  let  A  be  to  J3  as  Z>  is  to  E, 
and  B  be  to  C  as  ^  is  to  F. 
Then  if  A  be  greater  than  C,  D  must  be  greater  than  F ;  and 
if  equal,  equal ;  if  less,  less. 

First,  if  J  be  greater  than  C, 

A  has  to  B  a  greater  ratio  than  C  has  to  B.  V.  7. 

But  C  has  to  B  the  .same  ratio  that  F  has  to  E,  Hyp.  &  V.  12. 
.  •.  A  has  to  B  a  greater  ratio  than  F  has  to  E. 

.:  D  Una  to  E  a  greater  ratio  than  F  has  to  E.  V.  IS. 

.'.  7)  is  greater  than  F.  V.  9. 

Similarly  the  other  cases  may  be  proved. 
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Proposition  XXI.  (Eucl.  v.  22.) 
If  there  be  any  nnrnber  of  magnitudes,  and  as  many  others, 
which  have  the  same  ratio  taken  two  and  two  in  order,  the  first 
m?M(  have  to  the  last  of  the  first  magnitudes  the  same  ratio  which 
the  first  of  the  others  has  to  the  last  of  these. 

First,  let  there  be  three  magnitudes  A,  B,  C,  and  other 
three  D,  E,  P. 

And  let  ^  be  to  B  ii.s  D  is  to  E, 
and  iJ  be  to  0  aa  ^  is  to  F. 
Then  must  A  he  to  C  as  T)  is  to  F. 
Take  of  A  and  D  any  equimultiples  mA,  mD, 

of  Band  E nB,  nE, 

of  CixmlF K',i'-f'- 

Then  •.'  ^  is  to  i?  as  D  is  to  E, 

.'.  mA  is  to  nB  iis  mD  is  to  nE.  V.  17> 

So  also,  uB  is  to  j'O  as  nE  is  to  j<F. 

.;  if  mA    be  greater   than  jjC,  mD  is  greater  than  pF, 
and  if  equal,  equal ;  if  less,  less.  V.  20. 


^  is  to  C  as  D  is  to  F. 


V.  Def.  5. 


Tlie  proposition  may  be  easily  extended  to  any  number  of 
magnitudes.  Q.  e.  d. 

PRoroRiTioK  XXIT.  (Eucl.  v.  24.) 
If  the  first  have,  to  the  second  the  same  ratio  which  the  third 
has  to  the  fourth,  and  the  fifth  have  to  the  second  the  sariie  ratio 
which  the  sixth  hrwi  to  the  fourth,  then  thefir.H  and  fifth  together 
must  h ive  to  the  second  the  same  ratio  which  the  third  and  sixth 
together  have  to  the  foxirth. 

Let  ^  be  to  i?  as  0  is  to  D, 
and  J^  be  to  J5  as  jF  is  to  D. 
Then  must  A,  E  together  be  to  B  as  C,  F  together  istoD. 
For  •.•  ^  is  to  i?  as  i*'  is  to  D, 

.-.  Bisto  Ena  D  is  to  F.  V.  12. 

And  •.•  ^  is  to  B  as  0  is  to  D, 
and  B\str)EnsD\atoF, 
.-.  A  is  t(  Fj  aa  C  is  to  F.  V.  21. 

.'.  A,  E  together  is  to  E  a.s  C,  F  together  ia  to  F,     V.  16. 
and  ^  is  to  JS  as  i^  is  to  I> ; 
.'.  A,  E  together  is  to  £  aa  C,  ii^  together  is  to  D.    V.  21, 

Q.  K.  D. 
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SECTION    VI. 

Containi>i(^  the  Propositions  to  which  no  reference  is  made 
in  Book  VI. 


V.  ir 


V.  21, 

V.  16. 


Proposition  XXIII.  (Eucl.  v.  5.) 

If  one  magnitude  he  the  same  viuUiple  of  another,  which  a 
inagnitudc  taken  from  the  first  t.s  of  a  viagnilnde  talaifrom  the 
ether,  the  remainder  must  be  the  same  mtdtiple  of  tlie  remainder, 
that  the  ivhole  i>  of  the  whole. 

Let  B  and  D  be  the  iiKignittules  which  are  taken  away, 

and  A  and  (J  the  niajrnitiides  which  remain, 

then  A,  B  together,  und  C,  D  together  will  be  the  wiioies. 

And  let  A,  B  together  be  the  same  nniltiple  of  C,  D  together, 
that  B  is  of  D. 

Then  mtist  A  he  the  same  multiple  of  C  that  A,  U  together  is 
of  C,  D  together. 

Take  E  the  same  multiple  of  C  that  B  is  of  D, 

Then  E,  B  together  is  the  same  multiple  of  C,  I)  together 
that  £  is  of  I>.  V.  i. 

But  A,  B  together  is  the  same  multiple  of  C,  1)  together 
that  B  is  of  D. 

.-.  E,  B  together  =  A,  B  together,  V.  Ax.  1. 

and  .-.  £  =  ^.  I-  Ax.  3. 

.-.  A  in  the  same  multiple  of  C  that  J5  is  of  JD. 

q.  E.  D. 
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Proposition  XXIV.  (Eucl.  v.  6.) 

Ij  two  magnitudes  he  equiinultijdcs  of  two  others,  and  ij 
equimultiples  of  these  be  taken  from  thejir.it  two,  the  remainders 
are  either  equal  to  these  others,  or  cqxdmuUiples  of  them. 

Let  B  and  D  be  the  iiiai.';nitu(les  which  are  taken  away, 

and  A  and  C  the  magnitudes  which  remain  ; 

then  A,  B  tojjether  and  V,  D  together  will  be  the  wholes. 

Let  A,  B  together  bo  the  same  multiple  of  F, 
that  C,  D  together  is  of  Q, 
and  let  B  be  the  .same  multiple  of  P,  that  D  is  of  Q. 

Then  must  A  and  C  be  equal  respectively  to  P  aiid  Q, 
or  A  and  C  be  equimultiples  of  P  and  Q. 

For  let  A,  B  together  =  /',  P repeated  m  +  ?i  times, 

taen  C,  D  together  =  Q,  Q repeated  m  +  n  times. 

Also,  let  B  =  P,  P repeated  n  times, 

then  D  =  Q,  Q repeated  n  times. 

Hence  A  =  P,  P repeated  m  times, 

and  C  =  Q,  Q repeated  m  times. 

If  then  A^  P,m=  ],  and  .:  C  =  Q  ; 
fti.d  if  ^  be  ft  multiple  of  F,  C  is  tiie  same  multiple  of  Q. 

q.  s.  D. 
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Proposition  XXV.  (Eucl.  v.  17.) 

Tf  ma^nitudei>,  taken  jointly,  he  jrroporlionah,  they  nhall  also 
he  proportionals  when  taken  separately ;  thai  is,  ij  two  magni- 
tudes together  have  to  one  0/  them  the  same  ratio  which  two 
others  have  to  one  of  these,  the  remaining  one  of  the  first  two 
7tiust  have  to  the  other  the  same  ratio  which  the  remaining  one 
of  the  last  two  has  to  the  other  of  these. 

Let  A,  B  totft'ther  have  the  same  ratio  to  B 
that  C,  D  tiigether  have  to  D. 

Then  must  A  he  to  B  as  G  to  D. 

Take  of  A,  B,  C,  D  any  equimultiples  ynA,  niB,  mC,  mD, 
and  ajiaiu  of  B,  D  take  any  equimultiples  nB,  nD. 

Tiien  •.•  mA  is  the  same  imilliple  of  A  that  inB  is  of  />', 

.'.  mA,  viB  tofjether  is  the  same   multiple  of  A,   B 
together  that  mA  is  of  A.  V.  1. 

And  •.•  mC  is  the  same  multiple  of  C  that  mD  is  of  D, 

.'.  mC,  viD  together  is  the  same  multiple  of  0,  D 
together  that  mC  is  of  0.  V.  1. 

But  mA  is  the  same  multiple  of  A  that  mC  is  of  0. 

.'.  mA,  viB  together  h  the  sa-.ie  multiple  of  A,  B 
together  that  mC,  mD  together  is  of  C,  D  together. 

Again,  mB,  nB  together  is  the  same  multiple  of  B  that 
mD,  nD  together  is  of  D. 

Now,  since  A,  b  together  is  to  B  as  C,  D  together  is  to  D, 

.•.  if  viA,mB  together  be  greater  than  mB,  nB  together, 

mC,  viD  together  is  greater  than  mD,  nD  together  ;  and  if 

equal,  equal  ;  if  less,  less.  V.  4. 

That  is,  if-  mA  be  greater  than  nB,  mC  is  greater  than  nD ; 

and  if  equal,  equal ;  if  less,  lesi  I.  Ax.  3,  5, 


.'.  ^  is  to  J3  as  C  is  to  D. 


V.  Def.  5. 

Q.  K.  O. 
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Proposition  XXVI.  (Eucl.  v.  19.) 

If  a  whole,  magnitude  be  to  a  whole  as  a  magnitude  taken 
from  the  first  is  to  a  magnitude  talcen  from  the  oth'r,  the  re- 
mainder must  be  to  the  remainder  as  the  whole  is  to  the  luhole. 

Let  A,  B  together  have  the  same  ratio  to  C,  D  together  that 
B  hiis  to  D. 

Then  must  A  he  to  C  as  A,  B  together  is  to  G,  I)  together. 

For  '.'A,  B  together  is  to  C,  D  together  as  li  is  to  D, 

.'.  A,  B  together  is  to  Zias  V,  D  together  is  to  i>,   V.  16 
and  . '.  ^  is  to  Zi  as  C  is  to  D,  V.  25, 

Hence  A  is  to  C  as  B  is  to  D,  V.  15. 

But  A,  B  togetlier  is  to  C,  1)  together  iis  B  is  to  D.     Hyp. 
.:  A\aioCa&  A,B  together  is  to  C,  D  together.    V.  5. 

Q.  E.  D. 


th 
ra 


Proposition  XXVII.  (Eucl.  v.  21.) 

If  there  he  three  magnitudes,  and  other  three,  which  have  th« 
same  ratio,  taken  two  and  two,  but  in  a  cross  order,  then  if  the 
first  be  greater  than  the  third,  the  fourth  must  be  greater  than 
the  sixth  ;  and  if  equal,  equal ;  and  if  less,  less. 

Let  A,  B,  C  be  three  magnitudes,  and  D,  E,  F  other  three, 
and  let  ^  be  to  2?  iis  E  is  to  F, 
and  B  be  to  C  an  D  is  to  E. 
Then  if  A  be  greater  than  (!,  P  must  be  greater  than  F; 
and  if  equal,  equal ;  and  if  less,  las*. 
First,  if  A  be  greater  than  C, 

A  has  to  li  a  greater  ratio  than  C  has  to  B,         V.  7. 
and  .'.  £  has  to  i*'  a  greater  ratio  than  G  has  to  B.        V.  13. 


Now  '.•  J5  is  to  C  as  D  is  to  E, 
,:  Cis  to  B  as  E  is  to  D. 
Hence  E  has  to  F  a  greater  ratio  than  E  has  to  L. 
.•.  D  is  greater  than  F. 
Similarly  the  other  cases  may  bo  proved. 


-yp- 

V.  12 
V.  A 
<^  B.  U. 


an 


mi 
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V.  7. 
V.  13. 


Proposition  XXVIII.  (Eucl.  t.  23.) 

If  there  be  any  nnmher  of  magnitudes,  and  as  many  othtrn, 
v'hirh  have  the  name  ratio,  taken  two  and  two  in  a  cross  aider, 
the  first  mud  have  to  the  last  of  the  first  magnitudes  the  samie 
ratio  which  the  first  of  the  others  has  to  the  last  of  these. 

Ijct  A,  B,  C  lie  thrpe  innfrnitii<lefl,  and  D,  E,  F  other  three, 
and  let  A  ho  to  Ji  as  E  is  to  F, 
and  li  he  to  ^7  as  !>  is  to  E. 
Tlien  must  A  he  to  C  as  D  is  to  F. 

Of  A,  B,  J)  take  any  oqniinultiples  m,A,  mB,  mT>,  and 
of  V,  E,  F  take  any  eqiiinuiltiples  nC,    nE,  nF. 


Now  •■•     A  \»  to     B  as     E  is  to    F, 
.:  VI A  is  to  viB  i\.s  nE  is  to  nF  ; 

and -.•     7i' is  to      (7  as     J>  is  to    E, 
.:  mB  is  to   nC  as  mD  is  to  nE. 


V.  11,  and  V.  5. 


V.  n. 


Hence,  if  viA  he  greater  than  nC,  mD  is  greater  tlian  vF , 
and  if  equal,  equal  ;  and  if  less,  less.  V.  27. 

.  •.  A  is  to  C  as  D  is  to  F.  V.  Def.  f). 

The  propositiou  may  be  easily  extended  to  any  nnmher  of 
magnitudea.  a  K-  D. 


V.  12 
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Proposition  XXIX.  (Eucl.  v.  26.) 

7/  foMT  magnitwJes  of  the  same  kind  be  proiMionals,  the 
greatest  and  least  of  them  together  viust  be  greater  thah  'he  other 
two  together. 

Let  ^  be  to  B  as  (7  is  to  D, 
and  let  A  be  the  greatest  of  the  four  niagnitudoH,  and  conse- 
quently D  the  least.  V.  18,  and  V.  14. 

Then  viust  A,  D  together  be  greater  than  B,  C  together. 

Let  A  =  B,  P  together,  and  C  ==  D,  Q  together. 
Then  '.-  B,  P  together  is  to  B  as  D,  Q  together  is  to  D, 

.:  P  is  to  ii  as  g  is  to  D,  V.  26. 

and  B  is  greater  than  D. 

.'.  P  is  greater  than  Q.  V.  14. 

Hence  P,  B,  D  together  are  greater  than  Q,  B,  D 

together.  ^-  ■'^^-  "*■ 

,'.  A,  D  together  are  greater  than  J3,  C  togetner. 

Q.  B.  D. 
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Proposition  XXX.  (End.  v.  C.) 

If  the  first  be  the  same  viultiple  of  the  second,  or  the  same 
submultiple  of  it,  that  the  third  is  of  the  fourth,  the  first  must 
be  to  the  second  as  the  third  is  to  the  fourth. 

First,  let  A  be  the  same  multiple  of  B,  that  C  ia  of  D. 
Tfien  must  A  be  to  B  as  C  is  to  D. 

Let  A  =  pB  and  .:  C  =  pJl 

Take  of  A  and  C  any  equimultiples  mA,  mC, 
and  of  ii  and  Dany  eqniiiuiltiples  nB,  nD. 

Then  mA  =  mpB  and  mC  =  mpD,  V.  3. 

Now  if  mpB  be  greater  than  nB, 
mpD  is  greater  than  nD  ; 
and  if  equal,  equal ;  if  less,  less. 

That  is,  if  mA  be  greater  than  nB,  mC  is  greater  than  nD  ; 
and  if  equal,  equal  ;  and  if  less,  less. 

.-.  4  is  to  jB  as  C  is  to  D.  V.  Def.  5. 

Next,  let  A  be  the  same  submultiple  of  B,  that  C  is  of  D. 
Then  must  A  be  to  B  as  C  is  to  D. 

For  -.'A  is  the  same  submultiple  of  B,  that  C  is  of  X>, 
.*.  B  is  the  same  multiple  of  ^,  that  D  is  of  C, 
.:  B  \s,  io  A  aa  D  \s  to  C,  by  the  first  case, 

Uid.:  AiatoB&a  Ciato  D.  V,  12. 

4  s.i>. 


ir 
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Proposition  XXXI.  (Eucl.  v.  E.) 

Biitia 

I. 

corr 

If  fcnir  mn^nitudes  be  jyraportionah,  they  mvst  also  be  pro- 

portionals hy  conversion;  that  is,  thefird  must  be  to  its  excess 

II 

above  the  second  as  the  third  is  to  its  excess  above  the  fourth. 

tigiir 

Let  A,  B  tojrether  be  to  B  as  C,  D  together  is  to  D. 

resp 

Then  must  A,  B  together  be  to  A  as  0,  D  together  is  to  C. 

bein 

For  :•  A,  B  together  is  to  B  aa  C,  D  together  is  to  D, 

T 
4,  J 

.:  AiatoBaaC  is  to  D,                                      V.  26. 

/  * 

and  .••  J5  is  to  J  aa  DiatnO,                                        V.  12. 

and  .:  A,B  together  is  to  ^  as  C,  X>  together  h  to  C.   V.  16. 

^  K.D. 
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BOOK  VI. 


INTRODUCTORY  REMARKS. 

The  chief  subject  of  this  Book  is  the  Similaritj  of  Recti- 
linear Figures. 

Def.  I.  Two  rectilinear  figures  are  called  similar,  when  they 
satisfy  two  conditions  : — 

I.  For  every  angle  in  one  of  the  figures  there  must  be  a 
corresponding  etjual  angle  in  tlie  other. 

II.  The  sides  containing  aiiy  one  of  the  angles  in  one  of  the 
figures  must  be  in  the  sa:-  j  ratio  as  the  sides  containing  the  cor- 
responding angle  in  the  other  figure:  the  antecedents  of  the  ratios 
being  sides  which  arc  adjacent  to  equal  angles  in  each  figure. 

Thus  ABC  and  DEF  live  similar  triangles,  if  the  angles  at 
4,  B,  C  be  equal  to  the  angles  at  J),  E,  F,  respectively,  and 
if     ISA  be  to  AC  ius  EJ)  is  to  DF, 
and  jr  bu  to  CB  as  DF  is  to  FE, 
and  VB  be  to  BA  as  FE  is  to  ED. 


The  s.  les  adjacent  to  equal  angles  in  the  triangles  are  thus 
\^m\Qiji)m,  that  is,  BA,  AC,  CB  are  respectively  homologous 
to  ED,  DF,  FE. 

It  will  be  shown  in  Prop.  iv.  that  in  the  case  of  triangles  the 
second  of  tiie  abovejconditions  folk  ,vs  from  the  first. 

In  th«  case  of  quadrilaterals  and  polygons  hoih  condi- 
tions are  necessary  :  thus  any  two  rectangles  have  each  angle 
of  the  one  eciual  to  each  angle  of  the  other,  but  they  are  not 
iiece.s.sarily  similar  figure." 

iV./i.— The  very  import^u.t  Prop.  xxv.  (Eucl.  vi.  ".3)  is  indei)en- 
dent  of  all  the  other  Propositions  in  this  Rook,  and  might  bo 
placed  with  advauUjje  at  the  very  conuuencenient  of  the  Book. 


I 
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Proposition  I.    Theorem. 

Triangles  of  the  same  altitude  are  to  one  another  a-t  their 

txiscs. 


Let  the  As  ABC,  ADC  have  the  same  altitude,  that  is,  the 
perpendicular  drawn  from  A  to  BD. 

Then  must  A  ABC  he  to  A  ADC  fl,s  base  EC  is  to  bane  DC. 

In  DB  produced  talce  any  number  of  straight  lines 
BG,GH  enc\i:=  BC.  I. ',i. 

In  BD  produced  take  any  number  of  straight  lines 
DK,  KL,  LM  each  =  2>f '.  I.  3. 

Join  AG,  All-  AK,  AL,  AM. 

Then  •.•  CB,  BG,  Gil  are  all  equal, 

.-.  AS  ABC,  AGE,  AUG  are  all  equal.  I.  38. 

.-.  A  ^/fO  is  the  same  multiple  of  A  ABCi\\vt.i  HC 1%  oi  EC 

So  also, 
A  AMC  is  the  same  multiple  of  A  ADC  that  MC  is  of  DC. 

And  A  AlH^  is  equal  to,  greater  tlian,  or  less  than  A  AMC, 
according  as  ba.se  UC  is  equal  to,  greater  than,  or  less  than 
base  MC.  I.  38, 

Now  A  yi /rr*  and  ba.se  /iC  are  equimultiples 
of  A  ABC  and  base  EC, 

and  A  JiVC  and  base  3/C  are  equimultiples 
of  A  ADC  and  base  DC. 

.:  A  ABCi?,  to  A  ^DCus  base  EC  is  to  base  DC.  V.  Def.  5. 

q.  E.  u. 
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f'oR.  I.  Parallelograms  of  the  same  altitude  are  to  one  another 
us  their  bases. 

Let  ACBE,  ACDFhe  paralleloofrains  having  the  same  alti- 
tude, tliat  is,  the  perpendicular  drawn  from  A  to  BD. 

Then  must  CJACBE  be  to  CJ  ACUF  as  BC  is  to  DC. 


B                 C                      JO 

For  OJr«W= twice  a  AB{\ 

1.41 

milLJAVDF^^Usico  a  ADV. 

1.41 

.-.CJACBE  is  to  £7  ACDFa^  a  A  Bfis  to  A  ADC,   V.  1 1. 
vaA.-.LJACBEmioCJ  ACDFa^      BC  is  to     DC.       V.5. 

Q.  E.  D. 

Tor.  it.  Triangles  and  ParnUdngrams,  that  have  equal 
altitudes,  arc  to  one  another  as  thtir  bases. 

Let  the  fif^Mires  be  placed,  so  as  to  have  their  bases  in  the 
same  slraij^ht  line  ;  and  havuitf  drawn  perpendiculars  from  the 
vertices  of  the  triangles  to  the  bases,  the  straight  line,  which 
joins  the  vertices,  is  parallel  to  that,  in  which  their  bases  are, 
because  the  perpendiculars  are  both  equal  and  parallel  to  one 
another.  L  33. 

Then,  if  the  same  coiistruction  be  made  as  in  the  Proposition, 
the  demonstration  will  be  the  .same. 


Ex.  1.  A  BC,  DEFure  two  parallel  straight  lines  ;  show  that 
the  triangle  A  DE  is  to  the  triangle  FBC  an.  DE  is  to  BC. 

K\.  2.  If,  from  any  point  in  a  diagnnal  of  a  parallelogram, 
straight  lines  bo  drawn  to  the  extremities  of  the  other  diagonal, 
the  four  triangles,  into  which  the  parallelogram  is  then  divided, 
must  be  ccpuil,  two  and  two. 
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Proposition  II.    Theorem, 

If  a  straight  line  be  drawn  parallel  to  one  of  the  sides  of  a 
triangle,  il  must  cut  the  other  sides,  w  those  sides  produced,  jiro- 
portionally. 


Let  DE  be  drawn  ||  to  BC,  a  side  of  tlie  A  ABO. 
Tlien,  must  BD  be  to  DA  as  CE  to  EA. 
Join  BE,  CD. 

Then  •.•  A  BDE=-  A  CDE,  on  the  same  base  DE 

and  between  the  same  ||s,  1)E,  B(\  I.  'M. 

.-.  A  BDEiH  to  A  ADEnH  A  CD/?  is  to  a  AT>E   V.  (i. 

But  A  ii/>/?is  to  A  .•l/>/';    as     BD      is  to      />.(,      V[.  1. 

and  A  <!DE  into  i.  ADE    as     CE      is  to     EA  ;     VI.  1. 

.-.       BD    is  to      DA       as     CE      is  to     EA.      V.  T). 


Ex.  1.  If  any  two  stniiirht  lines  be  cut  by  three  parailcl 
\j\es,  they  are  cut  proportionally.  {N.B. — This  is  of  gicat 
use.) 

FiX.  2.  If  two  sides  of  a  quadrilateral  be  parallel  to  each 
otAer,  a  straight  line,  drawn  j)anillel  to  either  of  them,  shall 
cut  the  other  sides,  or  these  produced,  proportionally. 
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And  Conversely, 

//  ih.(,  sides,  or  the  sides  prodnmi,  be  cut  proportionally,  the 
straiijht  line  which  joins  the  points  of  section  must  be  parallel  to 
the  remaining  siile  of  the  triangle. 

Let  the  sides  AB,  AC  of  the  A  ABC,  or  these  produced, 
be  cut  proportionally  in  IJ  and  E,  so  that 

BD  is  to  DAaaCEis  to  EA, 
and  join  BE. 

Then  must  DE  be  parallel  to  BC. 

The  same  construction  beinj^  made, 
•.•  BV  is  to  DA  M  CE  is  to  EA, 
and  BD  is  to  DA  :vs  a  BDE  is  to  A  ADE,  VI.  1. 

and  CE  is  to  EA  as  A  CDE  is  to  A  ADE,  VI.  1. 

.-.  A  BDE  is  to  A  ADE  as  a  CDE  is  to  A  ADE,  V.    5. 
and  .-.  A  BDE=  A  CDE-  V.    8. 

and  they  are  on  the  same  base  DE ; 

.-.  DE  is  II  to  BG.  I.  39. 

Q.  X  D. 


Ex.  3.  If  there  be  four  parallel  straight  lines,  two  of  these 
lines  intercept  upon  tivof^iven  lines,  of  unlimited  len*,'th,0.1,0B, 
parts  proportional  to  ihe  parts  intercepted  upon  OA,  OB,  by 
the  remaining  two  paralk!  straight  lines. 

Ex.  4.  If  the  four  sides  of  li  qnailrilateral  fi|,'ure  be  bisected, 
the  liiu'S  joining  the  points  of  bisection  will  form  a  jjarallelo- 
gram, 

Ex.  5.  A  quadrilateral  figure  has  two  parallel  sides  :  shew 
that  the  straight  line,  joining  the  point  of  intersection  of  its 
other  two  sides  produced  and  the  point  of  interaectioa  of  its 
liagonals,  bisects  the  two  pari^llel  sides. 
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Proposition  III.    Theorem. 

If  the  vertical  angle  of  a  triangle  he  hisedc^l  hi/  a  straight 
line,  which  also  cuts  the  base,  the  segments  of  the,  base  vmst  have 
the  sanu  ratio,  which  the  other  sidis  of  the  tria7igle  have  to  one 
another. 


1.31. 


Let  z  BAC  of   a   ABC  be  bisected  by  the  st.  line  AD, 
which  meets  the  base  in  D. 

Then  must  BD  be  to  DC  as  BA  is  to  AC. 
Throujrii  C  draw  C'i/ 11  to  DA, 
and  let  BA  produced  meet  CE  in  E. 

Then  z  /i.4X>= interior  z  AEG, 
and  z  Cyll>= alternate  z  ACE, 
But  z  BAD=  .'.  CAD,  by  hypothesis, 
ixn&.:iAEC=  lACE, 
and.-.     AC    =     AE. 
■  AD  is  II  to  EC,  a  side  of  A  EEC, 

.:  BD  is  to  DC  as  BA  is  to  AE, 
and  .-.  BD  is  to  DC  as  BA  is  to  AC. 


29. 

29. 


I, 


Ax.  I. 

B.  Cor. 


Then 


VI.  2. 
V.  6. 


Ex.  1.  Shew  that  in  a  parallelogram  the  diagonals  do  not 
bisect  the  angles,  unless  the  sides  are  equal. 

Ex.  2.  Shew  how  to  trisect  a  straight  line  of  finite  length. 

Ex.  3.  Shew  that  the  bisectors  of  the  angles  of  a  triangle 
meet  in  the  same  point. 

Ex.  4.  The  bisectors  of  the  angles  .4  and  C,  of  a  triangle 
ABC,  meet  the  opposite  sides  in  the  points  D  and  F :  BA  and 
BC  are  produced  to  F'  and  D',  so  that  A  F',  AC  and  CD'  Ufo 
all  equal ;  prove  that  F'V  is  parallel  to  FD/ 


m 
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And  Conversely, 

If  ihA  segrmnts  of  the  base  have  the  same  ratio,  which  the  other 
sides  of  the  triangles  have  to  one  amther,  the  straight  line, 
thawn  from  the  vertex  to  the  point  of  section,,  must  bisect  the 
vertical  angle. 


Let  BD  be  to  DC  as  BA  is  to  AG, 

and  join  AD. 

Then  must  l  BAD=  l  CAD. 

The  same  construction  being  made, 

•••  BD  is  to  DC  as  BA  is  to  AG, 
and  BD  is  to  DC  its  BA  is  to  AE, 
.'.  BA  is  to  AC  txs  BAk  to  AE, 
and.'.  AC  =■■  A E, 
and  .-.  z  AEC  =  i  ACE. 
But  I  AEC=exterv)T  l  BAD, 
and  z  ^(7J5?= alternate  i  CAD, 
.:  I  BAD=  L  CAD. 


Hyp. 

VI.  2. 

V.  5. 

V.8. 

I.  A. 

I.  21). 

I.  29 

Ax.  1. 


Q.  E.  D. 


Ex.  5.  Two  straight  lines  are  drawn,  bisecting  the  angles  at 
tlio  l)iise  of  an  isosceles  triangle.  Shew  that  the  straight  line 
Joining  the  points,  in  which  they  cut  the  sides,  ia  parallel  to  the 

bum. 
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'  Proposition  A.    Theorem. 

If  the  rxtcrior  nnijlc,  of  a  iriaiKjIe  he  hiseetetl  hja  straight  line, 
vhich  (/./,s«  eiits  the,  base  jinulii.eeil,  the  sedtiientx,  between  the 
iHvidintj  straiijht  line  and  the  eMreitiitiej  of  the  betjte,  must  ham 
the  same  ratio,  which  the  other  siiles  of  the  triaiujle  have  to  one 
another. 


Lctz  EAC,  an  cxt' z  of  the  A  ABO,  he  bisected  by  the 


St.  1 


.17)  which 


As  the  bii 


(h 


1110  AU  Winch  meets  the  base  piodiiceu  in 
Then  nuid  JiJj  be  to  DV  as  BA  is  to  AC. 


D. 


Tluoii!,'h  C  di-iiw  L'F  \\  to  DA,  meeting  AB  in  F.  1.  31. 
Then  /  7:;J7J= interior  i  AFO, 
ami  I  CAD  =  alternate  /.  A(JF. 
But  I  KAD=  I  CAD,  by  hypothesis. 
.■.iAFC==lACF, 
,im\.:  AC^AF. 
Tlien  •.•  A  />  is  ll  to  FC,  a  side  of  A  FBC, 
.-.  BD  is  to  DC  as  BA  is  to  AF, 
and  .-.  B,l>  is  to  DC  as  BA  is  to  AC. 

Ex.  1.  If  the  anj^les  at  the  base  of  the  triangle  be  equal, 
how  is  the  proposition  modified  ? 

Ex.  2.  If  B  be  any  point  in  a  straight  lino  AC,  intersected 
by  another,  CD,  give  a  geometrical  construction  for  determin- 
ing a  point  D  iu  CD,  such  that  AD  is  to  DB  as  AC  is  to  CD. 


I.  2!). 

I.  29. 

Ax.  1. 

I. 

B.  Cor. 

Vf.  2. 

V.  «. 

i 
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And  Conversely, 

If  the  segine,nts  of  the  bane  produced  have  the  same  ratio,  which 
the  other  sides  of  the  triangle  have  to  one  another,  the  straight 
line  drawn  from  the  vertex  to  the  point  of  section,  miwt  bisect  the 
exterior  angle  of  the  triangle. 


Let  BD  be  to  DC  as  BA  is  to  AG, 

and  join  AIX 

Then  must  t  CA1)=  l  EAB. 

For,  the  same  constraction  being  made, 

•.•  BT)  is  to  BG  iia  BA  is  to  AC,  Hyp. 

and  BB  is  to  DC  as  BA  is  to  AF,  VI.  2. 

.-.  BA\%iQ  AC-i&  BA  is  to  AF,  V.  6. 

and  .-.  AC=AF,  V.  8. 

Ka\:.LAFC^  lACF.  La. 

But  L  J:i''C=  exterior  z  BAD,  I.  20. 

and  L  ^(;ii'=alt<'rnati'  l  CAD,  I.  2!). 

md.:  I  CAD^  I  BAD.  Ax.l. 


Q.  E.  D. 


Ex.  3,  If  the  ba.se  be  divided  into  two  sepmentR,  having  the 
same  ratio  with  the  segments  spocifiod  in  the  Proposition,  the 
straight  hnes,  drawn  from  the  two  points  of  section  to  the  vertex 
of  the  triangle,  are  at  right  angles  to  each  other. 

Ex.  4.  If  the  angle,  between  the  internal  bisector  and  a 
side,  be  equal  to  the  angle,  between  the  external  bisector  and 
the  base,  the  perpendicular  to  the  greater  side,  through  tha 
vertex,  will  bisect  the  segment  of  the  base,  cut  off  between 
the  bisecting  lines. 
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Proposition  IV.    Theorem. 

The,  siiles  about  the  equal  angles  of  triangles,  which  are  equi- 
angular to  one  another,  are  propoi'tionals  ;  and  thosn  which  arc 
oj'posite  to  the  equal  angles,  are  homologous  sides. 


K 


Let  ABC,  DEF  he  two  a  s,  having  the  i  a  at  A,  li,  C  pqnnl 
to  the  I  s  at  U,  E,  F  respectively. 

Then  must  the  sides  afnmt  the  equal    l  s  he   projimtinnaJs, 
those  being  homologous  sides,  which  are  oirposite  the  equal  t  s. 

For  suppose  a  i>/i'i^  to  be  applied  to  A  ABC, 
so  that  7>  cc.incides  with  .1  and  l)E  falls  on  AB  \ 
then  •.•  L  BAC  =  /.  EDF,  .:  DF  will  fall  on  AO. 

Let  O  and  11  be  the  points  in  A  B  and  A  C,  or  these  pro- 
duced, on  which  K  and  F  fall. 
Join  an.     (til  will  be  ||  to  B(\  :■  l  AG  11=  z  AB<\  I.  28. 


Then  It  A  is  lo  OA  as  (A  is  to  HA, 
and  .-.  BA  is  to  KU  as  CA  is  to  FD, 
whence  BA  is  to  AC  as  /!,'i>is  to  DF. 


VI.  2. 
V.    (i. 

V.  I.'). 

Similarly,  by  applying  the  A  DEF,  so  that  the  z  s  ;it  F,  E 
may  coincide  with  those  at  (.',  />'  successively,  we  might  show 
that 

^inis  to  CB  as  DF  is  to  FK,  and  that 
VB  is  to  BA  as  FE  is  to  ED. 

Q.  E.  D. 

Ex.  Divitle  a  fjiven  angle  into  two  parts,  such  that  the 
perpendiculars  from  any  point  of  the  dividing  line  upon  the 
two  arms  of  the  angle  may  be  in  a  given  ratio. 


Book  VI.] 


PROPOSITION  V. 


-53 


PROrOSITION  V.      TlIKOREM. 

Jf  the  sideii  of  lim  triniKjhs,  nhnni  each  of  their  anghx,  be 
projfortionalK,  thn  tr'uuKjUa  tnnst  Ik  equiaiujular  to  one  anuther, 
(iiid  viust  have  those  aiujkt  equal,  which  are  opposite  to  the  hovio- 
luijot'.s  sides. 


IS 


J' 


Let  the  as  ABC,  /'/•'/<' hnve  their  sides  proportional, 
so  that  JIA  is  to  AC  iis  KI)  is  to  DF, 
and  JC  is  to  Cli  as  J>Fh  to  FE, 
and  CB  is  to  BA  as  FE  is  to  ED. 
Then  mnut    A   A  BC  be  equimitjnlar  to   A    EDF,  those  l  s 
(liiiici  equal,  irhieh  are  opjioslte  to  the  hoitiohxjdiis  sides,  that  Is, 
L  BAC=:  L  EI)F,and  l  AB('=  l  1)EF,aw\  i  ACB=  i  DFE. 
In  AB,  produced  if  necessary,  make  A0=1)E, 

and  draw  till  II  to  BC,  meeting  AC  in  //.  I.  31. 

Tiien  A  J(r7/ is  equiangidar  to  A  ABC,  I.  :>l». 

and  .-.  BA  is  to  AC  as  GA  is  to  AIT.  VI.  4. 

But  ED  is  to  DF^s  BA  is  to  AC ;  Hyp. 

and  .-.  ED  is  to  DF -^s,  GA  is  to  AH.  V.   .5. 

But  EI)  =  GA,  and  .-.  I)F=AU.  V.  14. 

Ro  also  it  may  he  sliown  tliat  (HI=EF. 
Then  in  As  AG  If,  DEF 
:■  GA  =  ED,  and  A  H=  DF,  and  HG^FE, 
.:  I  GAH=  I  EDF;  i  AGH=  i  DEF;    l  AHG^  l  DFE. 

I.  c. 
But/  GAIl^-  L  BAC;  l  AGH=  l  ABC;  i  AHG=  l  ACb. 
.-.  /  BAC=  I  EDF  ;  /.  ABC=  /  DEF,  and  l  ACB=  l  DFE. 

Q.   E.  D. 
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Proposition  VI.    Tiikoukm. 

//  t)rn  triniKjh'H  hdre.  one  niKiTi'  of  the.  one  ((pinJ  to  one  avqle 
of  the  other,  and  the  xiile:i  (ihoiit  the  eqitdl  (nnjles  j>n>iiortloii<il.<, 
the  triangles  must  be  equiangular  to  onea,nother,  and  must  havii 
those  angles  equal,  which  arc  ojiposite  to  the  homologous  sides. 


£< 


In  the  AS  vliN',  UF.h\  let  ^  /J-IT-  l  EDF, 
and  let  JiA  he  to  /V  as  HI)  to  UF. 

Thf.nmvat  a  ABC  he  tqiiinrguhir  to  A  DEF, 
and  L  Al\V=  L  DFF,  and  l  AVIi=  i  UFK. 

In  AH,  produced  if  necessary,  make  AG=f)E, 
and  draw  <lir\\  to /if. 

Then  a  A(fH  is  equianf,ndar  ti>  A  AliC, 
anil  .•.  a  A  is  to  AH  as  BA  is  to  A(\ 
and  .-.  (r'.l  is  to  AH  as  ED  is  to  DF. 

But  (r'.l  =ED,  by  construction, 
and  .'.  .1  A/=  J)F. 

Then  •.•  GA  =ED,rmdAir==DFmA  l  QAU=  l  EDF; 
.:  L  A(Ul=:^  L  DEF,  and  /  .1 IIG^-  i  DFE,  I.  4. 

and  .•.   L  ABC=  i  DEF,  and  i  A(:B==  i  DFE. 

<.}.    K.   1). 

lv\.  1.  If  fnini  ]>,  (',  the  extremities  of  the  hase  (if  a  triani^le 
ABC,  lie  drawn  BD,  CE,  per])endicular  to  tiie  opposite  sides, 
shew  that  the  triangles  ADE,  ABC mc  equianj^nilar. 

Ex.  2.  A  variable  chord  OP  is  drawn  through  a  fixed  point 
O  OT)  the  circninference  of  a  circle,  and  Q  is  taken  in  it,  so  that 
the  rectangle  OP,  OQ  is  constant,  find  the  locus  of  y. 


I.  :n. 

I.  2!). 
VI.  4. 

V.  r>. 


V.  11. 
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Mincellaneons  Exercises  on  Props.  I.  to  VT. 

1,  If  nvo  triun^^les  stand  on  tlio  same  base,  and  tlieir  verticf-* 
h'"  jdined  ]>y  a  8traii,'lit  lint',  tho  Irianj^les  are  as  the  purls  of 
this  line  intercepted  between  the  vertices  and  the  base, 

2.  If  a  circle  bo  described  on  the  radius  of  another  circle 
as  its  diameter,  and  any  slraij,dit  line  be  drawn  throuf,'h  the 
jioint  of  contact,  cutting,'  the  tw(>  circles,  the  part,  intercepted 
l)etween  the  fjreater  and  lessor  circles,  shall  be  eciual  to  the 
part  witliiii  the  lesser  circle, 

;j.  The  side  Iit\  of  a  triangle  .1  {>(',  is  bisected  in  /),  and 
any  straight  line  is  drawn  throii;^h  />,  meeting,'  AB,  AV,  pro- 
duced if  iiecessary,  in  J'],  F,  resi)ectively,  and  tlie  straij,;ht  line 
tlirout,'h  A,  parallel  to  BU,  iu  tr.  Prove  that  DE  ia  to  JF 
as  GE  ib  to  GF. 

4.  If  the  antjle  A,  of  the  triangle  ABC,  be  bisected  by  Al>, 
which  cuts  BO  in  i>,  and  0  be  the  middle  point  of  BC,  then 
01)  beaifl  the  same  ratio  to  OB  that  the  difference  of  the  sides 
bears  to  their  sum, 

f).  Tlif  lines  drawn  from  the  base  of  a  trian},,de  iicifii-iKliciilar 
to  tlic  iiiie  bi.si'ctin^'  the  vertical  anj^ic,  are  in  the  same  ratio 
as  the  skK's  of  the  triangle. 

6.  It  D,  E  be  points  in  tho  sides  AB,  AC  respectively  of 
tho  triangle  AB(',  such  that  the  triangles  DAC,  EAB  are 
eipial,  shew  that  the  sides  AB,  ^iC'are  divided  proportionally 
in  JJ  and  E. 

7.  If  two  of  the  exterior  angle.s,  of  a  triangle  ABC,  be 
bisected  by  the  lines  COE,  BOD,  intersecting  in  O,  and  meet- 
ing the  opposite  sides  iu  E  and  D,  |)rove  that  OD  is  to  OB 
as  AD  is  to  AB,  and  that  OC  is  to  OE  as  AC  is  to  AE. 

8.  C,  7i,  the  angles  at  the  biise  of  an  isosceles  triangle,  are 
joined  to  the  middle  points,  E,  F,  of  A'},  AC,  by  lines  inter- 
secting ill  G.     Shew  that  the  area  BCG  ia  equal  to  the  area 

AE(rF. 

i).  If,  through  any  point  in  the  diagonal  of  a  parallelogram, 
a  straight  line  be  drawn,  meeting  two  opposite  sides  cit"  the 
figure,  the  segments  of  this  line  will  have  the  same  ratio  ;i8 
those  of  the  diagonal. 

lu.  The  sides  AB,  AC,  of  a  triangle  ABC,  are  iirodiucd  to 
J>  and  E,  so  that  DE  is  parallel  to  JJ'',  and  tiio  straight  line 
DE  is  divided  in  F,  so  that  ]>F  is  to  FE  as  BD  is  'to  CE ; 
shew  that  the  locus  of  F  is  a  straight  line. 
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Proposition  VII.    Tiikorem. 

Ij  two  triangles  have  one,  atxjle  of  the  one  equnJ  to  ove  angle 
of  the  other,  and  the  sides  about  a  second  amjle  in  each  pnijuu 
tionnls  ;  then,  if  the  third  angles  in.  eiieh  In  both  acute,  Imili 
ohtiise,  or  if  one  of  them  he  a  rigid  angle,  the  triangles  must 
he  equiangular  to  one  another,  and  innst  have  those  angles 
equal,  about  which  the  sides  are  Jiiroportioiials. 


In  tli(;  /MiAB(\  DEF,  lot  l  BAC^  i  HDF, 

and  let  Afi  be  to  BV  as  DE  is  to  IJF, 

and  let  ^  s  ACli,  DFE  he  both  acute,  both  obtuse,  or  let 
one  of  theui  be  a  right  anffle. 

Then  must   A.?  ABC,  DEF  he  eqvinngnlor  to  oneanothir, 
having  t  ABC=  i  DEF,  and  i  AVB=^  \  UFFL 

For  if  I   AHC  bo  iiot^  i  DEF,  let  (Hic  of  llieni,  a.s  i  ABC, 
be  greater  than  the  other,  and  make  z  ABO—  l  DEF,     I.  2;J. 

and  let  BQ  meet  AC  in  6'. 

Then  •.•  i  BAa=  i  EDF,  and  /  ABC^  i  DEF, 

.-.  A  A  B(r  is  e<iuiangnlar  to  A  DEF,  I.  'M. 

and  .-.  AB  is  to  />Y;  as  DE  is  to  EF.  VI.  J. 

But  A  B  is  to  BC  as  DE  is  to  EF,  Hyp. 

.-.  A  B  is  to  BG  as  AB  is  to  BO,  V.  r,. 

and.-.  LYT'=Br',  V.  s. 

and  .'.  z  BCtf^  l  BGO.  I.  a. 
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First,  let  l  ACB  m(\i  hiE  be  both  acute, 

then  I  AGE  is  acute,  and  .•.  l  BGC  is  obtuse  ;      I.  13. 
.•.  z  BCG  is  obtuse,  which  is  contrary  to  the  hypothesis. 

Next,  let  /.  ACB  luul  i  DFE  be  both  obtuse, 

then  I  AGB  is  obtuse,  and  .'.  i  BGC  is  acute  ;      I.  13. 
.*.  l_  BCG  is  iiciite,  which  is  contrary  to  the  hypothesis. 

Lastly,  let  one  t.f  the  third  z  s  ACB,  DFE  be  a  ri^ht  z  . 
If  z  ACB  be  a  rt.  z  , 

then  z  BGC  is  also  a  rt.  z  ;  L  A. 

.-.  z  8  BCG,  BGC  to{,'ether=two  rt.  z  a, 
-vliich  is  inipobbible.  I.  17. 

Ajjain,  if  -^  DFJ?  be  a  rt.  z  , 

then  z  AGB  is  a  rt.  z  ,  and  .".  z  BGC  ia  a  rt.  Z  .      I.  13. 

Hence  z  BCG  is  also  a  rt.  z  ,  I.  a. 

iind  .'.  z  8  BCG,  BGC  together = two  rt.  z  s, 

wliich  is  impossible.  I.  17. 

Hence  i  ABC  is  not  greater  than  z  DEF. 

So  also  we  might  shew  that  z  LEF  is  not  greater  than 

z  .4i?C. 

.-.  z  JiiC  =  z  I>Z?i'; 

and  .-.  z  JC7i  =  z  X'i''i?.  I.  32. 

Q.  E.  D. 

N.B. — This  Proposition  is  an  extension  of  Proposition  e  of 
Book  I.  p.  42. 

Note. — We  have  made  a  slight  change  in  Euclid's  arrange- 
ment of  the  four  Propo.sitions  that  follow,  because  Eucl.  vi.  8 
iH  closely  connected  with  the  proof  of  EucL  vi.  13. 


II 
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Proposition  VIII.     Pitoni,?;M.     (Eiirl.  vi.  9.) 
Fr(ym  aijiven  straight  line  t<i  cut  oj  tt.inj  ^nbmidtiple. 


Let  AB  be  tlie  given  st.  lino. 

It  is  reqtiired  to  shew  how  to  rut  off  anu  suhm  nlliph'  from  A  11. 

From  A  draw  AC  iiiiikin^  any  iin;,'lo  witli  .1  /•'. 

In  Ai'hik(  Any  pt.  I),  and  make  AC  the  same  multiple  -4' 
4  U  that  Ah  w  '4  the  Kul«/iiiltiple  to  be  cut  off  fpnii  it. 

Join  liC,  and  drm  IfK  \\  to  HC  I.  :{1 . 


'••I 


.•  Kh  is  II  to  /Ul, 
.:  /'//  i*  t//  ft  A  as  HE  IS  to  EA, 
and  . .  CA  is  to  I) A  a.^  HA  is  to  EA. 


VI.  -1. 
V.  k; 


.'.  EA  is  thesamesubmu'ltipicof /)'.!  tlmti>J  isotr.l 

V.  i:t 

lluiidd  \\HU%  AH  the  submultiple  recjuire'd  is  cut  off. 

<^.  K.  y. 

Kx.  1.  Cut  off  onc-8eventh  of  a  given  strai;;ht  line. 
Ex.  2.  Out  off  two-fifths  of  a  given  straii^lit  line. 

Note. — This  Proposition  is  a  particular  case  of  Proposi- 
tion IX, 


B-^ok  VI. 
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Proposition  IX.     Problem.     (Euel.  vi.  10.) 
'!  o  divide  a  given  straight  line  similarhj  to  a  given  straight 

i  ikC. 


I. it  Ali  be  the  sf.  lint;  yivcii  to  lie  diviilt'd,  and  AC  the 
divided  St.  line. 

It  in  riqniri'd  to  divide  AB  simihirlii  to  AC. 
Lcl  AC  lie  divided  in  tlie  pts.  It,  K. 

IMace  .1/*,  .-ICsd  as  to  contain  any  anj;Ie. 
.loin  BC,  and  tliroiiKli  7>,  I''  draw  DF,  EG  II  to  BC.      I.  31 
Through  I>  draw  hllK  II  to  AH. 

Then  •.'  /'//and  f,7v' are  Os, 

.•.  Fa     />//,  and  ail^UK. 

And  •.•  ///•;  is  II  to  K<\ 

.:  KH  is  to  ///>  as  (7i  is  to  ED, 
that  is,  7,7/    is  to  OF  as  ri:;  is  to  ED. 

A^iain,  •.•  f'/'  is  ||  to  HE, 

:.  ^r'Fis  to  FA  as  /<;/>  is  to  DA. 
Hi'ncc  .1/)'  is  divided  sinularly  to  AC. 


1.31. 
I  34. 
VI.  2. 

VI,  2. 


0.  E.  r. 


I'-x.  1.  Prodncp  a  {{ivon  Rtrai},dit  line,  so  that  the  whole  pro- 
'iiced  line  shall  be  to  the  inndiued  part  in  a  given  ratio. 

i'!x.  1.  (hi  a  given  base  descril>e  a   triangle,  with  a  given 
virtual  angle  and  its  sides  in  a  given  ratio. 
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PuorOSITION  X.       PllOBLKM.       (Eucl.VI.il.) 

To  find  a  third  pi-oportional  to  two  given  straigld  lines. 


Let  AB  iiii'l  .!  f  be  the  (,'iven  st.  lines. 

It  1.1  required  to  find  a  third  jirDprnlionnl  to  AB,  AC. 

Place  AB,  AC  so  as  to  contMiii  any  an(,'l('. 

PpkIuco  All,  AC  to  1)  anil  A'",  inakiiif:  BD^AC.  I.  3. 
Join  BC,  and  throiiifli  D  draw  L>E  II  to  BC. 
Then  •.•  jB(,'  is  11  to  DE, 

.:  J/i  i.s  to  ii/>  as  J  r  is  to  CE, 
and  .-.  .lii  is  to  .IT' as  .!('  is  to  CM. 
Thns  ('A'  is  a  third  proportional  to  JZ>'  and  AC. 


1.  31. 

VI.  2. 

V.  6. 

:.  E.  F. 


Nf>TK..  This  Proposition  is  a  particular  ca.se  of  P-zoposition  m. 

Dkf.  II.  When  three  niajinitndt's  are  propovti  ,  '     thr       •'. 

is  said  to  iuive  to  the  third  the  duplicate  rati'"  •'  .it,  wh'cn  it 
has  to  the  seciwid. 

Tims  lu're  AB  has  to  CE  the  duplicate  ratio  of  .W;  to  AC. 

Di'.i'.  111.  Wlicn  tlm  (>  majinitudes  are  proportionals,  t.ie  first 
is  said  to  liave  to  the  third  the  ratio  coniponiidcd  of  the  ratio, 
which  the  first  has  to  the  .second,  and  of  the  ratio,  wldcii  the 
second  has  to  the  third. 

Tims  here  AB  has  to  CE  the  ratio  compounded  of  the 
ratios  of  AB  to  AC  and  AC  to  CE. 


Book  VI.] 
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I'KdrosiTIoN  xr.      THKORKM.      (Eucl.  VI,  12.) 

To  find   a  foluth    inopmtional    to    three  (jiven  straight 

lines. 


Let  A,  B,  ('  be  the  three  given  st.  lines. 

It  i<  n<jiii)(<l  to  find  a  fourth  proportional  to  A,  B,  C 

Take  DE,  DF,  two  st,  lines  making  an  i  EUF,  and  in  these 
make  DG^A,  GE==B,  and  DJI=C, 
and  tlirou;,'h  E  draw  EF  \\  to  GIL 
Tlien,  •.■  Gil  is  11  to  EF, 

.:  DG  is  to  GE  a.s  Dll  is  to  II F, 
and  .-.  A     is  to  B    as  C      is  to  HF. 
Thus  ifl'  is  a  fourth  proportional  to  A,  B,  C. 


1.3. 
I.  31. 

VI.  2. 

V.  6. 


I 


Q.  E,  F, 


Kx.  ABG  is  a  triangle  inscribed  in  a  circle,  and  BD  is 
liiawn  to  moot  the  tangent  to  the  circle  at  .1  in  Z>,  at  an  angle 
AHD  e(|ual  to  tlic  angle  ABC.  Show  that  AC  is  a  fourth 
proportional  to  the  lines  BD,  DA,  AB. 


262 


ECciJiy.s  i: /./■:. \/K\ 7 s. 


[Book  VI 


Proposition  XII.    TiiEonK.M.     (Eucl.  vi.  8.) 

In  a  riijld-iiiirjhil  triovijU,  if  n  prrjiiiKliciiliir  lie.  (Iranm  fnna 
the  rvjht  nmjlc  fi>  the  hase,  'he  tridinjli.^  (»i.  ench  side  (if  it  "<>! 
timilar  to  the  ichvlc  iriamjlc  and  to  one  another. 


B         a 

"L^i  ABChf^  a  riKht-angled  t    havini:^  iBACuvi.  ^  ,  ami 
from  A  let  AD  be  drawn  x  to  i.. 

Then  must  Ls  DBA,  DAC  be  sh.iilnr  to  a  ABC,  and  to 
eaeh  other. 
For-.Tt.  iBDA=Tt.  iBAC,aiM\  iABD=  lCBA, 

.-.  lDAB^  I  ACIi.  I.  :\-2. 

.'.  A  DBA  is  equiangular,  and  .".  similar  to  A  AB( '.  VI.  4. 
In  the  same  way  it  may  be  shown 

that  A  DAC  is  efiuiiui^'ular,  and  .•.  similar  to  :.  ABC, 
Hence  A  £'£^'1  is  similar  to  a  DAC. 

Q.   K.  D. 

Cor.  I.  DA  is  a  mean  proportional  lu'twci  ii  1>I>  and  J)(\ 

For  BD  is  to  DA  as  DA  is  to  DC.  VI.  I. 

Cor.  II.  BA  is  a  mean  iiropMrtional  betwci'ii  YJC  and  />'/', 
For /JCisto  BA  as  BA  is  to  /;/>.  VI.  I 

Cor.  III.  CA  is  a  mean  proportionul  between  /iCand  ClK 
For  BC  is  to  CA  as  VA  Is  tn  ( 7^.  VI.  I 

Q,  K.   D. 

Ex.  B  is  a  fixed  point  in  the  circumference  ol  ii  circle,  whoso 
centre  is  C;  PA  is  a  tannent  at  any  puiut  P.  ineeling  t'B  pin 
(iuced  in  A,  and  PD  is  drawn  perpendicularly  to  CB.     Prove 
that  the  line  biscctiiij,'  the  angle  J  7^i>  always  passes  tluouyh //. 


Book.  VI.  1 


PAUi/'OS/VVOX  XIIT. 
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Piioposr-ioN  XIII.     Prohlkm. 

To  Ji)nl  a  mkan  jinijiortldmil  lutivenn   two  given  straight 
lines. 


Let  AB  ami  B'J  bf  the  two  j/iveu  st.  lines. 
It   is  requinil   to   find  a    mean   /iroiiortionnl   hetweeii   AB 
and  lie. 

Place  AB  and  BC an  a.s  to  make  one  st.  line  A(\ 
and  on  .4(' desi'nl)e  the  seinicirele  Al)('. 
From  iidraw  Bl>  l  to  AC,  and  jnii,  .!/>,  <'L>.  I.  11. 

Then  •.•  I  .l/K'i.sa  rr.  z  ,  III  M. 

and  JjB  i.sxto  J<', 
■".  DB  is  a  mean  proportional  between  AtB  and  BC 

VI.  12,  Con.  1. 

Q.  K.  V. 

Ex.  1.  Produce  a  given  straij^iit  line,  so  that  tlie  t,'iveii  line 
may  be  a  mean  jtroportional  between  tlie  whole  line  and  ilic 
part  produced. 

Kx  2  Slu'W  that  either  of  the  sides  of  an  iso.scvlvs  tiianu'i' 
is  a  mean  proportional  between  the  base  and  the  half  of  ilir 
''t'mnent  of  the  base,  produced  if  necessary,  which  is  cut  oil 
liy  a  straij;ht  line,  drawn  from  tiie  vertex,  at  rij.,'ht  auijlvs  \> 
the  equal  side. 

Kx.  ;5.  Shew  that  the  diameter  of  a  circle  is  a  mean  propor- 
tional between  the  sides  cf  an  equilateral  triani;le  and  a 
hexaffon,  described  about  tiu     ircle. 

Kx.  4.  From  a  puint  .1,  outside  a  circle,  a  line  is  drawn, 
iiittinj,^  the  circle  in  B  and  < '.  Kind  a  mean  proportional 
111  t  ween  .1/.'  and  .1^'. 
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Def.  IV.  Twd  fimires  are  said  to  have  their  sides  about  two 
of  their  iin<,'ies  reciprocalbt  projwrtional ,  when,  of  the  four 
terms  of  the  proportion,  the  first  antecedent  and  the  second 
consequent  are  sides  of  one  fi(Tiire,  and  the  second  antecedent 
and  first  consequent  are  sides  of  the  other  figure. 

Thus,  in  the  diagram  on  the  opposite  page,  the  figures  AB 
and  BC  have  their  sides  about  the  angles  at  B  reciprocally 
proportional,  the  order  of  the  proportion  bein;; 

DB ')»  io  BE  aaQB  into  BF, 


00k  VI. 


Bnot  VI.] 


ph'orosr'r/oA'  xrv. 


=55 


lut  two 
le  four 
second 
cedent 


e&AB 
rocally 


Proposition  XIV.     Tiikoukm. 

Kiptnl  j  (ir(tUihi<jr(iiii.<,  irhifli  hare  one  aiigh:  of  (he  one  eijiial 
III  one  aiKjIc  of  (lir  ullirr,  hare  their  skies  abuut  (he  equal  angles 
rceiprucallij  i>roj>ortional. 


\ 


Let  AB,  BChc  cqnal  Os,  having  z  FBI>^  l  EHG. 

Thni  wHst  I  Hi  L  h,  HI':  ,(s  (Ui  is  (,.  lil<\ 
I'laro  tlic  Oh  so  that  />/.'  aiiil  tlK  are  in  the  same  st.  line  ; 
tlicn  iiiiist  (Hi  and  11  h'  also  lie  in  one  st.  line.  1.  14. 

CoiniiietetheO  FE. 
Then  -.•  CJ  A  1:  =      O  IU\  nnrl  FE  is  another  ZZZ, 

.-.  Z  7  .1  /.'  is  to  CJ  FE  as  U  lit '  is  to  CJ  FE.        V.  6. 

I'.ut  as  LJ  Ali  is  to  O  FE  s(.  is  Dli  to  HE,     VI.  1,  Con.  I. 

and  as  C7  BC  is  to  LJ  FK  so  is  (Hi  to  Z>'/<'.     VI.  1,  Cor.  I. 

.-.  DB  is  to  BE  as  <iB  is  to  iii'.  V.  5. 

And  Conversely, 
BandUhujrams,  irhirh  hit  re  ane  anijie  of  the  one  iqxal  to  one 
angle  of  the  other,  ami  their  sides  alniut  the  equal  angles  recijro- 

nillij  jiriii  ortional,  an  npiul  tit  o/zc  aniithir. 

i,et   I  lie  sidis  aliont    tlie  (i|nal    /  s  lie  reeiprocally  propor- 
tional, that  is,  let  /'/.'  I'c  to  /;/•;  as  (Hi  is  to  BF. 
Thin  nnist  CJ  Ab^CJBa 
For,  the  same  eonstinction  hein^r  niade, 

•.•  I)li  is  to  /;/;as  (IF,  is  to  JiF, 

and  that  />/>'  is  to  HE  as  CJ  A  li  is  to  CJ  FE,    VI.  1,  Cor.  I. 

and  that  OB  is  to  BF  a.s  O  lit '  is  to  CJ  FE,    VI.  1,  Cor.  I. 

.-.  CJ  AB  is  to  CJ  FE  as  CJ  BV  is  to  CJ  FE.      V.  5. 

and  .-.CJ  AB=CJ  BV.  V.  8. 

Q.  E.  D. 
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Pnoi'osrrioN'  XV.     Tiikokkm. 

E(]vnl  trinnrjhft,  irhirli  hnrr  oiii'  (tiKjJf  of  tlir  niw  ptpinl  to  niir 
cnujli  (if  III!  (itlur,  lidcc  tlnir  t<i(l>s  ahoitt  tkc  tqual  amjUn  recip' 
rocallij  jirupurtioruil. 


Ut  ABC,  ADK  1,0  ffinal  /,s,  liMviii^  i  liAC^  l  DAE. 

Thn,  ;/M(s/  CA  }„  t„  An  „.<  KA   i<  h>  All. 

Place  flio  /, s  so  that  <'A  ami  AJ>  aiv  in  the  same  st.  line  ; 
then  must  EA  and  AB  also  be  in  one  st.  line.  I.  14. 

Join  HD. 

Then  •/  A  A  1U'r=  a  ADE,  and  A  Lil)  is  another  a  , 

.'.  A  .1  lU '  is  to  A  A  HI)  as  A  ,1 1>E  is  to  a  ABD.  V.  (i. 

But  .as  A  A  lU '  is  to  A  A  tiV  so  is  Tvll  o  J  /),  V I .  I . 

and  as  A  A  DE  is  to  a  A  BD  so  is  EA  to  .1 B.  VI.  1. 

.-.  VA  i.s  to  A  I)  as  EA  is  to  AB.  V.  5. 


Ex.  1.  Shew  that,  provide<l  the  sides  of  one  of  the  trianj^les 
he  nia<le  the  extremes,  it  is  inditl'erent,  so  far  as  the  truth  of 
the  Proposition  is  concerned,  in  what  or<ler  tiic  sides  of  the 
other  trianj,de  are  taken  as  the  means  (if  tie  four  pro- 
j)ortionals. 

Ex.  2.  ABh,  AcC  are  two  given  strai<,dit  lines,  cnt  hy  two 
t'thers  BC,  he,  so  that  the  two  trian^des  AB(',  Al>c  may  be 
equal  ;  shew  that  the  lines  BC,  be  divide  each  other  in 
reciprocal  proportion. 
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And  Coiiversoly, 

Triangles,  which  have  one  antjh  of  the  one  ennal  In  one,  amjU 
of  the  other,  and  their  sides  about  the,  eipial  angles  reciproeallij 
projiortvmal,  aix  equal  to  one  another. 

Let  the  Buk'S  jiboiit  tin;  (Mjuitl  /  «  be  icuiiirnoally  proportional, 
that  is,  let  VA  be  to  A  U  as  J'JA  is  to  Ali. 

Then  must  A  ABC=  A  ADE. 

For,  the  saujo  const  ruction  being  made, 

•.•  CA  is  to  AD  iia  EA  is  to  AD, 

and  that  CA  is  to  J£>  as  A  ABC  is  to  a  A  BD,  VI.  1. 

and  that  EA  is  to  AB  as  A  ADE  is  to  A  ABD,  VI.  1. 

.-.  A  JliiC  is  to  A  A  BD  as  a  ADE  i.s  to  a  J  BD.  V.  .5. 

and  .-.  A  ^Z)'C'=  A  ADE.  V.  8. 

Q.  E.  D. 


Ex.  3.  Through  the  extremities  of  the  base  BC,  of  a  triangle 
ABC,  draw  two  parallel  lines,  BE  md  CD,  meeting  AC  and 
AB  produced  in  E  and  D  respectively,  so  that  BCD  may  bo 
equal  in  area  to  ABE, 

Ex.  4.  P  ia  any  point  on  the  side  AC,  of  the  triangle  ABC-, 
CQ,  drawn  parallel  to  BP,  meets  AB  produced  in  Q -,  AN, 
AM  are  mean  proportionals  between  AB,  AQ,  and  AC,  AP, 
respectively.  Shew  that  the  triangle  ANM  is  mnal  to  the 
triangle  ABC, 
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Proposition  XVI.     Tiikoiikm. 

If  four  slrniyht  /i«r.s'  tif  /iniii<)rtioii(tls,tlii  rutiiiiijii  (inilnuini 
by  the  extremes  /.<  njiuil  Id  IIh'  rcclumjU:  coutniiinl  Inj  tin:  tiiiiniK. 


K- 
G- 


A' 


-Ji 


M 


It 


U 


Let  the  four  st.  lincR  Ali,  CD,  EF,  (HI  be  ])iopiirtioi)al3, 
80  that  AR  Ls  to  (7>  as  KF  is  U^  (111. 


Tit 


en  iiiii.ll  ird.  Ali,  (Sll^rnl.  i'lK  KF. 


Draw  .1 M  i  to  .1  /.',  and  f.V  l  to  CD;  1.11. 

and  make  AM=ail,  and  ('.V=  FF; 

and  complete  tlie  CJn  li.\r,  DX.  I.  :51. 

Then  •.•  Ali  is  to  ('!>  a.s  FF  i.s  t..  HH, 
and  that  EF=Cy,  and  (ill ^ AM, 

.-.  /1/iis  to  r/>ii.s  r.Vis  to  AM.  V.  <;. 

Tliiis    the    sides   ahoiit    tlie   eiiiiai   z  s   of    the    e(iiiian;;ul 


njs  BM,  DX  ma  recij.rocally  proportional, 


an 


d.-.  O  BM^IO  DN 


VI.  14. 


that  is,  rect.  .1/^,  vl.l/=rcct.  CD,  CS. 
.'.  rect.  Ali,  (ill  =rect.  CD,  EF. 


Ex.  1.  If  E  be  the  middle  point  of  a  semicircular  arc  A  EH, 
and  EDO  be  any  chord,  cuttiu),'  the  diameter  in  D,  and  tlie 
circle  in  C,  prove  that  the  square  on  CE  is  e((ual  to  twice  tiie 
<|iudiil'iteral  AEIK', 


Book  v;.j 
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;3i. 


And  Conversely, 

If  the  Tfctamile  ronUiined  by  the  extremes  be  equal  to  the  red- 
angle  wntaineil  bj  the  means,  the  Jour  straiijht  lines  are  pro- 
portionala. 

Let  rect.  AB,  G7/  =  rect.  CD,  EF. 

Then  viuet  AB  be  to  CD  as  EF  is  to  GH. 

For,  the  same  construction  being  niiide, 
•.•  rect.  AB,  Gil  =rect.  CD,  EF, 
.-.  rect.  AB,  AM^rect,  CD,  CN, 
that  is,  O  BM=CJ  DN. 

nnd  these  Os  are  equiangular  to  one  another, 
and   .'.   the    sides   aliout    the    eijual    i  a   are   reciprocally 
jiroportional,  VI.  14. 

and  .:  AB  is  to  CD  aa  CN  is  to  JAf, 
and  .-.  AB\&io  CD  aa  EF  m  to  GH.  V.  6. 

Q.  K.  D. 

Ex.  2.  If,  from  an  angle  of  a  triangle,  two  straight  lines  be 
<Itawn,  one  to  the  side  subtending  that  angle,  and  the  other 
(Miting  from  the  circumscribing  circle  a  segment,  capable  of 
cniiiainiiig  an  iingle,  e(jual  to  the  angle,  cont^iiiied  by  the  first 
drawn  line  and  the  side,  which  it  meets ;  the  rectangle,  con- 
tained by  the  sides  of  the  triangle,  shall  be  equal  to  the  rect- 
angle, contained  by  the  lines  thus  drawo. 


270 


El vv IDS  II i:mf.xts. 


[Book  VI 


Proposition  XVII.     Tiikoukm. 

//  Dirif  .itmu/ht  lines  he  projiortionalu,  Ihe  nclnngle  contained 
Inj  the  i.rtn  nun  it  equal  to  the  square  on  the  mean. 


B- 

D- 

C- 


Lct  the  throe  st.  lines  .J,  //,  <'  !»■  i>io|i(irtiunals,  and  let 
A  be  to  b  as  B  is  to  ( '. 

Tlien  mnst  reet.  A,  C=sq.  on  B. 
Take  r}  =  B. 
Then  •.•  .1  is  to  B  as  B  is  to  C, 

.:  A  is  to  li  MS  D  is  to  0,  V.  6. 

and  .-.   net.  A,  ('=rcct.  li,  D,  VI.  Hi. 

that  is,  rect.  A,  C'=s(i.  on  B. 

And  Conversely, 

If  the  rectanfik.  rontained  hij  the  extremes  he  equal  to  the 
sqiiare  on  the  mean,  the  thrci  straiijht  litnx  ure  inojiortionaU. 

Let  A,  B,  V  lie  three  sti-aight  lities  sueh  that 
rect.  A,  ('—8(1.  on  B. 
Then  must  A  he  to  B  as  B  is  to  V. 
For,  the  same  construction  being  made, 
'.•  rect.  A,  C'=8q.  on  B, 
and  B=D, 
.-.rect.  A,  V=recL  B,D, 
and  .-.  A  is  to  B  iis  D  is  to  G,  VI.  16. 

that  is,  A  is  to  B  as  B  is  to  0.  V.  6. 

Q.  E.  D. 
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Proposition  XVIII.     I'ikhslkm. 

Upon  (1  (jurii   slmiiilil  Hm    In  ilisivilif  n   ri<iillii((ir  Jhjmo 
siiiiiUir  and  .liuiilurhj  !<ilii(ili(l  lu  u  <jii\n  ndiltiuurjigure. 


Lot  AB  bp  the  given  st.  lino,  ami  CDKF  tlic  f;ivpii  mill 
fij;.  of  four  sides. 

It  j.t  rK/uintl  In  (h.inlh,  oti  .1  />'  n  fig.  ifiinilnr  iiml  slniihirln 
sidn-tid  l<>  ChEF. 

.Foin   />/•',  Mild  at   .1  and  It,  make  i   liAC  --  l  JX'F,  ami 
iABa= I  CDF; 

then  A  F>A(i  is  (H|niaii}:nlar  to  .",  Di'F. 
Atr/  ami  /.'.rnako  .  /{r,7/=-  .  />/-'/•;,  ami  ^  (.'/<//=  i  FDE ; 

then  A  ^'///)  is  »(|iiiaii^'iilar  t"  '.  FEl>. 
Then  /^  .If/Zi^  ^  ('Fl>,  and  .  /.v;//-  z  DFE, 

.-.i  A(tll=     <'FF.  A\.± 

So  also  z  .1 /;//=.  r/>/^'. 
And  we  know  tiiat .  F.Ad  =  .  ix'F, 
and  lliat  .  f, '///.'-  .   /-'/v'/^ 
.-.  recti!,  fi;;.  AllIKi  is  .•.niian^inlir  to  fij,'.  r/>/:F. 
Also,  •.•   ,\  HAd  is  e<|iiiano\dar  to  A  IX'F, 

.'.  HA  i.   to  .l</as  />ris  to  CF;  VI.  4. 

and  •.■  /.  fUfll  is  eijiiian^'iilar  to.,  I>FE, 

.:  (ill  is  to  (Ul  as  /-•/>  is  to  FE.  VI.  4. 

Also,  AG  is  to  <//<  as  CF  is  to  /-V). 

.-.  AG  is  to  (?//as  CF  is  to  /'A*.  V.  21. 

Siiuilarly,  it  may  shown  that 

ail  is  to  ///ias  F/'.'is  to  ED, 
and  that  ///.'  is  to  HA  as  /•;/>  is  to  hC. 
.'.  the  rectil.  fijjs.  A  HUG  and  CJJEF  inv  .similar. 
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Next.     Let  it  be  required  to  describo  on  .1  H  ii  fii,'..  similar 
and  siuilarly  situated  to  the  rectil.  tig.  CDKHF. 


Join  DE,  find  on  AB  describe  the  fit;.  AllHif,  siniiliir  ami 
similarly  situated  to  the  quadrilateral  ('J>HF. 

At  «  and  H  make  z  Hf}L=  l  EDK,  and  i  BHL=  l  DEK  ; 
then  A  IILB  is  cquiani,'uliir  to  .'.  EKJJ. 

Then  •.•  the  figs.  ABIIO,  ('DEFhtc  similar, 
.-.  lUUU^  I  FED; 
and  we  have  made  z  B1IL=  l  DEK; 

.:  whole  I  aiTL=\\hoh.  l  VEK.  Ax.  2. 

For  the  same  reason,  l  AliL—  i  CDK. 
Thus  the  %  AGHLB  is  ecjuiangular  to  fij,'.  CFEKIK 
Again,  •.•  the  figs.  AGUB,  ('FED  are  similar, 

.-.  GHiHia  11  Hm  FE  is  to  ED: 
also  we  know  that  ///{  is  to  ///.  as  ED  is  to  EK,        VF.  I. 
.-.  an  is  to  ///.  as  FE  is  to  A' A'.        \.  J  I. 
For  the  same  reason,  A  B  is  to  BL  as  CD  is  to  DK. 

And  BL  is  to  LIT  as  DK  is  fo  KE  ;        VI.  J. 
.-.  the  five-sided  figs.  AdllLB,  CFEKD  are  similar. 
In  the  same  way  a  fig.  of  six  or  more  sides  may  be  describecL 
on  a  given  line,  similar  to  a  given  fig. 

Q.  E.  F. 
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Proposition  XIX.     Theorem. 

Similar  triangles  art  lu  one  another  in,  the  duplicate  ratio  oj 
their  hoinologoUH  sides. 


Let  ABCyDEF  he  similar  as, 

having  /.s&t  A,  li,  ('=  -::  a  at  1>,  K,  V  respectively, 

so  that  BV  and  EF  are  honiologous  sides. 

Tlien  must  A  AHC  have  to  A  DEF  the  duj^Iicate  ratio  </ 
thit  ivhich  BO  has  to  EF. 

Suppose  A  DEF  to  be  applied  to  A  AB(\  so  that 
E  lies  on  B,  EI)  on  BA,  and  .-.  EF  on  BV. 
Let  F  and  V  be  the  pts.  in  BA,  BO  on  which  D  and  F  fall. 

Join  AQ. 
Then  a  ABC  is  to  t.  A BQ  as  i?C'  is  to  BQ, 
and  A  ABQ  is  to  A  i'/i(^  as  AB  is  to  LT. 
But  AB  is  to  BP  as  BC  is  to  7>'(,>, 

.-.  C.ABQ  is  to  A  PBQ  as  />'( '  is  to  BQ. 
Hence  A  yl«(.'  is  to  A  ABQ  as  A  A  BQ  is  to  a  PBQ. 
.:  c^ABC  has  to  a  PBQ  the  duplicate  ratio 
ofAJB(7toA.lB(;>;  VI.Def.  2 

.-.  A  ABC  has  to  A  PBQ  the  duplicate  ratio 
of  BC  to  BQ.  V.  5. 

that  is,  A  ABC  has  to  A  DEF  the  duplicate  ratio 
of  BC  to  £f  . 

Q.  E.  D. 


VI.  1. 

VI.  1. 
VI.  4. 
V.  5. 

V.5. 


Cor.  If  MN  be  a  third  proportional  to  BC  and  EF, 
BC  has  to  :dN  the  duplicate  ratio  of  Bf  to  EF,        VI.  Def.  2. 
and  .'.  BC  is  to  M.V  as  a  .-liiC  is  to  a  i^AT. 
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MUcellaneous  Escrcisca  chufij  on  rrojwsilinn  XIX. 

Ex.  1.  Prove  this  Propo-sition  without  drawing  any  line 
iinide  either  of  the  triangle!*. 

Ex.  2.  In  the  figure,  if  BC  bo  equal  to  FD,  shew  that  the 
triangles  will  be  in  the  ratio  of  ^T  to  EF. 

Ex.  3.  Cut  off  the  third  part  of  a  triangle  by  a  straight  line 
parallel  to  one  of  its  sides. 

Ex.  4.  AB,  AC  are  bisected  in  D  and  E.  Prove  that  the 
quadrilateral  DBCE  ia  etjual  to  three  times  the  triangle 
AUR. 

Ex.  ;')  If  a  rt'j,Milar  hcxa<.'on,  a  s(|uare,  and  an  equilateral 
trian},'lp  be  iusorilied  in  tiie  same  cinic.  jirove  that  the  squares 
described  on  their  sidi-s  are  pniportiimal  to  theininibers  1,  2,  ;J. 

Ex.  (i.  A  straiu'ht  line  drawn  parallel  to  the  diagonal  UI>  of  a 
parallelogram  AH('I>  meets  .1  li,  l!(\  ClJ,  DA,  in  E,  F,  G,  //. 
Prove  that  the  triangles  Af(>',  CEII  are  equal. 

Ex.  7.  If  two  triangles  have  an  angle  equal,  and  be  to  each 
otliiT  in  the  dupiicatc  ratio  of  adjacent  sides,  they  are  similar. 

Kx.  S.  If  two  triangles  have  a  common  angle,  shew  that  the 
arcMs  (it  ilic  trianuics  iiie  j^'pDrtiDiiid  tf)  the  rectangles  con- 
tained liy  the  sides  of  the  triMOgles  about  the  common  angle. 

Ex.  9.  From  the  extremities  A,  B,  of  the  dianjeter  of  a  circle, 
perpendiculars  A  Y,  BZ,  are  let  fall  on  the  tangent  at  any 
point  C.  Prove  that  the  arejvs  of  the  triangles  ACY,  BCZ  are 
together  equal  to  that  of  the  triangle  ACli. 

Ex.  10.  If  to  the  circle,  circumscribing  the  triangle  ABC,  a 
tangent  at  C  bo  drawn,  cutting  AB  produced  in  D,  shew  that 
AD  is  to  DB  in  the  duplicate  ratio  of  AC  to  CB. 

Ex.  11.  Construct  a  triangle  which  shall  be  to  a  given 
triangle  in  a  given  ratio. 


'A 


':1 


■I 
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PkOPOSITION  XX.      TlIKORKM.      (Eucl.  VI.  21.) 

Uecliliiietir  Jiijitres,  ithiih  nni  similar  to  ihi  so/Trnt  rcctilintat 
jiijure,  are  also  similar  to  lach  other. 


Let  each  of  the  rectilinear  figures  A  and  B  be  similar  to  the 
rectilinear  figure  C. 

Then  must  the  figure  A  be  similar  to  t}ie  figure  B. 

For  •.•  A  is  similar  to  C, 

,'.  A  i.s  rquiiintfular  to  C, 
and  A  and  C  have  their  sides  about  the  equal  L  s  pro- 
portionals. VI.  Def.  1. 
Again,  '.'  B  is  similar  to  C, 

.'.  B  is  eciuiangular  to  C, 
and  B  and  C  have  their  sides  about  the  equal  i  a  pro- 
portionals. VI.  Def.  1. 

Hence  A  and  B  are  each  equiangular  to  C,  and  have  the 
sides  about  the  equal  ^  s  of  each  of  them  and  of  C  pro* 
portionals. 

.'.  ^  is  equiangular  to  B,  Ax.  1. 

and  A  and  B  have  their  sides  about  the  equal  i  s  pro- 
portionals. V.  6. 
,•.  the  figure  A  is  similar  to  the  figure  B.   VI.  Def.  1. 

Q.  £.  o. 


^^t> 


/:rc//ns  ///M/xrs. 


[T5ook  VI. 


PnorosiTioN  XXI.     Thkoiikm.     (Kucl.  vi.  -Jo.) 
Siiiiiliir  jiiiliiffniiit  iiki)/  hi-  ilirittiil  into  llif  stiitu'  niinil>,r  nf 
similiir  triiinyhn,  hariiiij  llir  kiiiih'  rnlii)  In  inniiiiotlnr,  irhirh. 
the  111)1  !l(ioiiii  hare  ;  (tinl  the  pohiijinm  mr,  to  one  tiaiither  in  the, 
duplicate  ratio  of  their  IihihoIimjdiia  siden. 
A 


V  r 

Let  ABODE,  FOIIKL  bo  similar  polyj^oiis,  and  let  AB  he 
the  aide  hoinol(ij,'oiiH  to  F(r. 

I.  The  jiolii'ioiiH   ininj  be  divideil   inlii  th>-  siinie   tiimilier  nj 
similar  ti». 

II.  TheM  AS  liave  each  to  cork  the  same  rnlio  u-hieh  the  /»')/»/• 
gons  hare. 

III.  The  jmhignn  ABODE  ha.^  to  the  i,ohi<j»it  FdllKLlhf. 
duplirate  ratio  of  that  whieh  the  mle  AH  has  tn  the  siile  F(r. 

Join  BF,  Kf\  (!L,  Lll :  fli.n 

I.  ■.' the   polvj,""'   ABODE    is  similar   to    the    i)oiy},'oi> 
FGJIKL, 

.-.  z  BAE  =  z  0,FL, 
und  BA  is  to  .1  E  a.s  OF  is  to  FL. 
.:  L  ABE  is  similar  to  A  FOL.  VI.  n  ami  I 

and  .-.  L  ABE  =  z  FOL.  VI.  I)e».  1. 

Again,  •.•  the  polyf^ons  are  similar, 

.-.  iAll(''=  lFOII,  VI.  Def.  1. 

and  .-.  L  EBO  =  l  LOH  ;  Ax.  ;j. 

and  ".•  the  AS  ABE,  FOL  are  similar, 

.-.  EB  is  to  AB  as  LG  is  to  FG  ;  VI.  Def.  1. 

also,  '.■  the  polygons  are  similar, 

.-.  AB  is  to  BO  as  FG  is  to  GH ;  VI.  Def.  1. 

and  .-.  EB  is  to  BO  as  LG  is  to  Gil,  V.  21. 

and  .•.  since  i.  EBO  =  l  LGH, 

the  A  EBO  is  similar  to  a  LGfL  VI.  fi  and  a 

For  the  same  reason  the  a  EOD  is  similar  to  a  LUK. 
Thus  the  polygons  are  divided  into  the  same  number  ol 
similar  As. 
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11.  •.•  A  ABE  is  similar  to  A  FGL, 

.'.  L  ABE  hah  to  A  FGL  the  dupHaitc  ratio  of 
BE  to  OL.  VI.  1!». 

So  also,  A  EBC  has  to  A  LOU  the  duplicate  ratio  of 
BE  to  OL.  VI.  10. 

.:  £i  ABE  IB  to  £,  FGL  ns  a  EBC  li  to  a  LG  11.        V.  T), 
Again,  '.•  A  EBC  is  similar  to  A  LGII, 

.'.  A  EBC  has  to  a  LO//  the  duplicate  ratio  of 
EC  to  LH.  Vila 

So  also,  A  A'CD  has  to  a  LUK  the  duplicate  ratio  of 
EC  to  LU.  VI.  If). 

.-.  A  EBC  is  to  A  LO//  as  A  A'C'i)  is  to  a  LHK.      V.  5. 
But  A  EBC  is  to  A  Z/C  /f  as  A  ^  BE  is  to  a  /-'«  ^. 
/.  as  A  JB£  is  to  A  FGL  so  is  a  ii'BC  to  a  LGH, 
und  a  ECD  to  £,  LHK. 
Now  as  one  of  the  antecedents  is  to  one  of  the  consequents 
so  are  all  the  antecedents  together   to   all   the   C()nHi>quL'iit.s 
together,  V.  10. 

and  .*.  A  ABE  is  to  A  FOL  as  polygon  A  BCDE  is  to  polygon 
FOHKL. 


III.  Since  A  ABE  has  to  a  FOL  the  duplicate  ratio  of 
AB  to  FO,  VI.  19. 

•".  polygon  ABCDE  has  to  polygon  FOHKL  the  duplicate 
ratio  of  AB  to  FO.  V.  5. 

Q.  E.  D. 


Cor.  I.  In  like  manner  it  may  lie  proved,  that  similar 
figures  of  four  or  any  number  o'  sides,  are  to  one  another  in 
the  duplicate  ratio  of  their  homtlogous  sides :  and  it  has  been 
already  proved  for  triangles,  vi,  19.  Therefore,  universally, 
similar  rectilinear  figures  are  to  one  another  in  the  duplicate 
ratio  of  their  bomoloijous  sides. 
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CoK.  II.  If  yfS  Ite  11  tliinl  proportinnnl  (n  .1  J\  an<1  Vi!, 
Ah  lias  to  JfiV  tilt'  (luplicutc  rafii.  i.f  .1  W  to  fV/,  VI.  Ihf.  J. 
niid  .*.  AH  is  to  ,\/A' ii.s  tlic  fiyiirc  on  AW  to  tin-  similai- iiiul 
similarly  described  fi;,'iirc'  on  /V/  ;  that  beiii;,'  true  in  the  ca.M) 
of  (inailrilaterals  and  i)olyj,'on.s,  which  lin.s  liccn  aliiady  pnivcd 
♦"or  triangles.  VI.  llM'or. 

PnorosiTioN  XXII.    Tiif.orkm.     (End.  vi.  .31.) 

In  right-iinf/Iitl  triini(jl:/i,thi'  ncl  iJ  i  timr  Jiijurc,  )U  M-iih,  il  iijimi 
he  Kide  0]ii>o.iilc  ^<  tin-  riijhl  idkjIi',  m  mnal  to  tlic  siiiiiliir  nml 
similarhj  described  Jitjnns  upon  lln:  sides  containiiuj  the  riijlit 
angU. 


Lot  ABf^he  a  rit^htan<,'Ic<l  a  ,  having:  the  rij,'li(  i  Bif. 
Thill   must  the  rietiliiiiiii'  Jii/iiir,  ilisrillnil  o)i    lH',  /i.    ,ijiiiil 
to  the  siiniliir  niid  siniiliirli)  desnilieit  Jiijiins  im  liA,  AC 
Draw  ADi  to  IW. 

Then  A  A  IK '  is  similar  to  A  UllA ,  VI.  12. 

and  .'.  ftr  is  to  fiA  as  HA  is  to  /,'/>,  VI.  4. 

and  .•.  as  HC  is  to  lil>  so  is  the  tji^nirc  dcscrilied  (m  IW  to 

the  similar  and  similarly  dcscriln-d  tii,Mireon  /M,    VI.  :;i,('or.  2 

and  .•.  as  BiJ  is  to  fir' so  is  fi},niro  on  BA  to  li^^ure  on  B<' 

V.  !•-> 
For  the  same  reason 

a.s  l>('  is  to  BC HO  is  fi(,mrc  on  AC  to  fiifnro  on  />'(! 
Hence  as  BD,  1>C  toi^'cther  are  to  BC  ^o  are  ti^jnres  on  /i  1. 
.40  together  to  fign re  on  Bf'.  V   _'_'. 

But  BD,  Z>f '  to(;ether  are  eqnal  to  BC,  and 
.*.  figures  on  BA,  AC  tonrether  =  flj^ure  on  BC  < .  IS. 
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Xnri:.— The    PropoHition   which   follows  is    not  given    by 
Kiicliil,  Itiit  i.H  iiectfisary  to  the  pioof  of  I'rop.  AXiv. 


.  iiitdl 


PltOlVtHITIU.V  XXni.       TllK.iKKM. 

ff  firn  nrtilliiiiir   //(/(/ns   hi:  ufniiJ  iiinl  iiIhd  niiiiilur,  their 
liomuloijoun  aides  must  In  niual,  auli  to  null. 


Let  the  rtctil.  tiRs.  AlU'DE,  FUIIKL  he  (M|ual  and  similar, 
and  1ft  /X'iviul  Kll  bo  hoiiioloiji'iis  mIiIos  of  tlie  figures. 

TfifH  wnsi  li<'=^KII. 

F.)r,  if  not,  let  1>('  be  fireatiT  than  Kll. 
T\wi\  :■  />''  is  to  Di:  a.s  Kll  is  to  KL, 

.-.  I>E  is  greater  tiian  KL.  V.  14. 

Hence  if  A  Kill  be  applied  to  \  /)AV,  .-^o  that  Kll  falU  on 
.K'  and  KL  on  1>E  (lor.  //A7.  -  _  t'DK,  III  will  fall 
entirely  within     I'KC, 

.-.:  KIJI  is  l.sstiianA/>£6'. 
r,ut  •.-.; />/;r   is    Iol.KLU   a.s    ligure  AlU'DE   i.s    to 
W-mv  Fll II KL,  \'l.2\. 

and  figure  J/)T/>A'-figure  FGIIKL 
..aDE('=  uKLll,  V.  18. 

or  the  greater  =  the  less,  which  is  impossible. 
.'.  DC  is  not  greater  than  Klf. 
Similarly  it  may  be  showv    hat  DC  is  not  less  than  KIT. 
.:  DC=Klf. 

Q.  E.  D. 
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Proposition  XXIV.    (Eucl.  vi.  22.) 

If  four  straight  lines  be  proportionals,  the  similar  recti- 
linear figures  similarly  described  upon  them  must  also  be  pro- 
portionals. 


X 


N 


o 


Let  the  four  straight  lines  AB,  CD,  EF,  GH  be  propor- 
tionals, that  is,  AB  to  CD  as  EF  is  to  GM  ; 

and  upon  AB,  CD  let  the  similar  rectilinear  figures  KAB, 
LCD  be  similarly  described  ;  and  upon  EF,  GH  the  similar 
rectilinear  figures  MF,  Nil  in  like  manner. 

Then  must  KAB  be  to  LCD  as  MF  is  to  NH. 
To  AB,  CD  take  a  third  proportional  X  and 
to  EF,  GH  take  a  third  proportional  O.  VI.  10. 

Then  •,•  AB  is  to  CD  ds  EF  ia  to  GH, 

.:  CD  is  to  Z   as  GH  is  to  O,  V.  5. 

and  .-.  AB  is  to  Z    as  EF  is  tu  O.  V.  21. 

But  as  AB  is  to  X    so  is  KAB  to  LCD,  VI.  21,  Cor,  2. 
and  as  EF  is  to  0    so  is  MF    to  NH.     VI.  21,  Cor.  2. 
.-.  KAB  is  to  LCD  aa  MF  is  to  NH.  V.  5. 


lilies 

n 


and  ( 
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Th 
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And  Conversely, 

If  the  similar  figures,  similarly  described  on  four  straight 
lines,  be  proportionals,  those  straight  lines  vi,usl  be  piuportioiuUs. 

The  same  constraction  being  made, 

let  KAB  be  to  LfD  as  MF  is  to  NH, 

then  viust  AB  be  to  CD  as  EF  is  to  OH. 

Make  a&  AB  to  CD  so  FF  to  PR,  VI.  1 1. 

and  on  PR  describe  the  rectilinear  figure  SR,  similar  and  simi- 
larly situated  to  either  of  the  figures  MF,  JSH.  VI.  18. 

Then,  by  the  first  part  of  tne  proposition, 

KAB  is  to  LCD  as  MF  is  to  SB. 

But  KAB  is  to  LCD  as  iff  ia  to  NH.  Hyp. 

.-.  SR^NH,  V.  a 

Also,  SR  and  NHiua  similar  and  similarly  siiuated, 

and  .-.  PR^'GE.  VI.  23. 

Now  AB  is  to  CDasEFh  to  PR, 

and  .'.  AB  i&  to  CD  aa  EF  ia  to  0  V.  6, 

Q,  a.  D. 


3 
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PrOPOSITIdX  XXV.      llIKOREM.      (Ellcl.  VI.  33.) 

In  eqital  nrch'n,  atig}i.<,  vhrtliir  at  the  cititn's  or  the  cirrnvi- 
firniccK,  have,  to  one  aiuither  tin'  miiiu-  nitio  <u  the,  arcs  which 
subtend  them  i  and  so  almi  hari.  the  stctois. 


h  ^h 


In  the  equal  08  ABC,  DEF  let  the  i  h  BGC,  EHF  at  the 
centres,  and  the  ^  s  BAC,  EOF  at  the  circumferences,  be  sub- 
tended by  the  arcs  BC,  EF. 

Thill  I.   I  BGC  must  be  to  l  EIIF  as  arc  BC  is  to  arc  EF. 

Take  any  number  of  arcs  CK,  KL,  eacli  =  7i(', 
and  any  number  of  arcs  FM,  MM,  NR  each==  EF. 
Then  •.•  arcs  F><\  CK,  KIj  are  all  c(|Ual, 

.'.  L  s  H(U \  ( 'CK,  KilL  are  all  equal.  ill.  -11. 

.'.  L  BCL  is  the  .same  multiple  oft  I'AiC  that 
arc  BL  i.s  of  arc  Bt\ 

So  ai.s(),  L  EllJi  is  the  same  multiple  oft  EIIF  that 
arc  Eli  is  of  arc  EF. 

And  z  BCL  is  ecpial   to,  j;reater  than,   or  less   th.in 
^  EJIB, 

according  as  arc  BL  is  equal  to,  greater  than,  or  less  than 

arc  7:;/^.  III.  27. 

Now  I  BCL  and  arc/>Lareer|uimultiplesof  z  7»^r*andarc/>'', 

and  i  ElUliuularc  /•y'/i'aift'quiuniltipksuf  ^  EIlFimdnvc  EF. 

.:  L  BCC  is  t(i  L  EIIF  a.,  arc  B( '  is  to  arc  EF.       V.  Def  5. 
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II.  L  B AC  must  be  to  L  EOF  as  arc  liC  is  to  arc  EF. 

For  •••  I  BGC=twicc  l  BAC\  and  ::  EIIF-=  twice  l  EDF, 

III.  20. 
.'.  I  BACia  to  I.  EDF  as  iBGCiatoL  EIIF,  V.  1 1. 

and  .-.  I  BAG  is  to  l  EDF  as  arc  BC  is  to  arc  EF.  V.  5. 

III.  Sector  BGC  must  be  to  sector  EIIF  as  arc  BC  is  to 
arc  EF. 

For  sectors  BGC,  CGK,  KGL  are  nil  equal,       TIT.  26,  Cor. 

and  sectors  EIIF,  FUM,  MIIN,  NHR,  are  all  equal, 

III.  20,  Cor. 
.*.  sector  BGL  is  the  same  multiple  of  sector  BGC  that 
irc  BL  is  of  arc  BC, 

and  sector  EIIR  is  the  same  multiple  of  sector  EHF  that 
arc  ER  is  of  arc  EF  ; 

also,  sector  BGL  is  equal  to,  greater  than  or  less  than 
sector  EHR,  according  as 

arc  BL  is  equal  to,  greater  t;  :»n,  or  less  than  arc  ER,  III.  26. 
and  .'.  sector  BGC  is  to  sector  EUF  as  arc  BC  is  to  arc  EF. 

Q.  E.  D. 

Cor.  In  the  same  circle,  anjjlca,  whether  at  the  centres  or 
the  circumferences,  have  the  same  ratio  as  the  arcs  winch  sub- 
tend tbem  ;  and  so  also  have  the  sectors. 
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Proposition  B.     TfiEOREM. 

If  an  angle  of  a  iriaiKjJe  he  bisected  Inj  a  straight  line,  n-hich 
likeiiific  cuts  the  ha.'e  ;  the  recUuigk,  contained  by  the  sides  if 
t!ii'  triangle,  is  equal  to  the  rectangle,  contained  by  the  .segments 
if  the  base,  together  with  the  square  on  the  line  bisecting  the 
angle, 

A 


Let  I  BAG  of  the  a  ABC  be  bisected  by  the  st.  line  AD. 

Then  rect.  BA,  A('  =  reet.  BD,  DC  together  with  sq.  on  AD. 

Describe  the  i'  ABC  about  the  A  ,  HI.  B.  p.  i;jr). 

j)r<i(bico  A  D  to  meet  tiie  Oce  in  E,  ami  join  FA'. 


Then-.-z  BAD  =  i  CAE, 

and  /  ABD  =  l  A  EC,  in  the  same  segment, 

.•.  A  A  BD  is  e(iuian(;iihir  to  A  AEC. 

.:  BA  is  to  AD  as  EA  is  to  AG. 

.'.  rect.  BA,  40=  rect.  EA,  AD, 

=  rect.  ED,  DA  together  with  sq.  on  AD. 

II.  3. 


III.  21. 
1.32. 
VI.  4. 

VI.  10. 


=rect.  BD,  DC  together  with  sq.  on  AD. 

III.  35. 


Q.  E.  a 
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Proposition  C.     Tiieoukm. 

J f  from  any  anr/li'  of  <i  trinnyh.  a  stmight  line  he  dravn  per- 
fii' II iJi I- II I nr  to  the  hitsi',  the  reetaiiijle,  eimtiiniei}  titj  the  sides  nf 
Ihr  IriiuKjJe,  is  equal  to  the  reetniiijle,  eontnitieil  hij  the  per- 
jn  Kilietilar  and  the  diameter  of  the  circle  described  about  the 
tiiuiKjlc. 


Let  A  EC!  be  a  A ,  anrl  AD  tlio  1  frnm  A  to  BC. 
IVHiTibu  tlie  -i)  AlU! iihmt  l\wi\AB(', 

draw  tlic  (liainetor  AE,  aiul  join  EC. 
llmi  must  reet.  II A,  A('=r,rf.  IJA,  AD. 
For  •.•  rt.  I  Ill>.\  —  L  I]('A,  in  a  soniicircle, 

and  I  A  lil>  =  ^  A  H( ',  in  tlu  same  s«>},'nient, 
.".  .\  .1  />/>  is  oi|iiiani;iil,ii-  to  the  ,\  A  EC 
.:  UA  is  t,.  AD  as  EA  is  to  A(\ 
;,itd  .-.  le.t.  IJA,  .l(;=rect.  EA,  AD. 


III.  c. 


Til.  31. 
in.  i>l. 
1.  :?L>. 
VI.  I. 
VI.  1(1. 
I). 


Q.    K 

K.x.  I.  Show  tlint  tlio  rectangle  contained  liy  tiio  two  sidin 
^,'111  iH'vor  be  less  tli;ni  twici'  tbc  Irian^'lc. 

V.s.  '2.  yl/)V'is  a  tri.inLrlc,  and  A.M  tlio  jxTpcndionlar  njion 
Il(\:\\\i\  I'  any  point  in  IIC ;  if  O,  ()' ha  the  ccntiea  of  the 
ciiclos  (leacribfd  about  .I/.'/*,  A<'I\  the  reclant,de  A  P,  BO 
is  double  of  the  roctan<rle  of  A.\f,  00'. 

Ivv.  '^.  A  bisector  (tf  an  anj,de  of  a  triangle  is  jiroduced  to 
tueet  the  circumscribed  circle.  Prove  tliat  the  rectanfflo,  con- 
tinued by  tliis  whole  line  nnd  the  part  of  it  within  the  triangle, 
in  ccpial  to  tlie  rcctan;,'lc  conl.iiutd  by  the  two  sides. 
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rnOI'dSITION  D.      TllKOREM. 

The  rcciavnh',  coutaiiifd  hij  tin  (llagonalt  of  «  (jnailrilatirnl 
tnxcrihed  in  a  circle,  is  c(pial  to  the  sum  of  the  rcctaiujloi,  con- 
lamed  by  Us  opi'osite  siilen. 


Let  ABCD  be  any  quarlrilatoriil  inscriliod  in  a  ®. 

Join  AC,  lilJ. 
Then  red.  AC,  BD=recf.  A II,  CI)  toijethn-  with  reel  AD,  BC. 
Mukc^  A  Bi:=  /l>I{C;  1.23. 

and  add  to  oarh  the  i  EBD. 
Tiionz.l77/>=  z  CliH; 
and  L  BDA  =  z  P,CE  in  the  same  seffnient ; 
.•.  A  .1  /)'/>  is  o(|nian<fidar  to  a  IUE, 
:.  Ah  is  to  /,7>a,s  <7;is  to  /.V, 
and  .-.  ivct.  A  I),  JiC^rcct.  J',1),  CE. 
Attain,  ■."  z  AlU]  —  z  /)/.V\  by  constniction, 

and  z  BA  E  =  z  I>1>(\  in  the  siunc  so^iiicnt, 
.'.  A  A  HE  \h  o(|ni:in^'ular  to  A  lU  'I). 
:.  J /i  is  to  .t/;as  /,7>is  to  (7>, 
and  .-.  rect.  AV,,  CD^nnl.  7.7 >,  AE. 
II.Micc  rect.  .1  /;,  CD  to^jother  witli  rect.  AD,  HC 
=  rect.  Bl),  A  E  toj,'ether  with  rect.  BD,  CE. 
=  rect.  AC,  BD.  If.  1. 

Q.  E.  D. 

Ex.  Tf  the  diar;onala  cnt  one  another  at  an  angle  eqnal  to  one 
tliird  of  a  riulit  an<,do,  the  reetangh's  contained  by  tlie  opposite 
Bides  are  together  equal  to  lour  times  the  quadrilateral  tigure. 


TIT. 

21. 

T. 

WJ. 

VI. 

•1. 

VI. 

Hi 

III. 

•1\ 

1. 

•,\1 

VI 

.  1 

VI. 

lU 
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T'liui'osiTKiN  XXVI.    TiiKiiKKM.     (Kiicl.  VI.  2:5.) 

I!'jiniiiiijii/(ir  jilt  mill  li'(iiiiiii:<  ]i.arr  (o  tiiic  un(jthi:r  the  rutiO) 
•  litch  ii  (iDiqioitiKlid  iif  lltf  latliia  of  llotr  -siiks. 


n 

T 


V 


i- 


Jlf- 


Lut  .46' and  CF  be  f.imaii^nilar/I7s,  havin.ir  i  BCD=^  L  EVG. 

Then  iun)^f  EJ  AV  hut  to  EJ  CF  the  ratio  amqminded  of 
Iht  ratios  of  their  sides. 


Let  /iCaiKl  <'<i  lit"  placed  in  a  straight  line. 

Then  ./X'and  <'F  are  also  in  a  .straight  line. 

Complete  the  O  DG,  and  takin;,'  any  st.  line  A', 


make  as 


BC 


to  ( '<!  >i)  K  to  fj 


am 


I  make  as  DC  is  to  VE  m  L  to  M. 


I.  14. 


VI.  II. 
VI.  11. 


'I'luii  ■.•  K  lias  to  \[  the  ratio  compounded  of  the  ratios  of 
K  to  L  and  L  to  M, 

.'.  K  has  to  3/ the  ratio  eonipnuiuieil  nf  the  ratios  ot 

VI.  Def.  3,  p.  2()(). 


he  sides. 


Now  BG  is  to  (V  as  LJ  AC  is  to  O  CH, 

and  IX '  is  to  ('/•;  as  O  ClI  is  to  ZZ7  CF, 

.:  K   is  to  L    as  O  J (•  is  to  O  t'/^, 

and  L     is  to  M  as  EJ  CU  is  to  O  CF, 

is  to  3f  asZT?  Jr'  is  toZZ7  CF  ; 


II 


ence 


VI.  1. 
VI.  1. 
V.  5. 

V.  5. 
V.  21. 


•aW 


\  .'.  EJ  AC  has  to  EJ  CF  \\\m  ratio  compounded  of  the 


ratios  of  their  sides. 


Q.  E.  D. 
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Tuoi'DsiTio.v  XXVIT.     TiiKdUKM.     (Kiii'l.  vi  24). 

P(inillilii(inuii'<  itixiiit  till   (limiiilir  of  amj  jioi aUi higmm  iiii 
siiiiiUir  to  the  irliolc  iKtndliliiijniin  tiiid  to  (inc.  another. 


Let  AB('T>  Itt'  a  O,  (.f  wlii.li  till'  (liaiiictcr  ia  AC;  iiml 
Ai: !•'<!,  FIK'K  the  Os  iiliout  tin'  diaiiictiT. 

TItlll    IK'isI  tlii:.'>i'  /~7.<  //('  sliniliir  In   .1  IK'h  tlinl  In  nwll  (lllhr. 

Fur  •.•  ^'^'is  II  tc  />r, .-. ..  .If,'/''  =  I  Al>t',       1. :;:». 

an.l  •.•  /v/''isi:  d.  //( ',  .-.  .  .!/;/•'=  z  .1/;'';         I.  lil). 

ami  vuL-h  nf  the   ^  s  IJFH,  /;(7>  =  ()i)i)osito  i  HAD,  I.  .'51. 

aii.l  .-.  -  /:7'V/=  iliClK  Ax.  1. 

'J'lius   lliu   Lin,    AEFO,  AUL'D  are    eqiiiaiij,'uhr  to    (nie 

aiiitthei'. 

Again,  •.■  /■;/•'  is  l!  to  1U\ 

.-.  A  I!  \>  to  7;r  a.s  AE  i.s  to  EF ;  VI.  I. 

iuiil  .since  the  (i)i]insite  .smIcs  of  the  /Z7.s  aie  oinal, 

.-.  .l/>'is  to  .l/>a.s  AE  i.s  t.»  Ad,  V.  (i. 

anil  IK'  is  to  ril    ;is  (.'/•'  is  to  /•'/■;,  V.  <:. 

and  ('It  is  to  />J  a.s  F<1  is  to  f.'.l.  \^  C. 

Thns  tile  sides  of  the  CJa  AEFd,  AJK'lt  ahout  tiieir  ecjiiai 

tiuj^les  are  inoiioftioiial. 

.•.  L"J  AKFd  is  similar  to  CJ  A  UCD. 
Siiuiiariy,  LJ  FUCK  is  similar  to  L'J  AIU'D; 

and  .-.  O  AEFG  i.s  similar  to  LJ  FHVK.     VI.  20. 

(i.  E.  D. 

Ex.  Show  that  each  of  the  complements  of  the  paralleloifram 
is  a  nieiiii  proportional  between  the  parallehigranis  ubont  tho 
diauieler. 
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rUOrOSlTKIN  XXVIII.      TUKOKKM.      (Ellcl.  VI.  2(5.) 

if  (in)  siiiiiliir  piirnlhlixjniiita  lidtr  a,  rommim  amjk,  and  hi: 
siiiiitarlif  nititatal,  tluji  an  iihuni  On:  same  diaiiickr. 


Lot  the  Os  ABCD,   AEFG    bo    similar  and   siinihiily 
situated,  and  liave  l  DAB  conunon. 

Thill  miiM  AlU'D  mid  AEFH  he  ahont  the  ■■<niiir  dianuln: 

For,  if  not,  lot  AIl('l>  liavo  its  (Uaniotor,  AllV,  not  in  tlie 

same  st.  lino  witli  Ab\  the  diametor  of  AEFG. 

Let  OF  moot  A IK'm  II,  and  .Iniw  IIK  11  to  AD.        I.  31. 

Then  CJ^  AlU'h,  AKIKI,  about  the  .same  diameter,  aro 

.snuilar.  *^-  '■'• 

and  .-.  DA  is  to  .1 B  as  GA  is  to  AK.  VI.  Def.  1. 

Lut  •.•  .1  nClK  A  FFG  are  similar  Os, 

.-.  DA  is  to  A  B  as  GA  is  to  AE. 
Hence  GA  is  to  .-lA'as  GA  is  to  AE,  V.  .O. 

iiXi,\.:AK=AE,  V.  8. 

the  less  =  the  greater,  which  is  impo.ssiblo. 

.-.  ABCD  and  AKITG  are  not  about  the  same  diameter, 
and  .-,  ABCD  md  AEFG  nui.st  have  their  diameters  in  the 
same  st.  line,  that  is,  they  are  about  the  same  diameter. 

cj.  E.  u. 


20 
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PnopnsiTioN  XXIX.     pRoru.EM.     (Eiicl.  vi.  25.) 

To  itiscrih,  a  ndUiiiear  Jig  air  irhirh  sIkiU  be  6imilar  lo  one, 
and  maul  tu  another,  (jiixit  rcclUincarji<jaic. 


Lot  AliV  and  D  be  two  given  rectilinear  figures. 
li  is  rvquind  to  describe  a  fiijnre  similar  to  ABV  and  equal 
toD. 

On  BC  describe  the  O  liLEC  equal  to  AIi( ',  and    I.  -1.^),  ( 'or. 
on  CE  describe  the  CJ  C't'i'W  e«mal  to  I),  I.  4D,  Cor. 

iind  having  I  FCE  =  I  CBL. 
Then  /if  and  CF  are  in  a  straight  line,  I.  29  and  14, 

and  LEund  EM  are  in  a  straight  line. 
Find  ail,  a  mean  proportional  between  B( '  and  ( 'F,    VI.  13. 
and  on  (.7/  describe  the  rectilinear  iigiue  A' d'ii,  .siinilar  and 
similarly  sitnated  to  ABC.  VI.  18. 

Then  •.•  BC  is  to  GH  as  Crll  is  to  CF, 

.:  as  B(  •  is  to  f  7''  so  is  .1  llC  to  Kdll.       VI.  20,  Cor.  2. 

But  as  B(J  is  to  ( 'F  s(j  is  O  iiA'  lo  LJ  EF,  VI.  1 . 

and  .-.  as  .li^C  is  to  K(UI  so  is  O  BE  to  O  ii'f  .        V.  5. 

Now  yUiV;  is  ecjual  to  O  iii!?,  Constr. 

and  .-.  Kdll  =0  i^i-".  V.  14. 

But  O  A'/'^the  figure  D. 

.:  KG  11   =  I> ;  and  KG II  m  similar  to  ABC. 
Hence  a  figure  KGII  has  been  described  as  wiis  required. 

Q.  E.  F. 
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ii;;r.  V.  A  stniijjht  lino  is  said  to  he.  rut  in  extreme  and 
iiiiiiti  ratio,  when  tlio  whole  is  to  the  greater  set,'nient  aa  the 
j,'rcatpr  segment  is  to  the  less. 


Proposition  XXX.     PRoni-EM.     (Eucl.  vi.  30.) 
To  cut  a  druiyht  line  hi  cxtrunc  ami  ihudi  ratio. 

J C n 

Let  A  B  he  the  <,'iven  st.  line. 
It  is  minimi  to  cul  AB  in  extreme  and  mean  ratio. 
Divide  AB  in  (he  pt.  (\  so  that  rect.  AB,  UC  =  sq.  on  AC. 

II.  11. 

Then  •.'  rect.  A  B,  BC  =  sq.  on  AC. 

.'.  A  B  is  to  A  C  as  .1  ( '  is  to  BC,  VI.  1 7. 

and  .'.  AB  is  cut  in  extreme  and  mean  ratio  in  V.   l>ef. ."). 

Q.  E.  F. 


Ex.  1.  If  two  diaf^onals  of  a  regular  pentagon  be  drawn  to 
cut  one  another,  they  cut  one  ancither  in  extreme  and  mean 
ratio. 

E.x.  2.  If  the  radiui=i  of  a  circle  be  cut  in  extreme  and  moan 
ratio,  the  greater  segment  will  be  ecpial  to  the  side  of  a  regular 
decagon  det bribed  in  the  circle. 


^92 
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rnnrosiTioN  XXXI.     Tiikoiikm.     (Ewcl,  vi.  32.) 

If  tiro  tridU'iha,  SIMILAKI.Y  KlTl-ATKI),  irhiili  hoir  t,m  nvhn 
of  III,  line  pn>ii(iilniiiiil  In  tmi  nulis  of  tin  utlnr,  he  joined  ill 
0)11'  (tiiillr,  so  IIS  to  Inn;  tin  if  liiiiiioloijiiiis  siiliii  iiitnilltl,  iitch 
to  i'xuh,  the  reiiniiiiiiiij  siilis  imisl  hr  in  a  atroujlit  line. 


Let  the  AS  ATU;  ]>CE  be  similiuly  sitUMtc.l,  hnvitif,'  the 
Kich-s  /;.(,  AC  i,rn].f)rtioniil  to  t'D,  Ul^,  uirI  let  liJ.  U-  11  to 
CI),  and  J  ('II  to  JfK  ; 

TJini  must  r,C  aniJ  CE  he  in  one  M.  line. 

For  -.•  yir  meets  tho  lis  BA,  CD, 

.-. /iM('=;ilteniiitc/.  .ir/>.  1.2!). 

Ana  •.•  r/>  meets  the  lis  jr,  i^/';, 

.•.  z  jr/>  =  iilterniite£  CDE.  I-  20. 

Henr.'  I  iiAc^---  i.  cm:.  ^x-  ^• 

Then  •.•  BA  is  to  AC -m  CD  is  to  PE,  imd  i  BAC  =  i  CDE, 
.:  A  ABC  is  eqiiiiin^ailiir  to  A  VCE.  VI.  C. 

.:lACB=lDEC;  VI.  Det.  1. 

and  .-.  I  s  ACE,  ACE  togetlier  =  i  s  ACE,  DEC  together, 

=  two  ri}iht  angles.         I.  29. 
.'.  BV  and  CE  are  in  the  same  st,  line.  1-14. 

Q.  F,.  D. 
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■  (iin  sidiK 
jii'itii'd   lit 

alhl,  each 


hiivint;  the 
\A  be  11  to 


I.  20. 

I.  2!). 
Ax.  1. 

=  ^  r '/>/•;, 
VI.  c. 

VI.  ])d.  1. 

'  togetluT, 

s.         I.  2!). 
I.  14. 

Q.  E.  D. 


Miscellaneous  Exercises  (m  Book  VL 

1.  Two  cointiion  tanjfents  to  two  circles  meet  at  A.  If  the 
(liaiiieter  of  the  smaller  circle,  tiie  di.stance  between  the  centres, 
Mini  tho  (liiinieter  of  tlio  liirjier  circle,  bo  in  tlio  ratio  of  1,  2,  3, 
prove  that  tho  di.stance  from  A  to  the  centre  of  each  circle  is 
eiiUiil  to  the  diameter  of  that  circle. 

2.  Strai{,'ht  lines  are  drawn  throu;,'h  the  ani^ular  points  of  a 
triangle,  parallel  to  the  opposite  sides,  and  throii;,di  the  an^rular 
points  of  the  triangle  thus  formed  straight  line.s  are  drawn, 
parallel  to  its  opposite  sides,  and  so  on  ;  show  that  all  the.so 
triangles  are  similar  to  the  original  triangle,  and  that  any  one 
of  them  has  its  sides  bisected  by  the  angular  puinta  of  the  pre- 
ceding triangle. 

3.  If  a  point  be  taken  within  an  equilateral  triangle,  the  per- 
l)endicular3  drawn  from  it  to  the  three  sides  are  together  eipial 
to  the  perpendicular  drawn  from  one  of  the  angles  to  tho 
opposite  side. 

4.  Upon  AB  as  base  two  triangles  ABC,  ABD  are  described, 
and  a  line  cutting  CA  is  drawn  parallel  to  CD.  From  tho 
points  where  this  lino  meets  AC,  AD,  lines  are  drawn  to  meet 
CB,  DB,  and  parallel  to  the  base.  Shew  that  these  lines  are 
equal. 

5.  If  0  be  the  centre,  and  AB  the  diameter  of  a  circle,  and 
if  on  AO  as  a  diameter  a  circle  be  described,  then  the  circum- 
ference of  this  circle  will  bisect  any  chord,  iruwu  through  it 
from  A  to  meet  the  exterior  circle. 

6.  On  a  given  base  describe  a  triangle,  having  a  given 
vertical  angle,  and  one  of  its  sides  double  of  the  other. 

7.  From  a  point  E  in  tho  connnon  base  of  two  triangles 
ACB,  ADB,  straight  lines  ato  drawn  parallel  to  AC,  AD, 
meeting  BC,  BD  in  i  and  G.  Shew  that  the  lines  joining 
F,  0  and  C,  D  will  be  parallel. 

8.  From  the  angular  points,  of  a  triangle  ABC,  straight  lines 
AD,  BE,  CJ)\  are  tlravvu  perpendicular  to  the  opposite  aidei 
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hikI  tcmiinatcfl  by  the  circumscribing  circle  ;  if  i  be  the  point 
of  llieir  intersection,  shew  that  il>,  LE,  LF  are  biaecteJ  by 
tlie  sides  of  the  trianjjle. 

9.  If  I>  and  E  be  points  in  the  sides  of  a  trianj^le  A  H(\ 
riuch  that  ^Z>  and  A  E  are  respectively  the  third  parts  of  A  H  and 
AC,  shew  that  BE  and  CD  cut  one  another  iu  a  point  of 
quadrisection, 

10.  In  AB,  AC,  two  sides  of  a  triani,'1e,  are  taken  points 
D,  E  ;  AB,  AC  are  produced  to  F,  G,  siidi  that  BF=AD,  and 
CG=AE:  and  BG,  CF,  FG  are  joined,  tlie  two  former  meet- 
ing in  H.  Show  that  the  triangle  FHG  is  equal  to  the 
triangles  BHC,  ADE  together. 

11.  If  the  angle,  between  the  internal  bisector  of  the  angle 
of  a  triangle  and  the  ba.se,  be  equal  to  the  angle  between  the 
external  bisector  and  the  greater  side  produced,  a  perpen- 
dicular on  this  side  through  the  vertex  will  bi-sect  the  segment 
of  the  base  between  the  internal  and  external  bisectors, 

12.  Triangles  on  equal  bases  and  between  the  same  parallels 
will  have  equal  areas  cut  otf  by  a  line  parallel  to  their  bases. 

13.  From  A,  B,  the  extremities  of  the  diameter  of  a  circle, 
lines  ACE,  BCD,  are  drawn  through  a  point  C,  on  the  circum- 
ference, to  points  E  and  D,  such  that  EB  and  DA  touch  the 
circle.     Shew  that  ED  meets  the  tangent  at  C  in  AB  produced. 

14.  Draw  a  straight  line  cutting  two  concentric  circles,  so 
that  the  part  of  it  which  is  intercepted  by  the  circumference 
of  the  greater  may  be  four  times  as  great  as  the  part  inter- 
cepted by  the  circumference  of  the  less. 

15.  Shew  how  to  inscribe  a  rectangle  DEFG  in  a  triangle 
ABC,  80  that  the  angles  D,  E  may  bo  iu  AB,  AC  respectively, 
'.he  side  FG  coincident  with  the  base,  and  the  area  of  the  rect- 
angle be  equal  to  half  that  of  the  triangle. 

16.  If  the  bisectors  of  the  opposite  angles  A,  C,  of  a  quadri- 
lateral figure  A  BCD,  intersect  on  the  diagonal  BD,  then  will 
the  bisectors  of  the  angles  B,  D  meet  on  AC, 

17.  Two  sides  of  a  quadiilateral  described  about  a  circlo  ore 
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parallel  ;  if  the  points  of  contact  diviile  the  other  two  sicUs 
proportionally,  they  are  equally  inclined  to  the  first  two. 

18.  If  two  triangles,  on  the  same  ba.se,  have  their  vertices 
joined  by  a  straiglit  line,  wliich  meets  the  base,  or  the  base 
produced,  shew  that  the  parta  of  this  line,  between  the  vertices 
of  the  triangles  and  the  base,  are  in  the  same  ratio  to  each 
other  as  the  areas  of  the  trian-les. 

li).  If  perpend ioulars  be  drawn  from  any  point  on  the  cir- 
eunifercnco  of  a  circle  to  two  tiiiigcnts  and  the  chord  joining 
the  points  of  contact,  shew  that  the  sijuare  on  the  pciinndicu- 
lar  to  the  chord  is  e(|ual  to  the  rectan^'le  contained  by  the 
other  perpendicidars. 

20.  If  the  angles  B,  C,  of  the  triangle  ABC,  he  respectively 
(■((iial  to  the  angles  D,  E,  of  the  triangle  ADE  and  the  angles 
/>',  E,  of  the  triangle  ABE,  to  the  angles  D,  C,  of  the  triangle 
ADC,  then  these  jiairs  of  triangles  shall  be  respectively  equal 
♦o  each  f)ther  ;  and  if  BE,  CD,  intersect  in  F,  the  triangles 
BED,  CFE,  shall  also  be  similar. 

21.  If,  from  the  extremities  of  the  diameter  of  a  semicircle, 
]>erpendiculars  be  let  fall  on  any  line  cutting  the  semicircle, 
the  partes  intercepted  between  those  perpendiculars  and  the 
circumference  are  ccpial. 

22.  In  a  given  circle  place  u.  chord,  parallel  to  a  given  chord, 
ami  having  a  given  ratio  to  it. 

23.  ABC  is  an  equilateral  triangle.  Through  C  a  line  is 
drawn  ul  right  angles  to  AC,  meeting  AB  produced  in  D,  and 
a  line  tiirough  A  parallel  to  EG  in  E.  Through  K,  the  middle 
point  of  AB,  lines  are  drawn  respectively  parallel  to  AE,  AC, 
and  meetintr  BE  in  F  and  O.  Prove  that  the  sum  of  the 
Kquarea  on  KO  and  FO  is  equal  to  three  times  the  square 
on  FE. 

24.  Find  a  point  in  the  base  of  a  right-angled  triangle  pro- 
duced such  that  the  line  (ir.iwn  from  it  to  the  angular  point 
opj)ositc  to  the  base,  shall  be  to  the  base  produced  as  the 
perpendicular  to  the  base  itself. 
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25.  AB  is  a  given  straight  line,  and  D  a  given  point  in  it ; 
it  is  required  to  find  a  point  P,  in  AB  produced,  such  that 
AP  is  to  PB  as  AD  is  to  DB. 

26.  If  two  circles  touch  each  other  externally,  and  parallel 
diameters  be  drawn,  the  straight  line,  joining  the  extremities 
of  those  diameters,  will  pass  through  the  point  of  contact. 

27.  If  two  circles  touch  each  other,  and  also  touch  a  straight 
line  ;  the  part  of  the  line,  between  the  points  of  contact,  is  a 
mean  proportional  between  the  diametei's  of  the  circles. 

28.  Two  circles  touch  each  other  internally,  the  radius  of 
one  being  treble  that  of  the  other.  Sliew  that  a  point  of  tri- 
section  of  any  chord  of  the  larger  circle,  drawn  from  the  point 
of  contact,  is  its  intersection  with  the  circumference  of  the 
smaller  circle. 

29..  If  ABC  be  a  right-angled  triangle,  and  D  any  point  in 
its  hypotenuse  AB,  determine  by  a  geometrical  construc- 
tion the  point  P,  to  which  AB  must  be  produced,  so  that  PA 
is  to  PB  as  ^D  is  to  I)B. 

30.  If  a  line  touching  two  circles  cut  another  line  joining 
their  centres,  the  segments  of  the  latter  will  be  to  each  tther 
as  the  diameters  of  the  circles. 

31.  If  through  the  vertex  of  an  cquilatcr.tl  triangle  a  per- 
pendicular be  drawn  to  the  side,  meeting  a  perpendicular  to 
the  base,  drawn  from  its  extremity,  the  line,  intercepted 
betwei.n  the  vertex  and  tlie  latter  perpendicular,  is  equal  to 
the  radius  of  the  circumscribing  circle. 

32.  If  on  the  diag<mals  of  a  quadrihiteralas  bases,  parallelo- 
grams be  described,  equal  to  the  quadrilateral,  find  the  ratio 
of  their  altitudes. 

33.  The  opposite  sides  AB,  DC  of  a  quadrilateral  ABCD, 
which  can  be  inscribed  in  a  circle,  meet,  when  produced,  at  E ; 
F  is  the  point  of  interRcction  of  the  diagonals,  and  EF  meeta 
AD  in  O;  prove  that  the  rectangle  EA,  AB  is  to  the  rectangle 
ED,  DCaaAG  is  to  GD. 
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34.  If  from  the  extremities  of  the  diameter  of  a  circl*' 
tanirciits  be  drawn,  any  other  tantjcnt  of  the  circle,  terminated 
hy  tiioin,  is  so  divided  at  its  point  of  contact,  tliat  tlie  radius 
of  tiie  circle  is  a  mean  proportional  between  the  segments  \>\ 
the  tiingent. 

35.  If  the  sides  of  a  triangle,  inscribed  in  the  segment  of  a 
circle,  bo  produced  to  nioct  lines  drawn  from  tlie  extremities 
of  the  base,  forming  with  it  angles  e(jual  to  the  angle  in  the 
segment,  the  rectangle  contained  by  these  I'nes  will  be  equal 
to  the  square  on  the  liiise. 

36.  Describe  a  parallelogram,  which  shall  be  of  a  given 
altitude,  and  equal  and  eijuiangular  to  a  given  parallelogram. 

37.  Two  circles  touch  each  other  internally  at  the  point  A, 
.111(1  from  two  points  in  the  line  joining  their  centres  perpen- 
diciilai-s  are  drawn,  intersecting  the  outer  circle  in  the  pniiita 
B,  C,  and  the  inner  circle  in  the  points  1),  E.  Shew  that  AB 
is  to  AC  .\&  Al)  is  to  A E. 

38.  Given  of  any  triangle  the  base,  and  the  point,  where  the 
line,  bisecting  the  exterior  vertical  angle,  cuts  the  base  pro- 
duced, find  the  locus  of  the  vertex  of  the  triangle, 

3!).  Draw  a  line  from  one  of  the  angles  at  the  base  of  a 
triangle,  so  that  the  part  of  it  cut  olf  by  a  line  drawn  from  the 
vertex  parallel  to  the  base,  may  have  a  given  ratio  to  the  part 
cut  off  by*  the  opposite  side. 

4(i.  If  AC  be  drawn  frdii  A  to  a  point  '^in  the  bjise  of  the 
triMiigic  Alll>,  so  tliat  .!/>'/>,  A('l>  air  similar  triangles,  shew 
tii.it  /'.I  tniicli(s  the  circle  described  about  AllC. 

41.  If  the  centres  A,  B,  of  two  circles  be  joined,  and  P  be 
the  jioiiit  in  the  lino  AB,  from  which  ('(jiial  tangents  can  be 
drawn  to  the  circles  ;  the  tangents  drawn  from  any  point  in  ii 
line,  which  passes  through  P  at  right  angles  to  AB  are  all 
eipial. 

42.  Construct  a  triangle,  similar  to  a  given  triangle,  and 
having  its  angular  points  upon  three  given  straight  lines,  which 
meet  in  a  point. 
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43.  Let  ABCI)  be  any  parallelogram,  BD  its  diar,'oiiiil. 
Tlien  the  perpendiculars,  from  A  on  BD,  and  from  i>  and  1) 
upon  AD  and  AB,  shall  all  pass  through  a  point. 

44.  If  a  quadrilateral  be  inscribed  in  a  circle,  its  diagonals 
shall  be  to  one  another  as  the  sums  of  the  rectangles  contiiined 
bj'  the  sides  adjacent  to  their  extremities. 

45.  A  square  is  described  on  the  base  of  an  isosceles  triangle, 
remote  from  the  vertex.  Trove  that,  if  the  vertex  be  joined 
t-o  the  corners  of  the  square,  the  middle  segment  of  the  base 
will  be  to  the  outer  one  in  twice  the  ratio  of  the  perpendicular 
on  the  ba,se  to  the  base. 

4G.  The  base  AB  of  an  isosceles  triangle  ABC  is  produced 
both  ways  to  D  and  B,  so  that  tlio  rectangle  AD,  BE  is 
equal  to  the  square  on  A<J.  Shew  that  the  triangles  DAG, 
EBC,  are  similar. 

47.  If  each  of  the  angles  at  the  base  of  an  isosceles  triangle 
be  doul)le  of  the  angle  at  the  vertex,  shew  that  either  side  is  a 
mean  proportional  between  the  perimeter  of  the  triangle,  and 
the  distance  of  the  centre  of  the  inscribed  circle  from  either 
end  of  the  base. 

48.  ABO  is  a  triangle,  and  0  is  the  centre  of  the  circle 
inscribed  in  the  triangle.  Sliew  fhat  .lO  pusses  through  1  lie 
centre  of  the  circle  describeil  aliout  tiie  triangle  lUH'. 

40.  Draw  a  line  parallel  to  one  of  the  aides  of  a  triangle,  80 
that  it  may  be  a  mean  proportional  between  the  segments  into 
which  it  divides  one  of  the  other  sides. 

50.  If  an  equilateral  triangle  be  inscribed  in  a  circle,  and 
the  adjacent  arcs  cut  off  by  two  of  its  sides  bo  bisected,  shew 
that  the  line  joining  the  points  of  bisection  will  be  trisected  by 
the  sides. 

51.  ABC  is  an  equilateral  triangle,  BG  is  produced  to  D, 
and  CD  is  made  equal  to  BC :  CE  is  drawn  at  right  angles 
to  DCB,  and  at  A  the  angle  CAE  is  made  equal  to  the  angle 
DCA  J  DE,  DA  art)  drivv  n.     SImjw  that  tho  rectangle  DA, 
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CE  is  wiiuil  to  the  rectaiiglo  DE,  AC  together  with  the  square 
on  C'i'. 

52.  Two  stniiglit  lines  AB,  CD,  intersect  in  E.  If  when 
AC,  Bit  are  joined,  the  sidw  of  the  tiiangie  ACE,  t:iUen  in 
order,  are  proportional  to  tho.se  of  the  triangle  1)BE,  taken  in 
order,  shew  that  A,  V,  B,  V,  lie  on  the  circuuifereuce  of  tiie 
.same  circle, 

53.  If  any  triangle  be  inscribed  in  a  circle,  and  from  tlie 
verte.x  a  line  be  drawn  parallel  to  a  tangent  at  either  extremity 
of  tlie  base,  this  line  will  be  a  fourth  proportional  to  the  ba.se 
and  two  sides. 

51.  If  a  triangle  be  inscribed  in  a  semicircle,  and  »  per- 
pendicular be  drawn  from  any  point  in  the  diameter,  meeting 
one  side,  the  circumference,  and  the  other  side  produced  :  the 
segments  cut  otf  will  be  in  continued  proportion. 

55.  If  ABClJ  be  any  quadrilateral  figure  inscribed  in  a 
circle,  and  BK,  DL  be  perpendiculars  on  the  diagonal  AC, 
shew  that  BK  is  to  DL  as  tlie  rectangle  AB,  BO  is  to  the 
lecttuigle  AD,  DC. 

56.  If  a  rectangular  parallelogram  be  inscribed  in  a  riglit- 
angled  triangle,  and  they  have  the  right-angle  common,  the 
rectangle,  contained  by  the  segments  of  the  hypotenuse,  is 
equal  to  the  sum  of  the  rectangles,  contained  by  the  segments 
of  the  sides  about  the  right  angle. 

57.  If  from  the  vertex  of  an  isosceles  triangle  a  circle  bo 
described,  with  a  radius  loss  than  one  of  the  equal  sides,  but 
greater  than  the  perpendicular  from  the  vertex  to  the  base, 
the  parts  of  the  base  cut  olf  by  it  will  be  ecpuiL 

68.  Through  a  fixed  point  A  on  a  circle,  a  chord  AB  ia 
drawn,  and  produced  to  a  point  M,  so  tiiat  the  rectangle  con- 
tained by  AB  and  AM  is  constant.     Find  the  locus  of  M. 

59.  If  two  sides  of  a  triangle  be  unequal,  llie  sum  of  tlie 
greater  side  and  the  perprntli'  ular  \\\\^n\  it  from  the  opposite 
angle  is  greater  than  the  sum  of  the  less  side  uud  the  perpen- 
dicular upon  it  from  the  opposite  angle. 
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00.  From  oiio  iuij,'le  of  a  trianrfle,  perpeiuliculars  are  il/oppcd 
on  tlie  cxtiTii.il  bisectois  of  tlio  other  two  an^k'S  ;  prove  tlial 
the  (ILstance  between  tlie  feel  of  these  perpeiiiliciihirs  is  e([iial 
to  half  the  sum  of  the  sides  of  the  triangle. 

(;i.  A,  /*,  P,  Q,  A',  are  five  points  in  the  circumference  of 
a  circle  ;  y,  7,  »•,  are  the  intersections  of  pcriiendiculars  of  tiie 
triaiii,'les  A  1:1',  AllQ,  ABU  respectively;  prove  that  the 
triangles  njli,  i><ir  are  similar,  ciiual,  and  similarly  placed. 

62.  AD,  BE,  CFdiv  perpend iculai-s  from  the  angular  points 
of  a  triangle  on  the  opposite  sides,  intersecting  in  P.  Prove 
that  the  rectangle  A  J',  BO  is  eijual  to  the  sum  of  the  rectangles 
PB,  ACimdPF,  AB. 

O'.i.  ABC  is  !i  triangle,  and  AD,  AB,  are  drawn  to  points 
D,  B,  in  the  Ijase,  so  as  to  make  ecpial  angles  with  AB,  AC, 
respectively.  Shew  that  the  sipiare  on  AB  is  to  the  scpiare  on 
A('ii3  tlie  rectangle  Bl>,  BE  is  to  the  rectangle  CD,  CE. 

()4.  Find  a  straight  line,  such  that  the  perpendiculars,  let 
fall  up  >n  it  from  three  given  points,  shall  be  iu  a  giveu  ratio 
to  each  other. 

(Jo,  Find  a  fourth  proportional  to  three  givun  similar 
triangles. 

66.  If  the  sides  of  a  triangle  be  bisected,  and  the  points 
joined  with  the  opposite  angles,  the  joining  lines  shall  divide 
each  other  proportionally,  and  the  triangle,  formed  by  the 
joining  lines,  and  the  remaining  side,  shall  be  e([Utd  to  a  third 
of  the  original  triangle. 

67.  Find  the  locus  of  a  point,  such  that  the  distance  between 
the  feet  of  the  per|)endiculars  from  it  upon  two  straight  lines, 
given  in  position,  may  be  constant. 

68.  A  BCD  is  a  parallelogram,  AC,  BD  diagonals.  If 
parallel  lines  be  drawn  through  A,  C,  and  also  through  B,  D, 
the  'liagonals  of  all  parallelograms  so  formeil  will  pass  througli 
the  same  point. 

69.  OPQ  is  any  triangle.  OH  bisects  PQ  in  R;  PST 
bisects  on  in  S,  and  cuts  OQ  iuT.     Shew  that  0Q=30r. 
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70.  If  tlie  side  BV,  o[  a  trianj^lc  A  I><\  In.'  hisi'cttil  by  a  line, 
whicli  met'ts  ^Ji>aiicl  AC,  piiiducfil  it  m.cf.ssaiy,  in  i>  and  K 
resi)ettivoly,  shew  lliat  AE  is  to  Vv'C  a.s  Alt  \f,  to  Dl't. 

71.  Two  circles  are  drawn  in  the  same  plane,  havinif  a  cuin- 
mon  centre  C.  If  the  taiiffent,  at  any  point  /'  of  the  inner 
circle,  meet  the  outer  in  <^,  and  be  prodneeil  botii  ways  to 
points  A,  B,  such  that  QA,  QB,  are  each  of  them  equal  to  QC, 
tlie  area  of  the  triaii'^'e  CAJ>  will  be  constant. 

72.  From  P,  a  pnjnt  without  a  circle,  whose  centre  is  (', 
two  tanj^cnts  PA,  I'B,  are  drawn,  and  also  a  line,  nieetinj;  the 
circle  in  D,  and  AB  in  E.  If  CF  be  perpendicular  to  Pl>, 
then  FD  is  a  mean  proportional  between  FP  and  FE. 

73.  Three  circles  touch  the  sides  of  a  triangle  ABV  in  the 
points  where  the  inscribed  circle  touches  them,  and  touch 
each  other,  in  the  points  G,  H,  K.  Prove  that  AG,  BIL  and 
CK  meet  in  a  point. 

74.  If  ABC  be  a  rij^ht-aii},dcd  triangle,  and  EF,  i)arallel  to 
BC,  the  hypotenuse,  meet  AB,  AC  in  E,  F,  then  EU,  FL, 
A  K  bein<5  drawn  perpendicular  to  PtC,  shew  tiial  tiie  dill'erence 
of  the  rectanj;les  CK,  ClI  and  PL,  BK  is  equal  to  the  ditl'ir- 
euce  of  the  squares  on  AJl,  ^IC. 

75.  From  a  point  A  in  t!ie  circuiufironce  of  a  circle  two 
chords  AB,  AC  are  drawn,  cutting  olf  arcs  greater  than  a  (juad- 
rant  and  less  than  a  semicircle  ;  and  from  the  extremity  Ji  of 
tiie  greater  chord,  a  line  BD  is  drawn  in  a  direction  perpendi- 
cular to  that  of  the  diameter  through  A,  and  meets  AC  pro- 
duced in  D.     Shew  thai  AD  is  to  AB  as  AB  is  to  AC. 

76.  Two  circles  intersect,  and  through  a  point  of  intersection 
two  lines  are  drawn,  terminated  by  the  circumferences  of  both 
circles  ;  one  r)f  these  line.';  remains  fixed,  while  the  other  may 
have  any  position.  Shew  that  the  locus  of  the  intersection  of 
the  lines  joining  their  rxtremities  is  a  circle. 

77.  If  the  side  L'O  of  an  ei|uilatcral  triangle  Ar>C  be  pro- 
duced to  any  point  D,  ami  AD  be  joined,  and  if  a  straight  line 
CE  be  drawn  parallel  to  AB,  cutting  AlJ  in  E,  prove  that  the 
square  on  AE  is  to  the  rect.  DA,  DE  as  the  rect.  CE,  CB  ia  to 
the  square  oa  DG. 
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78.  In  a  triaii<;le,  right-an{,'le(l  at  A,  if  the  side  ACXn  double 
of  AB,  the  angle  B  is  more  than  duiible  the  aii^de  C. 

79.  From  the  obtuse  angle  of  a  triangle  draw  a  line  to  the 
base,  which  shall  be  a  mean  proportional  between  the  segments, 
into  which  It  divides  the  base. 

80.  AB,  ^Care  two  straight  lines,  B  and  0  given  points  in 
the  same  ;  BD  is  drawn  perpendicular  to  A(\  and  1>E  per- 
pendicular to  AU  ;  in  like  manner  VF  is  drawn  perpendicular 
to  AB,  and  FQ  to  AC.     Shew  that  EG  is  parallel  to  BQ. 

81.  AB  is  the  diameter  of  a  circle,  and  CD  a  chord  at  right 
angles  to  it,  ii' any  point  in  VD.  If  AE  and  BFj  be  drawn 
and  produced  to  cut  the  circle  in  F  and  G,  the  quadrilateral 
FVGD  has  any  two  of  its  adjacent  sides  in  the  same  ratio  as 
the  remaining  two. 

82.  ADEB  is  a  semicircle;  AB  the  diameter;  DF,  EO 
perpendiculars  on  the  diameter  ;  C  the  centre  of  a  circle,  which 
touches  the  semicircle  and  these  perpendiculars  ;  and  (7/  is 
drawn  perpendicular  to  the  diameter.  Shew  that  Oil  is  a 
mean  propurtional  between  ,1  F  and  llG. 

83.  Divide  a  straight  line  in  a  given  ratio,  and  produce  it 
80  that  the  whole  line  thus  produced  shall  be  to  the  i)art  pro- 
duced in  the  same  ratio  ;  shew  that  the  circle  described  on  the 
line  between  the  two  points  of  section,  aa  diameter,  is  suuli, 
that  if  any  point  of  its  circumference  be  joined  with  tiie  ex- 
tremities of  the  given  line,  the  straight  lines  so  drawn  shall 
also  be  in  the  given  ratio. 

84.  If  any  secant  be  drawn  through  tlie  intei-scction  of  two 
tangents  to  a  circle,  and  it'  (lie  points  of  iiiterscction  be  joined 
to  the  ))oints  of  conflict  of  the  tangents,  sliew  tiiat  the  rect- 
angles under  the  pail's  of  opposite  sides  of  the  quadrilateral 
formed  by  the  joining  lines  are  equal. 

85.  Triangles  on  the  same  base,  and  with  equal  vertical 
angles,  are  to  one  another  iis  the  products  of  their  sides. 

86.  A  line  ACBD  is  divided,  so  that  AC  is  to  CB  as  AD  is 
to  DB.  Shew  that  a  semicircle,  described  on  CD,  is  the  locui 
of  P,  such  that  ^P  ia  to  PJS  as  ^C  is  to  CJS. 
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87.  If  the  two  diagonals  of  a  quadrilateral,  inscribed  in  a 
circle,  be  {jiven,  shew  that  the  quadrilateral  is  greatest,  when 
they  are  at  rii,'ht  angles. 

88.  ABC  is  a  triangle,  I),  A',  the  middle  points  of  ^7?,  AC, 
and  BE,  CD,  meet  in  F :  a  triangle  is  drawn,  having  its  sides 
parallel  to  A  F,  HF,  CF.  Shew  that  the  lines,  joining  its  angular 
points  to  the  middle  points  of  its  opposite  sides,  will  be  parallel 
to  the  aides  of  the  triangle  ABC. 

89.  A  circle  rolls  within  another,  of  twice  its  radius  :  if  P  be 
the  point  of  contact,  and  A  a  given  point  of  the  rolling  circle, 
PA  will  be  constant  in  direction. 

90.  Two  circles  intersect  ;  the  line  AIJKB  joining  their 
centres  A,  B,  meets  them  in  H,  K.  On  AB  h  described  an 
ei|Milateral  triangle  ABC,  whose  sides  B(\  AC  intersect  the 
circles  in  F,  K.  FE  produced  meets  BA  produced  in  G. 
Sill  w  that  as  OA  is  to  GK,  so  is  CF  to  CE,  and  so  also  is  GH 
to  Gli. 

!)1.  ,1 1'A '  is  a  triangle  inscribed  in  a  circle,  and  perpendiculars 
are  drawn  from  any  point  in  the  circund'crcnce  to  tlic  sides  of 
tiie  triangle.  Prove  tlmt  the  points  in  which  they  meet  the 
sides  are  in  one  straight  line. 

92.  An  isosceles  triangle  has  one  of  its  equal  sides  a  mean 
proportional  between  two  sides  of  another  triangle.  If  these 
two  sides  include  the  same  angle  a.s  the  vertical  angle  of  the 
isosceles  triangle,  shew  that  the  triangles  are  equal. 

93.  Two  triangles  A1U\  BCD,  have  the  side  BC  common, 
the  angles  at  B  equal,  and  the  angles  ACB,  BDC  right  angles. 
Shew  that  the  triangle  ABC  is  to  the  triangle  BCD  as  AB  is 
to  iJD. 

94.  Given  the  straight  line  which  is  drawn  from  the  vertex 
of  an  equilateral  triangle  to  a  point  of  trisection  of  the  base, 
find  the  side  of  the  triangle. 

95.  Straight  lines  being  drawn  from  the  angular  points  A, 
B,  C,  of  a  triangle  through  any  the  same  point,  so  as  to  cut  the 
opposite  sides  respectively  in  a,  b,  c,  shew  that  the  rectangle 
Ab,  Be  is  to  the  rectangle  Ac,  Baas  Cb  ia  to  Co. 
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96.  ABCD  is  a  quudrilateral  inscribed  in  a  circle,  iiml  its 
diagonals  intersect  in  F.  Shew  tliat  the  rcctan;,'le  A  l'\  FD  is  to 
the  rectaiiffle  BF,  FC an  the  square  on  AD  is  to  the  s(iuaro 
onBC. 

97.  ABCD  is  a  qiiarlrilateral  figure  whose  opposite  angles 
are  not  supplemental;  the  circle  descrilied  about  ABD  cuts 
DC  in  E,  and  the  circle  described  abont  BCF  cuts  A  K  in  /''. 
Shew  that  the  triangle  ABFh  equiangular  to  the  triangle  BCD, 
and  the  triangle  BCF  to  the  triangle  ABD. 

98.  ACB  is  a  triangle  whereof  the  side  AC  is  produced  to 
D  until  CD  is  equal  to  AC;  and  BD  is  joined:  shew  that  if 
any  line  drawn  parallel  to  AB  cuts  the  sides  ^1(7  and  (7J,  and 
from  the  points  of  section  lines  be  drawn  parallel  to  DB,  these 
will  meet  AB  in  points  equidistant  from  its  extremities. 

99.  A  and  B  are  fixed  points,  and  A  C,  BD  are  perpendi- 
culars on  CD,  a  given  straight  line  :  the  straight  lines  Alt,  BC, 
intersect  in  E,  and  EF  is  drawn  perpendicular  to  CD.  Shew 
that  EF  bisects  the  angle  AFB. 

100.  IF  i>  lie  the  centre  of  a  circle  circumscribed  .ilMiut  the 
triangle  AB(\  obtuse  angled  at  C,  and  if  on  OCas  diameter  ;i 
circle  be  described  meeting  AB  in  />and  E,  then  either  CD  or 
CE  shall  be  n  mean  ])ropniti(iiial  between  the  segments  into 
which  tiiey  respectively  divide  A  B. 

101.  The  exterior  angle  CBD  of  the  triangle  A  BC  is  bisected 
by  the  line  BE,  which  cut--  the  base  produced  in  E.  Shew  that 
the  square  on  BM,  together  with  the  rectangle  AB,  BC,  is 
equal  to  the  rectangle  AE,  EC. 

102.  ABCD  is  a  quadrilateral  figure  inscribed  in  a  circle ; 
BA,  CD,  are  produced  to  meet  in  P,  and  AD,  B(\  are  pro- 
duced to  meet  in  Q.    Prove  that  PC  is  to  PB  as  qA  is  to  QB. 

Also,  shew  that  half  the  sum  of  the  angles  at  P  and  Q  is 
equ;d  to  the  complement  of  the  opposite  angle  ABC  of  the 
quadrilateral  figure. 

103.  Having  given  the  vertical  angle,  and  the  ratio  of  the 
sides  containing  it,  and  also  the  diameter  of  the  circumscribing 
circle,  coiutruct  the  triangle. 
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104.  From  the  centre  of  a  givon  circle  draw  a  straight  lii)« 
to  meet  a  n'lvcii  tanj,'('nt  to  the  circle,  so  that  tlie  so^iiipiit  of 
the  line  between  the  circle  and  the  tangent  shall  be  any  required 
part  of  the  tun{,'ent. 

lOf).  Find  a  jioint  the  distances  ofwhicli  froni  three  jfivfu 
points  not  in  tlie  .><anie  .straij^lit  line  are  ]ir<']i(irtiiiiial  to  yi,  7,  r 
respectively,  the  lour  points  bein','  in  the  same  plane. 

lOfi.  AB  is  the  diameter  of  a  circle,  I)  any  point  in  the 
circumference,  and  C  the  middle  jjoint  of  the  arc  A  l>.  If  AC, 
AD,  BC,  be  joined,  and  Al>  cut  liC  in  E,  tiie  circle  described 
about  the  trianj^lc  AEB  will  touch  AC,  and  its  diameter  will 
be  A  third  proportional  to  BC  and  A  B. 

107.  From  a  given  point  A  a  variable  straight  line  is  drawn, 
meeting  a  fixed  strai(,'ht  line  in  P,  and  a  point  Q  is  taken  on 
it  80  that  the  rectangle  AP,  AQ  is  constant.  Find  the  locns 
ofQ. 

108.  On  a  given  base  describe  a  rectangle,  which  shall  be 
equal  to  the  difl'erence  of  the  scjun.res  on  two  given  straight 
lines,  any  two  of  the  three  given  lines  being  together  greater 
than  the  third. 

109.  If  the  exterior  angles  of  a  triangle  be  bisected  by 
straight  lines,  forming  another  triangle,  shew  that  the  two 
triangles  cannot  be  similar,  unless  they  be  each  equilateral. 

110.  If  ABC,  A' pre  be  similar  triangles,  and  AB  =  A'C, 
shew  the  areas  of  the  triangles  are  as  A  C  to  A'B'. 

111.  The  alternate  angles  of  a  regular  hexagon  are  joined  : 
shew  that  the  area  of  the  hexagon  formed  by  the  intersections 
of  the  joining  lines  is  one-third  of  the  original  hexagon. 

112.  A  triangle  is  divided  by  a  straight  line  parallel  to  the 
base  into  two  parts,  the  areas  of  which  are  as  1  to  8 :  how 
does  the  straight  line  divide  the  sides  ? 

113.  The  line  AD  is  divided  into  three  equal  parts  in  the 
points  B  and  C ;  a  circle  is  described  with  B  as  centre  and 
BA  as  radius,  and  any  circle  cutting  this  is  described  with  D 
as  centre.    Shew  that  if  a  chord  to  both  the  circles  be  drawn 
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from  A^  throii{;rh  one  of  the  points  of  intersection,  it  will  be 
bisected  by  this  point. 

114.  ABC  is  an  acute-anfilpd  triangle,  Ft  and  i!  a.  ■  'ho 
middle  points  of  the  sides  Ali  and  AV.  Slicw  that  a  lino 
drawn  from  E^  equal  to  EA,  *t\  meet  the  biuse,  and  another 
from  F,  equal  to  FA,  also  to  meet  it,  will  intersect  the  base 
at  the  same  point. 

Hence  explain  how,  by  foldinjj  a  piece  of  pap(>r  such  as  the 
triangle  ABC,  it  may  bo  shewn  that  the  three  an<,des  of  a 
trian<,de  are  equal  to  two  right  angles. 

llf).    If  .l/iC,  AI>l'J\n'  t\V(K'(iiiiil  tiiimglfs  having'  tlic  ani/Ics 
JiA(\  JtAJ<:  i'(iual,  and  if  they  !..■  i.liicc.l  so  tliat  l!.\,  .!/•  aiv 
in  a  straight  line,  as  also  CA  and  .1  /> ;  and  if  llC,  />/■.'  lie  pro 
duced  to  meet  in   /"',  prove  that  FA   will  liisid  T/v  and  aKo 
Bl). 

IIG.  Within  a  circlf,  whoso  diameter  is  ,-f /.',  anotlier  eircio 
is  inscribed,  touching  the  outer  circle  in  .1,  and  passing 
throngli  its  centre  O.  From  a  point  .V,  in  .1  />',  a  line  .\<^il'  is 
drawn  perpendicular  to  AB,  ineetinu'  the  inner  circle  in  (,>,  and 
the  outer  circle  in  /',  AN  being  ((pial  to  one-«ixth  of  .1/)'. 
Pivive  that  the  duplicate  ratio  of  .V(,>  to  \l'  is  equal  to  the 
Kiliii  of  2  to  5. 


117.  Describe  a  S(piare,  wliidi  shall  be  equal  to  the  sum  of 
a  given  sipiare  and  a  given  rectangle,  a  side  of  the  gi\en  s(iuare 
being  greater  than  half  the  diflereuce  of  the  two  sides  contain- 
ing the  rectangle. 


BOOK   XI. 

INTRODUCTORY  REMARKS. 

In  Book  I.  Duf.  7.,  it  is  laid  down  that  a  Plane  Surface  is 
one  in  wliicli,  if  any  two  points  he  taken,  the  straifjlit  line  be- 
tween tlieni  lies  wliolly  in  that  surface. 

Tills  delinilion  should  be  extended  by  the  addition  of  the 
followlnj,'  words,  and  if  tliK  straight  line  be  yroduccd,  every  point 
in  the  jxirt  j^oduced  mill  lie  in  the  plane. 

Euclid  professes  to  prove  this  in  the  first  Proposition  of 
Book  XI.,  which  is  thus  enunciated  :  "  one  part  of  a  8trai<;lit 
line  cannot  be  in  a  plane,  and  another  part  out  of  the  plane." 

But  this  has  been  assumed  again  and  again  in  tiie  proofs  of 
earlier  propositions  ;  thus,  for  example,  we  have  called  a  cin.lo 
&  plane  figure,  and  having  drawn  any  radius  to  a  circle  we  have 
assumed  that  the  radius,  produced  within  the  circumference, 
will  meet  the  circumference. 

From  the  extended  definition  of  a  Plane  Surface  it  follows 
that  a  straight  line,  which  meets  a  plane,  must  either  lie 
entirely  in  that  plane,  or  meet  it  in  one  point  only  ;  for  if  it 
met  the  plane  in  tivo  points,  it  would  lie  entirely  in  the  plane. 

The  Definitions  given  at  the  commencement  of  Book  xi. 
relate  partly  to  Plane  Surfaces  and  partly  to  Solid  Figures. 
By  a  slight  change  in  the  order  in  which  they  stand  in  tiie 
Greek  text,  wo  obtain  the  advantage  of  arranging  them  in 
accordance  with  this  twofold  division. 


Definitions, 

Relating  to  Plane  Surfaett. 

T.  A  Plane  Surface  is  one  in  which,  if  any  two  points  be 

taken,  the  straight  line  between  them  lies  wholly  in  that  sui^ 

face  ;  and  if  the  straight  line  be  produced,  every  point  in  the 

part  produced  will  lie  in  the  plane. 
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II.  When  a  stniijfht  line  is  at  right  angles  to  cvurj/  straight 
line  in  a  plane  which  meets  it,  it  is  said  to  be  perpendicular  to 
the  pliine. 

Note.—  It  will  be  shown  in  Prop.  iv.  that  when  a  straight 
line  is  at  right  angles  to  each  of  two  other  straight  lines  in 
a  nlane,  which  meet  it,  it  is  at  right  angles  to  every  other 
straight  line  in  the  plane  which  meets  it. 

III.  A  plane  is  perpendi'-ular  to  a  plane,  wlien  the  straight 
lines,  drawn  in  one  of  the  planes  perpendicular  to  the  commoD 
section  of  the  two  planes,  arc  perpendicular  to  the  other  pLine. 

IV.  The  inclination  of  a  straight  line  to  a  plane  is  the  acute 
argic,  contained  by  that  straight  line  and  another,  drawn 
from  the  point  at  whicli  the  first  line  meets  the  plane,  to  the 
point  at  which  a  perpendicular  to  the  plane,  drawn  from  any 
point  of  the  first  line  above  the  plane,  meets  the  same  plane. 

V.  The  inclination  of  a  plane  to  a  plane  is  the  acute  angle, 
cimtciined  by  two  straight  lines,  drawn  from  any  the  same 
point  of  their  common  section,  at  right  angles  to  it,  one  in  one 
plane,  and  the  other  in  the  other  plane. 

VI.  Two  planes  are  said  to  have  the  same  inclination  to  one 
another,  which  two  other  planes  have,  when  the  said  angles  of 
inclination  are  ecjual  to  one  another. 

VII.  Parallel  planes  are  such  as  do  not  meet  one  another 
though  produced. 

lielating  to  i^olid  Figures. 

VIII.  A  Solid  is  that  which  has  length,  breadth,  and  thick- 

nesR. 

IX.  That  which  bounds  a  solid  is  a  superficies. 

X.  A  Solid  Angle  is  that,  which  is  made  by  the  meeting  of 
more  than  two  plane  angles,  which  are  not  in  the  same  plane, 
at  one  point 
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Definitions  I.  to  X.  are  all  that  are  required  in  the  part  of 
Book  XI,  included  in  this  work.  Those  which  follow  are 
necessary  to  the  explanation  of  some  of  the  terms,  which  will 
be  found  in  the  Exercises  and  Examination  Papers. 

XI.  Similar  solid  figures  are  such,  as  have  all  their  solid 
angles  equal,  each  to  each,  and  are  contained  by  the  same 
number  of  similar  planes. 

XII.  A  Pyramid  is  a  solid  figure,  contained  by  planes,  which 
«vre  constructed  between  one  plane  and  one  point  above  it,  at 
which  they  meet 

XIII.  A  Prism  is  a  solid  figure,  contained  by  plane  figures, 
of  which  two  that  are  opposite  are  equal,  similar,  and  parallel 
to  one  another  ;  and  the  others  are  parallelograms. 

XIV.  A  Sphere  is  a  solid  figure,  described  by  the  revolution 
of  a  semicircle  about  its  diameter,  which  remains  fixed. 

XV.  The  Axis  of  a  Sphere  is  the  fixed  straight  line,  about 
which  the  semicircle  revolves. 

XVI.  The  Centre  of  a  Sphere  is  the  same  with  that  of  the 
semicircle. 

XVII.  The  Diameter  of  a  Sphere  is  any  straight  line,  which 
passes  through  the  centre,  and  is  terminated  both  ways  by  tlio 
superficies  of  the  sphere. 

XVIII.  A  Cone  is  a  solid  figure,  described  by  the  revolution 
of  a  right  angled  triangle  about  one  of  the  sides  containing  the 
right  angle,  which  siile  remains  fixed.  If  the  fixed  side  be 
equal  to  the  other  side  containing  the  right  angle,  the  cone  is 
called  a  right-angled  cone  ;  if  it  be  less  than  the  other  side,  an 
obtusp-angled  cone  ;  and  if  greater,  an  acute-angled  cone. 

XrX.  The  Axis  of  a  Cone  is  tlic  fixed  straight  line,  about 
which  the  triangle  revolves. 
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XX.  The  Base  of  a  Cone  is  the  circle,  described  by  that  side, 
containing  the  right  angle,  which  revolves. 

XXI.  A  Cylinder  is  a  solid  figure,  described  by  the  revolu- 
tion of  a  rectangle  about  one  of  its  sides,  which  f^nains  fixed. 

XXII.  The  Axis  of  a  Cylinder  is  the  fixtJ  vtniiv    -  -le  about 
which  the  rectangle  revolves. 

XXIII.  The  Bases  of  a  Cylinder  are  the  circles,  described  by 
the  two  revolving  opposite  sides  of  the  rectangle. 

XXIV.  Similar  cones  and  cylinders  are  those  which  have 
their  axes  and  the  diameters  of  their  bases  proportionals. 

XXV.  A  Cube   is  a  solid  figure,  contained  by  six  equal 
squares. 

XXVI.  A  Tetrahedron  is  a  solid  figure,  contained  by  four 
equal  and  equilateral  triangles. 

XXVII.  An  Octahedron  is  a  solid  figure,  contained  by  ei;'lit 
equal  and  equilateral  triangles. 

XXVIII.  A  Dodecahedron  is  a  solid  figure,  contai  < 
twelve  equal  pentagons,  which  in"  equilateral  and  equiangular 

XXIX.  An  Icosahedron  is  a  solid  figure,  contained  by  twenty 
eqiial  and  equilatcrid  triangles, 

XXX.  A  Parallelepiped  is  ?,  solid  figure,  contained  by  six 
quadrilateral  figures,  of  which  every  opposite  two  are  parallel. 


Postulate. 

Let  it  be  granted  that  a  piano  may  be  macie  to  pi 
any  given  straight  line. 
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ill 
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fRorosrnoN  I.    Theorem.    (Eucl.  xi.  2.) 

if  liro  strdiiilif  liiii.i  ini.f  o.')i:  miothir,  a  plane  am  he  ilran'n 
ill  roiifdin  hoth  ;  (iiid  i  virij  iikvae  coiilainiiuj  both  mud  coincide 
mth  the  aforesaid  plane. 


Let  the  two  st.  lines  A(\  JiC  meet  in  C. 

Tlnn  a  plane  can  he  drairn  to  contain  AC  and  BO. 
L'.'t  any  pliuu;  IJF  be  drawn  to  contiiin  A(\  Post. 

anil  let  EF  be  turned  about  AC  till  it  piuss  throuj^h  B. 
I'iieu  ■.■  />'  ai'd  ( '  are  points  in  the  plane  EF, 

.-.  BC  lies  in  the  plane  EF.  XI.  Def.  1. 

dlso,  (niij  I'liuic  con(aini7ig  AC  and  BC  must  coincide  with  EF. 
For  let  Q  be  any  point  in  a  i)iane  eontaiuing  ^-iCand  BC. 
Draw  V3/A'  in  this  plane  to  eut  BC,  AC  in  M  m\A  N. 
Tlien  .■  M  and  A'  are  points  in  the  plane  EF, 

.-.  (J  iri  a  point  in.  <ho  ])hw  EF.  XI.  Def.  1. 

Siniilaily,  any  point  in  a  plane  eontainin;^  AC,  BC  must  lie 
Ml  EF  ; 

and  .'.  any  plane  containing  AC,  iJC  must  coincide  v/ith  EF. 

Q.  E,  u. 


C'(  >K.  I.  llencc  it  foUorvs  that  a  plane  is  comphtdy  deter m  innl 
I'll  the  conditiun  that  it  jiosscs  throvgh  huo  intersecting  straight 
lines. 
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Cor.  II.  A  straight  line  andajmut  without  the  l'>ne  determine 
a  plane. 


Let  AB  be  a  straight  line,  and  C  a  point  without  AB. 
Dniw  the  st.  line  CD  to  any  point  D  in  .1  />. 
Then  one  plane  can  be  drawn  to  contain  .1  /.'  and  CD.       XI.  1, 

.•.  one AH  and  C. 

Again,  any  plane  containing  AB  must  contain  D, 

.'.  any  plane  containing  All  and  C  must  contain  CI)  also. 
But  there  is  only  one  jilane  that  can  contain  AH  and  CU, 

.'.  there  is  only  one  plane    AB  and  C. 

Hence  the  plane  is  completely  determined. 

Cou,  III.  Three  iioints,  not  in  the  same  straiyht  line,  determine 
a  flane. 

For  let  A,  I>,  C  be  three  such  points  (fig.  Cor.  2). 
l>ra\v  the  .straight  line  AB. 

Then  a  plane,  which  contains  A,  B  and  C,  nuist  contain  .iH 
and  (', 

and  a  plane,  which  contains  AB  and  C,  must  contiiin  J,  />',  C. 
Now  AH  and  (,'  are  contained  by  one  phine,  and  one  only, 

Cor.  2. 
.*.  A,  1>,  r'  are  coiUaincd  by  one  j)lane,  and  one  only. 
Hence  the  plane  is  coniplcti'ly  determined. 

Con.  IV.  Tiro  iiarallil  1 1  not  dctirmim;  a  plane. 

For,  by  the  definition  of  parallel  lines,  the  two  lines  are  in 
the  same  plane,  and  ivs  oidy  one  plane  can  be  drawn  to  contain 
one  of  the  lines  and  any  point  in  the  other  line,  it  follows  that 
only  one  plane  can  be  drawn  to  contain  both  lines. 


All 
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3»3 


Proposition  II.    Theorem.    (EucI.  xi.  ,3.) 

If  tiro  planer  cut  one  anuthr,  their  common  section  must  bo 
1  SLratyrit  iim. 


Lot  AB  iuid  CD  be  two  planes  that  cut  one  another. 
Then  vivxt  their  coiinnnn  section  hi:  a  straight  Hue. 

Let  M  ami  .Vbe  two  points  coinmon  to  both  planes. 

Draw  the  stiaij,'ht  line  MX. 

Then  •.•  iV/and  iVuie  conmion  to  both  planes, 

.-.  the  St.  line  MX  lies  in  botii  planes.  XT.  Def.  1. 

Anil  no  p.jint,  out  of  this  line,  ean  be  coniincui  to  Imtli  planes. 

For,  if  it  be  possible,  let  /'  In:  sueli  a  point. 

But  there  can  be  but  one  plane  conunou  to  the  point  F  and 
the  St.  line  MX.  XI.  1,  Cor.  2. 

.•.  r  is  not  conmion  to  Iwth  phmes. 

Hence  every  point  in  the  conunou  section  of  the  planes  lies 
in  the  strai<dit  line  MX. 


Q.  E.  D. 

Xotc. — The  Propositions  which  follow  are  inunbercd  as  in 
Euclid. 


314 


EUCLIiyS  ELEMENTS. 


[Eoolc  XI. 


Proposition  IV.    Tukorem. 

If  a  straight  line  stand  at  right  angles  to  each  of  two  ftraioht 
lines,  at  the  jmint  of  their  i)iterseetion,  it  must  also  Oeai  right 
angles  to  the  jjhinc  that  2)assis  thrtntgh  them. 


Let  the  St.  line  EF  Vje  x.  to  each  of  the  st.  Unes  AB,  CD, 
at  .ff,  the  pt.  of  their  intersection. 

Then  must  EF  beJLto  the  j'laiie  'pas.'iing  through  AJi,  CD. 

Make    AE,    Eli,    VE,    El),    all    eqiiul    to    one    another, 
and  throuj^h  E,  draw,  in  the  plane   in  which  AB,  CD  are, 
any  st,  line  CEII,  and  join  AD,  CB. 
Take  any  pt.  F,  in  EF,  and  join  FA,  FG,  FD,  FC,  Flf,  FH. 
Then  in  As  A  EI),  BEC, 

:■  AE=BE,  and  1>E=^CE,  and  /  AED=  l  BEC,  I.  15. 
.-.  A  D=BC,  and  i  DAE=  l  CBE,  I.  4. 

Then  in  ah  AEG,  BE H, 
:•  L  AEG  =  L  BEIT,  and  z  GA  E  =  /  IIBE,  and  A  E=BE, 

. :  GE^  HE,  and  A  G  =  BII.  I.  n.  p.  1 7. 

Then  in  M^AEF,BEF, 
'.•  AE  =  BE^  aud  EF  is  common,  and  rt.  L  AEF  =  xL  l  JIEF, 
.:AF  =  BF,  1.4. 


ZSook  XI.j 


PA'OrOSlT/OX  IV. 


315 


So  also,  CF=DF 
Then  in  L^  ADF,  BVF, 
.- AD=BC,  and  AF^JJF,  and  DF=CF 

.:iDAF=lCBF.  Lap.  18. 

A'..;'vin,in  t^s  AFG,  BFJI, 

-.'  AF=BF,  and  AG=Bn,  and  i  FAO=  L  FBH, 

.:  FG==FE.  I.  4. 

Then  in  as  FEG,  FEH, 

:■  GE=HE,  and  EF  is  common,  and  FG=FII, 

.:  L  FEG  =  L  FEE.  I.  c. 

.,-.  BF  is  J.  to  GH. 

In  like  raannei  it  may  be  shown  that  EF  is  j.  to  every  st. 
line  which  meets  it  in  the  plane  passing  throufrh  AB,  CD. 
.*,  EF  is  >.  to  the  plane,  in  which  AB,  CD  are.  XI.  Def.  2. 


Q.  I.  D 
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PuoPosiTiox  v.    Theorem. 

If  time  sfraifiht  lines  meet  all  at  one  imnf,  avd  a  straight 
line  stand  at  right  angles  to  eaeh  of  them  at  that  point,  th,- ,.  .a 
straight  lines  imist  be  in  one  and  the  same  plane. 


L»t,  the  St.  lino  A  B  bo  x  to  each  of  the  st.  lines  BC,  r>D, 
r>E,  at  B,  the  pt.  where  they  meet. 

Then  must  BC,  IW,  BE  he  in  one  ana  the  same  plane. 

If  not,  let  BD,  BE  be  in  one  plane,  and  JW  without  it,  and 
let  a  plane,  passing  thron<rh  AB,  BC,  cut  the  plane,  in  whieh 
lilJ  and  BE  are,  in  the  st.  line  JiF.  XL  2. 

Then  .1  B,  JiC,  BF  are  all  in  one  iilanc. 
And  -.•  AB  is  J.  to  />'/>  and  BE, 

.:  AB  isi  to  the  i)liiiie  in  wliich  7?P  and  Z?E  arc,  XT.  4. 
anil  .-.  AB  isxto  BF,  a  st.  line  in  that  ].lane.         XI.  Dcf.  ^ 

Tims/  .4/?/'  is  a  rt.  /  , 
andz  ABCUurt./.  ;  ^'.Vl>- 

.-.lABC^^ABF, 
the  less  =- the  greater,  wliich  is  impossible. 

.-.  BC  is  not  without  tlie  ])lane,  in  which  BD,  BE  are, 
and  .-.  BC,  BD,  BE  are  in  one  and  the  same  plane. 

Q.  E.  D. 


eook  XI. 
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PuorosiTioN  VI.     Theorem. 
If  two  straight  lines  be  at  right  angles  to  the  same  plane,  they 
must  be  jMrallel  to  one  another. 


I.  11 


Let  the  st.  lines  AB,  CD  bex  to  the  same  plane. 

Then  must  AB  he  ||  to  CD. 
Let  AB,  CD  meet  the  plane  in  the  pts.  B,  D. 
Join  BD,  and  draw  DE±  to  Jil>,  in  the  same  plane. 

Make  DE==AB,  and  join  BE,  AB,  AD. 
Then  •.•  AB  isxto  the  plane, 

.•.  AB  is±  to  BJ)  and  BE,  XI.  Def.  2. 

and  .-.  each  of  the  z  .s  ABD,  ABE  is  a  rt.  i . 
So  also,  each  of  the  /.  s  C])B,   CDE  is  a  rt.  i  . 
Then,  in  ^aABD,  EDB, 
:•  AB  =  ED,  and  BD  is  common,  and  rt.  '.  ABD =rt.  i  EDB. 
.:  I>A  =  BE.  1.4. 

Again,  in  ah  ABE,  E1>A, 

:■  AB=ED,  and  BE=  DA,  and  AE  is  common, 
.-.lABE^  I  EDA. 
But  z  J />'/;  is  a  rt.  /  ; 

.  •.  /.  FDA  is  a  rt .  z , 
•iiut  .-.  Ely  is  I.  to  A  i). 
Thus  ED  is. I  to  liD,  AD,  CD,  at  the  pt.  where  they  meet, 
and      BD,  AD,  CD  are  all  in  one  plane.         XI.  n. 
But  AB  is  in  liie  plane,  in  which  BD  and  ^Z>  are  ;    XI.  1. 
and  .-.  AB,  BD,  CD  are  all  in  one  plane. 
Tlien  •.•  each  of  the  l  s  ABD,  CDB  is  a  rt.  z  , 

.:  AB  is  II  to  CD.  j.  28. 


Lc. 


Q.  K.  D. 
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Proposition  VII.     Theorem. 

Tf  two  Rtrnifjhf  Hnm  be  pamllil,  tlw  alrdiijlit  Jiiie,  drnion  from 
(imj  jinint  in  the.  one  to  uni/ jttniit  in  tlit  othtr,  is  in  the  same. 
l>lane  with  the  parallels. 


Let  AB  and  CD  he  parallol  .straifflit  lines. 
Take  any  pts.  E,  F  in  AJl  aiul  ClK 

Then  must  the  st.  linejoiniiKj  H  (du'  F  he  in  the  same  plane  an 

All,  CD. 

If  not,  let  it  be  witliout  the  plane,  a.s  EOF. 

In  the  plane  AIJCI),  in  wiiidi  the  parallels  are, 
draw  tlie  st.  line  HlfF  from  /*;  to  F. 

Then  the  two  ,st.  lines  EOF,  FIfF  tndosc  a  space, 
wliieh  is  impos.sible.  I.  Post.  5. 

.•.  the  st.  line  joiniiif;  E  and   /'"  cannot  bo  out  of  the  plane, 
in  which  the  parallels  AB,  CD  are. 

.•.  it  is  in  that  plane. 

Q.  K.  n. 


Note. — We  have  pro  veil   tliia   Propoaition  as  Cor.  it.  t* 
Prop.  I. 


I  XI. 
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PROPOSITION  vin. 
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.     PkoI'USITIuN   VIII.      TUEOIIKU. 

If  two  strai(iht  Una  be  parallel,  and  r  r  of  them  be  at  right 
aiii/lm  to  a  plane,  the  other  mud  ba  at  riyiU  angles  to  the  iaim 
plaii/i. 


aw  on 


"•ost.  r,. 
piano, 

K.   I). 
IT.    l- 


Let  AB,  CD  be  two  II  st.  lines, 
aud  let  one  of  them,  AB,  be  ±  to  a  plane. 

Tlien  vmst  CD  be  X  to  the  same  plane. 

Let  AB,  CD  meet  the  plane  in  the  pts.  B,  D  ;  and  join  BD; 
then  AB,  BD,  CD  are  all  in  one  plane.  XI.  7. 

In  the  plane,  to  which  AB  is  X ,  draw  DJ'J A.  to  BD, 

make  DE=AB,  and  join  BE,  AE,  AD. 
Then  •.'  AB'\9,  x  to  the  plane, 

. •.  each  of  the  z  s  ABD,  ABE  is  a  it.  c  ;     XI.  Def.  2. 
and  •.•  BD  meets  the  11  st.  lines  AB,  CD, 

,-.  L  8  ABD,  CDB  together  =  two  it.  i  s,  I.  29. 

and  .-.  L  CDB  is  a  rt.  i ,  aud  CD  is  ±  to  BD. 
Then  in  the  c.s  ABD,  EDB, 

:  AB=ED.  and  BD  is  common,  and  it.  z  ABD=rt.  l  EDB. 
.'.  AD=EB.  I.  4. 

Then  in  AS  ^1 ;;/-;,  ii'/M, 

•.•  AB-ED,  and  AE  is  common,  and  EB—AD. 

.-.  I  ABE  =  I  EDA  ;  L  c. 

and  .•.  z  EDA  is  a  rt.  z  . 

Hence  ED  is  ±  to  DA,  and  it  is  also  x  to  BD,  by  constr., 

.•.  ED  is  X  to  the  plane  in  which  DA,  BD  are,   XI.  4. 

and  .".  ED  is  x  to  DC,  which  is  in  that  plane.    XI.  Def.  2. 
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Henco  CT)  is  ±  to  BE. 
Now  r/>  is  X  to  im 

.•.  Vb  is  X  to  the  pliino  piisHini;  th-our;h  />/!,',  D/?.      XI.  4. 

.'.  CD  is  X  to  tlic  piano  to  which  AH  is  x . 

y.  K.  u. 


PRorosiTioN  IX.    Theorem. 

Two  straight  lini'S,  which  arc  each  of  them 
straiyht  line,  and  not  «i  tlic  same  2>i«»c  w/ 
one  another. 


llel  In  the  .lamc 
re  jiarallcl  to 


II 


G 


rc 


Let  AB,  CD  he  each  of  tlicrn  ||  to  EF, 
and  not  in  tlie  same  plane  with  it. 
rhm  muHt  AB  he  \\  to  CD. 
In  EF  take  any  pt.  G. 
From  (/  draw,  in  the  plane  ABEF,  GK  x  to  EF, 

and,  in  the  plane  CDEF,  OK  J   to  EF.        I.  11 
EF  is  X  to  Gil  and  GK, 

EF  is  X  to  the  plane  IJGK ;  XI.  4, 

EF  is  II  to  AB, 

.:  A  B  is  X  to  the  plane  HGK.  XI,  8. 

So  also  CD  is  x  to  the  plane  HGK.  XI.  8. 

.-.ABis  II  to  CD.  XI.  (!. 


Then 
and 


Q.  E.  D. 


Book  XI 1 
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PrOPCSITION  X.       TriKORRM. 

If  Urn  atraujhl  lines  mtvfiiKj  one.  annthi.r  lie  parnlld  to  tim 
otlicm,  th<(t  meet  one  finothir,  mid  an;  not  in.  the  same,  plane  ■irilk 
the  Jmt  two,  tlw  first  two  and  the  other  two  must  contain  equal 
amjles. 


Lot  the  two  St.  lines  AB,  EC,  incetinj^  at  D  in  the  plane  ABC, 
be  11  to  the  St.  lines  DE,  EL\  meeting  at  E  in  the  plane  DEF. 


Tlicn  mud  L  ABC  =  i  DEF. 

Make  BA  =  ED,  and  BC=  EF, 

and  join  AT),  BE,  CF,  AC,  DF. 
Then  •.•  yl2>'  is  =  and  11  to  DE, 
.:  ATHa  =  ami  ||  to  BE. 
So  also,  CF  is  =  and  ||  to  BE. 
.-.  ylDi3  =  and||  to  CF, 
and  .-.  AC  is  =  and  11  to  DF. 
Then  in  As  ABC,  DEF 

'.■  AB  =  DE,  and  BC  =  EF,  and  AC--=DF, 
.-.  ^  ABC  =  I  DEF. 


1.3. 


1.33. 


Ax.  1  and  XI.  9. 
I.  33. 


I.e. 

Q.  K.  D. 
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Proposition  XI.    PuonLKM. 

To  draw  a  nfraifjht  line  perpendicular  to  a  (jlven  plane,  from 
a  i/ivcii.  point  without  it. 


Let  A  be  the  given  pt.  without  the  plane  BIT. 

It  is  required  to  draw  from  A  a  st.  line  ±  to  the  plane  BII. 

In  the  plane,  draw  any  st.  line  BV, 

and  from  A  draw  ADi  to  J>('.  I.  12. 

Then  U  Al)  bexto  the  plane,  what  was  required  is  done. 
If  not,  from  1>  draw,  in  tiie  plane  BU,  DF i.  to  BV.       I.  II. 
and  from  A  draw  AF i.io  DE:  1.  \± 

^if^will  beJ_to  the  plane  BH. 
Through  F,  draw  (HI  II  t(,  IW.  1.  ;'.!. 

Then  •.•  BC  iwxto  both  AI>  and  DE, 

.-.  BC  i.sxto  the  plane  AFD  ;  XI.  i. 

and  (//f  is  II  to  y>'r, 
.-.  (/  //  is  X  to  the  plane  A  FD.  XI.  8. 

Hence  Gil  is  J.  to  the  line  A  F  in  that  plane  ;     XL  Def.  2. 

and  .-.  AF  is  i  to  (HI. 
Also,  Ji^isxto  DE,  by  construction  ; 

.•.  ^i*' is  X  to  the  plane  passing  through  rr'/r,Z)E,  XI. 4 
that  is,  .4F  isx  to  thf>  p'ane  BII. 
Thus  from  A  a  line  AF  is  drawn  x  to  the  piano  BII. 


q.  K.  K, 


^^»m. 
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Proposition  XII.     Problem. 

To  erect  a  straight  line  at  right  angles  to  a  given  plane,  from 
a  givun  point  in  the  plane. 


rt 


B 


Let  A  be  the  given  pt.  in  tho  ttivon  plane. 

//  ?".<?  reqnind  to  erect  o  st.  line  from  A  I  to  the  plane. 

From  any  jit.  />,  witiicmt  tlic  plane,  draw  BC.L  to  it,  XT.  1 1 . 
and  from  A  draw  .1 1)  11  to  />'<'.  I.  31. 

Then  •.•  .1  />,  />f '  are  two  |1  st.  lines, 

of  wliich  B('   is  1.  to  tlie  j^dven  plane, 
.-.  ^  D  isl  to  the  plane,  XI.  8. 

and  a  line  has  been  erected  from  ^  ±  to  the  plane, 

c^  B.  F. 
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Proposition  XIII.    Theorem. 

From  the  same  'point  in  a  rjivcn  plane,  there  cannot  he  two 
straight  lines  at  nght  angles  to  the  plane,  upon  the  same  side  of 
it ;  and  there  can  he  hut  one  perpendicular  to  a  plane  from  a 
point  icithuut  the  plane. 


B    \C 


If  it  bo  possible,  let  two  st.  linos  A  /.',  AC,  be  at  rt.  l?.io 
a  {,'iven  plane,  from  the  saiiio  pt.  A  in  the  plane,  iuul  upfin  the 
same  side  of  it. 

Let  a  plane  pass  throii}fh  All,  AV :  the  coniiuon  seetinn 
of  this  with  the  j,'iven  ]»lanc,  is  a  st.  line,  passing,'  throiii,'h 
A.  XI.  ± 

Let  DA  K  be  the  common  section  of  the  planes. 
Then  the  st.  lines  AH,  AC,  DAE  are  in    ae  plane. 
And  •••  CA  is  at  rt.  /  s  to  the  j^iven  plane, 

.•.  CA  is  at  rt.  z  s  to  every  st.  line  that  meets  it  in 
that  plane,  XL  Def.  ± 

KixADAE,  which  is  in  that  plane,  meets  it ; 

..L  CAE\9,iKxi.i. 
So  also,  I  HA  E  is  a  rt.  /  . 

.-.  I  CAE  =  i.  BAE,  in  the  same  plane  ;  which  is  im- 
possible. 

Also,  from  a  pt.,  without  a  plane,  there  can  be  but  one 
perpendicular  to  that  ]ilane  ;  for  if  there  could  be  two,  they 
would  be  parallel  to  one  another  ;  which  is  impossible.       XI.  6. 

q.  E.  u. 
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Proposition  XIV.     Theorem. 

Planes,  to  which  the  same  straight  Una  is  perpendicular,  are 
parallel  to  one  another. 


Let  the  st.  line  AB  bel  to  each  of  the  planes  CD,  EF. 

TJien  timst  CD  h,  pa,  ■  f'F. 

If  not,  let  them  meet,  and  let  the  st.  line  o  11  b    lueir  com- 
mon section. 

In  Gil  take  any  pt.  K,  and  join  AK,  BK. 
Then  •.•  AB  isx  to  the  plane  EF, 

.:  AB  is±  to  BK,  a  st.  line  in  that  plane,   XI.  Def.  2. 
and  .'.  I  ABK  is  a  rt.  i  . 
So  also,  I  BAK  is  a  rt.  z  . 

Hence  two  i  s  of  the  A  .1  HK  are  together  =  two  rt.  z  s  ■ 
which  is  impossible.  I.  17. 

.-.  the  planes  CD,  EF  do  not  meet  when  produced. 
and  .-.  CD  is  l|  to  EF.  XI.  Def.  7. 

Q.  £.  D. 
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Proposition  XV.     Tiikouem. 

i/  in-o  tifraight  lims,  vinliii'i  one  nnotlwr,  he.  paraUd  to  (no 
other  stnil'lht  liius,  vhieh   iiieit  one  another,  hut  are  not  in  the 

^auie  2'1<^>"^  "''"'  ""=  fi'"^  '"'"  '  ""'  y''*'""'  "''"''^  l"'-'^'"'''  ''"■"".'//'• 
these,  must  be  parallel  to  the  plane  passimj  throiujh  the  others. 


Let  AB,  lie,  two  St.  lines  iiKctin^'  one  another,  be  |1  to  l)K> 
FjF,  wliich  meet  one  another,  but  are  not  in  tlie  .same  plane 
with  AJl,J!a 

Then  mmt  the  plane  AC  he  \\  to  the  plane  DF. 
From  /.'  draw  FG  X  to  the  plane  DF,  meetinfr  it  in  0.    XL  1  1. 
Thrnujrh  (.'  draw  (HI  H  to  Fl>,  and  (.'A'  II  to  FF.  I.  31. 

Then  •■•  FG  is  X  to  the  plane  DF, 

.:  BG  is  a    to  Gil  and  GK,  lines  in  that  plane, 

XL  Def.  2. 
each  of  the  -  s  IIGII,  I'-GK  is  a  rt.  I  . 
FA  and  Gil  aiv  hotli  |1  to  FD, 
J', A  isl,  to  (///. 

I  s  GJIA,  FGII  to!,Tther  =  two  rt.  i  3. 
lint  z  FGff  is  a  rt.  i , 
.•.   i  GF.i  is  a  rt.  z  . 
Hence  GB  is  l  to  FA  ; 

unJ  GB  is  L  to  BV,  for  the  same  reason  ; 

,•.  (V/;is  X  to  the  plane  AC  XL  4, 

Also,  GB  is  X  to  the  i)iane  DF  ;  Const r. 

/.  the  plane  AC  is  11  to  the  plane  DF.  XI.  14. 

(j.  E.  U, 
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Proposition  XVI.     Theorem. 

7/  two  jMraUd  filani..  lie  cut  hy  another  i)Jane,  their  common 
sections  ivith  it  are  parallel.   ■ 


Let  the  parallel  pl.mes  A  li,  CD  be  cut  liy  the  plane  EFIIG, 
and  let  their  common  soclions  witii  it  be  EF,  (fH. 
Thru  must  EFl>r\\fo  iHf. 

If  they  be  not  II,  let  them  meet  in  A'. 
Then  •.•  FF  is  in  the  jtlane  .1  />', 

.•.  /v  is  II  ]i()int  in  I  lie  plane  .!/>'. 
So  also,  K  i.s  a.  point  ni  the  plane  (IX 

.-.  the  planes  AH,  <'!>  meet,  if  prod  11  red. 
J>nt  they  do  not  meet,  for  they  are  ])arallel. 

.•.  /".'/''anil  (llf  i\n  nut  meet,  when  prodnced. 
And  EF,  Gir  ar<"  in  the  same  plane  EFGIL 

.:  EF  is  II  to  GH.  I.  Def.  20 

Q.  E.  D. 


XI.  Def.  1. 
XI.  Def.  1. 
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Proposition  XVII.     Theorem. 

If  two  straight  li)ic)i  be  cut  by  parallel  planes,  theymust  be 
cut  ilk  tlie  saiM  ratio. 


Let  the  st.  lines  AB,  CD  be  cut  by  the  ||  planes 
OH,  KL,  MN  in  the  pts.  A,  E,B;  C,  F,  D. 

Tlien  must  AE  be  to  EB  as  CF  is  to  FD. 

Join  AC,  jW,  ad. 

Let  AD  meet  the  plane  KL  in  the  pt.  A';  and  join  ^A',  XF. 

Then  '.•  the  |l  planes  KL,  MN,  are  cut  by  the  plane  EBDX, 

.:  EX  is  II  to  BD.  XI.  16. 

And  •.•  the  ||  planus  GU,  KL,  are  cut  by  the  plane  AXFC, 

.:  AF  is  II  to  .16*.  XI.  16. 

Now  •.•  EX  is  II  to  BD,  a  side  of  a  ABD, 

.:  A  E  is  to  EB  as  A X  is  to  XD  ;  VI.  2. 

and  •■•  XF  is  11  to  AC,  v.  side  of  A  ADC, 

.:  AX  is  to  XD  as  CF  is  to  FD.  VI.  2. 

Hence  AE  is  to  ££  as  CF  is  to  FD.  V.  5. 

Q.  E.  D. 
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Proposition  XVIII.    Tiieokem. 

If  a  draiglit  line,  he  at  right  aiujlex  to  a  plane,  every  plane, 
•^Meh  passes  through  it,  must  be  at  right  angles  to  that  plane. 


E K 


Let  the  st.  line  AB  be  ±  to  the  plane  CK. 

Tlien  must  every  plane  passing  through  Alt  he  ±  to 
the  plane  CK. 

Let  any  plane  DE  piws  throucrh  AB,  and  let  CE  be  tlie 
common  section  of  the  planes  DE  CK. 
Take  any  pt.  F  in  (7';. 
In  the  plane  DE  draw  FG  j.  to  CE. 
Then  •.•  AB  isxto  the  plane  (7v. 

.-.  AB  isx  to  CE,  a  st.  line  in  that  plane 
and  .-.  ^  ABF  is  a  rt.  z  . 
Now  /  GFJi  is  a  rt.  z  ,  by  construction  : 
.:FGh\\  to  AB. 
And  .1  /.'  is  L  to  the  plane  CK, 
.:  EG  isxto  the  plane  CK. 
Tlien  •.•  EG,  a  st.  line  in  the  plane  DE,  drawn  X  to  CE, 
the  common  section  oi  DE  and  CK,  is  J.  to  CK, 

.:  the  plane  DE  is x  to  the  plane  CK.  XI.  Def.  3. 

So  it  may  be  proved  that  all  planes,  which  pass  through  AB, 
are  i.  to  the  plane  CK. 

Q.  s.  D. 


I.  11. 


XI.  Def. 
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Proposition  XIX.    TiiEonRM. 

If  Iwo  planes,  rvhich  rut  ovc  aiwihar,  he  each  of  them  iicrpcv- 
dicular  to  a  third  plane,  their  common  section  vmst  he  perpen- 
dicular to  the  same  jdane. 


Let  V-\  two  planes  AB,  EC  bo  each  x  to  a  third  plane,  and 
let  BD  uc  the  common  section  of  AB  and  IIC. 

Then  must  BD  he  x  to  the  third  plane. 

If  it  he  not,  draw,  in  the  plane  AB,  th(>  st.  lino 
DE  L  to  AD,  the  common  section  of  AB  with  the  third 
plane  ;  I.  1 1. 

and  draw,  in  the  plane  BC,  the  st.  lino  DF  X  to  D(\  the 
common  section  of  BC  with  the  third  piano.  I-  1 1- 

Then  '.■  the  plane  AB  isxto  the  third  plane, 

and  DE  is  drawn  in  the  plane  ABl.  to  the  common  section, 
.-.  DE  isx  to  the  third  plane.  XI.  Def.  3. 

So  also,  DF  is  .l.  to  the  third  plane. 

Hence,  from  the  pt.  D,  two  st.  lines  are  drawn  X.  to  the  third 
plane,  and  on  the  same  side  of  it;  which  is  impossible.  XI.  13. 

.'.  no  other  line  but  BD  can  bei.  to  the  third  plane  at  D  ; 

.••  BD  isx  to  the  third  plane. 

Q.  K.  D. 
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IMtoroslTKiN    XX.       'J'llF.OUKM. 

]f  (I  Holid  aiiijle.  be  contaiiinl  Inj  thru  pliina  aiifjlcs,  any  two  of 
till  in  iiiii6t  Iciixjtthcr  (jnutcr  tlimi  tin  thinl. 


it  jy         c 

1,(4  tlio  solid  /  :it  .1  be  coiit;iiiio(l  by  thu  tliive  piano  IS 
BA(\  <\\I>,J>AI1. 

Aiiif  tii-i)  (if  these  nnisl  hr  tuiji  llh  r  iirntli  r  IIkiii  tin  thinl. 
Tf  llie  z  s  liAC,  <'A  l>,  l>A  11,  be  all  eiiual,  any  two  of  tlieiii 
arc  toj^'etlier  yieater  than  the  third. 

Jf  they  are  not  e(|ual,  let  /<'.!''  be  that  £  ,  wlhch  i.s  not  less 
than  either  of  the  other  two,  and  is  j^realer  than  one  of  thenj, 
DAB. 

At  A,  in  the  idane  pas.sini;  throUL;h  All,  AC,  make 
inAE=  l1>AJ!,  i.£i. 

and  n*iake  AJJ—  A  l>,  and  throngh  /v'draw  thest.  line  BBC, 
cutting  Ali,  AC,  in  the  pt.s.  B,  C ;  and  join  DJl,  DC. 
Then  in  As. !///>,  AJllJ, 

•.'  A]>=  A  hi,  and  AB  is  common,  and  i  BAD  =  i  BAE, 
.•.DB  =  BB.  I.  ■!• 

Then  •.  •  l)B,  DC  together  are  t,n-eater  than  B( ',  1.  -10. 

undJ>B=BI'J,ii\rd\t  of/;.", 
.-.  DC  is  greater  tiian  BC. 
Then  in  as  J7X',  A  EC, 

;•  AD  =  AE,inn\  JCisconnnon,  and  7>r*  greater  than /^T, 
.-.  .i  i>.l(Ms  greater  than.  7i\-lC'.  L  •2b. 

Also,  by  construction,  z  DAB=  i  BAE, 

.-.   zs  DAC,  DAB  together  are  greater  than  i?^BAE, 
£jr  together; 

that  is,  I  s  DAC,  DAB  together  are  greater  than  i  BAG. 
Again,  i  BAC  is  not  less  than  either  of  the  i  s  DAC,  DA  fi, 
and  .•.  z  BAC  with  either  of  them  is  greater  than  the  otner. 

Q.  K.  u. 
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PrOI'OSITION  XX  [.      TllKOllKM. 

F,rn-\\  sdliil  amjh'.  in  ronUiinid  hij  phiin:  aiif/hii,  icliich  are 
toijdhcr  less  than  four  rvjht  awjlis. 


First,  let  the  nolid  /.  iit  A  be  cdiUaiiicd  by  tlirco  piano  z  s 
JiAC,  CAD,  DAB. 

Tlii.-ic,  shidl  Ik  lixjctJur  Jvm  itian  jDnv  ri'jlit  <ui(jli.<. 

Taki',  in  eiicli  of  tlii;  st.  lines  AH,  AC,  Al>,  iiny  points 
B,  C,  7>,  an<ljoin  JW,  CD,  DB. 

Then  •.•  tlic  soliil  ^  at  />  is  contained  by  the  three  plane 

i&CBA,AHD,  DllC, 
.:  I  s  CBA,  ABJ)  are  together  greater  than  z  DBC.   XT. 20. 
So  also,  z  s  BCA,  AC  I)  are  together  greater  than  i  BCD, 
and  I  s  CDA,  ADH  are  togetlier  greater  tlian  i  CI>H. 

.:  the  .'^ix  zs  CBA,  ABD,  BCA,  ACD,  CI>A,  ADH  are 
together  greater  than  tlio  three  zs  DBC,  BCD,  CD!',,  and 
are  .".  together  greater  than  two  rt.  z  s. 

Again,  •.•  the  three  z  s  of  each  of  the  A  s  A  BC,  ACD,  A  1>B 
are  together  eqnal  to  two  rt.  z  s,  I.  '>V2. 

.:  the  nine  z  s  CBA,  BAG,  ACB,  ACD,  CDA,  DAC,  A  hi',, 
DBA,  BAD  are  together  eqnal  to  six  rt.  z  s  ;  and  of  these 
the  six  zs  CBA,  ACB,  ACD,  CDA,  ADB,  DBA,  have 
been  proved  to  bo  together  greater  than  two  rt.  z  s, 

and  .-.  the  three  z  s  BAG,  CAD,  DAB,  which  contain  the 
solid  z  at  A,  are  together  less  than  four  rt.  z  s. 


Book  XI. 


/'A'O/'O.s/y/OX  A.\7. 


333 


Nkxt,  let  till'  suI'kI  z  iit  A  \n>  cDnliiiiifil  1)V  itnv  imiiiLcr  of 
pliine  z  s  1!A  ( \  ( VI  l>,  DA  /v,  EA  /-',  FA  II. 

These  mad  be  tvijdlitr  U.ta  than  /our  rt.  l  s. 


Let  tlie  planes,  in  winch  tlie  _  s  ;iiv,  lie  cut  by  a  i>liMip,  and 
let  the  coninKJU  sections  of  it  with  those  planes  be  ./>( ',  <'J), 
IfE,  EF,  Fit. 

Then  ■.•  tlie  solid  z  at  77  is  contained  by  the  three  plane 
z  s(7;/l,  AllF,  i'7j'/,  of  which  any  two  are  tn^ether  j^ieater 
tliaii  the  third,  XI.  20. 

.:  z  s  (UlA,  A  /.'/-'are  to;;ether  <,'reater  than  z  FlUl 

So  also,  the  two  jilane  z  s  at  each  of  the  pts.  (',  7>,  F,  F, 
which  are  at  the  bases  of  the  As  havini^  the  common  vertex  A, 
are  to<,'ether  {freater  than  the  third  z  at  the  same  pt.,  which 
is  one  of  the  z  s  of  the  polyi^on  7»(  'DFF. 

.'.  all  the  z  s  at  tlie  bases  nf  the  As  are  to;,'etlier  greater  than 
ail  tlie  z  s  (if  till!  iMilyifiiii. 

Now  all  the  z  s  of  the  As  toij;ether  =  twice  as  many  rt.  z  s 
as  there  are  As,  that  is,  as  there  ure  sides  in  the  pulvi^'on 
lU'DE':  1. 152. 

and  all  the  _  s  of  the  l^ilyjrm,  to<.'ether  with  four  rt.  ^  s, 
to(;ethei=  twice  as  many  rt.  z  s  as  there  are  sides  in  the 
polyL,'on.  I.  ;yi.  Cor.  1 

.'.  all  the  z  s  of  the  A  s  tocrethor  =  all  the  z  s  of  the  polygon 
to^'cther  with  fdur  rt.  z  s. 

lUit  all  the  Z  s  at  the  bases  of  tlie  As  have  been  proved  to  be 
together  <;reater  than  all  the  z  s  of  the  ])oiyn;i)n  ; 

.•.  all  the  z  8  at  the  vertex  A  are  together  less  than  four  rt.  ..  a. 

Q.  E.  D. 
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MisccUaiicous  Exercises  on  Book  XI. 

1.  If  two  ytmii!;ht  lines  in  one  ]>l:inc,  be  fqiiiilly  inclined  to 
another  plane,  tlicy  will  be  cijiiiiUy  inclined  lu  llie  cunnnon 
Beet  inn  ol' the  two  planes. 

2.  Two  plane.s  intersect  at  ri;;lit  anj^leH  in  tlu'  line  AH  ;  from 
ii  point  C  in  this  line  are  drawn  CE  and  CE  in  one  of  tiie 
plane-s,  so  that  the  an;;le  ACE  is  e(iual  to  HCF.  Shew  that 
VE  and  CE  will  muko  t'ljual  angles  with  any  line  throiigli  G  in 
tiic  other  plane. 

;j.  ABC  is  a  triani,'lo  ;  tho  perpendiculars  from  A,  B,  on  the 
op|)osite  sides,  meet  in  D,  and  through  JJ  is  drawn  a  straight 
line,  perpendicular  to  the  plane  of  the  triangle  ;  if  E  be  any 
point  in  this  line,  shew  that  EA,  }iC ;  EU,  CA  ;  aud  EC,  AJi  ; 
are  respectively  perpendicular  to  each  other. 

4.  A  number  of  planes  have  a  common  line  of  intersection; 
w  hat  is  the  locus  of  the  feet  of  perpendiculars  ou  thcui  from  a 
given  point  ? 

6.  Two  perpendiculars  are  let  fall  from  any  point  on  two 
given  planes  :  shew  that  the  angle  between  the  i)erpendiculars 
will  be  equal  to  the  angle  of  inclination  of  the  planes  to  one 
another. 

C.  If  perpendiculars  AE,  A'l",  be  drawn  to  a.  piano  from 
two  points  A,  A',  above  it,  and  a  plane  be  drawn  through  A 
perpendicular  to  A  A',  its  line  of  intersection  with  the  given 
plane  is  perpendicular  to  FE'. 

7.  Prove  that  equal  straight  lines  drawn  from  a  ^iven  point 
to  a  plane  are  equally  inclined  to  tho  plane. 

8.  Prove  that  the  inclination  of  a  plane  to  a  plane  is  equal 
to  the  angle  between  the  perpendiculars  to  tho  two  planes. 

9.  From  a  point  above  a  plane  two  straight  lines  are  drawn, 
the  one  at  right  angles  to  the  plane,  the  other  at  right  angles 
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to  IV  given  line  in  that  plane  :  shew  that  the  8trai{,'ht  lino  juiii- 
ing  the  feet  of  the  perpendiculars  is  at  rij^ht  angles  to  the  given 
line. 

10.  In  how  mnny  ways  may  a  solid  angle  l)e  formed  with 
equilateral  triangles  ar.()  .-'juares  ? 

11.  Two  pianos  are  indincd  to  caoh  '.th>'r  at  a  given  angle. 
Cut  them  l)y  a  third  plane,  so  tiiat  it;)  intersections  with  tlio 
given  planes  shall  bo  perpendicular  to  each  other. 

12.  vlR,  AV.,  JD,  are  three  given  straight  lines,  at  right 
angles  to  one  another.  A  K  is  drawn  perpendicidar  to  CD,  and 
IlK  is  joined.     Shew  that  Bl']  is  pevpondicular  to  CD. 

1.3.  Two  walls  meet  at  any  angle.  Sliew  how  to  draw  oii 
their  .uirfaces  the  shortest  line  joining  a  point  on  one  to  a  point 
on  the  other. 

14.  Straight  lines  are  drawn  from  two  points  to  meet  eacli 
other  in  a  given  plane.  Find  when  their  sum  is  the  least 
possible. 

15.  If  two  parallel  planes  bo  cut  by  a  third  plane  in  the 
straight  lines  AH,  ah,  and  by  a  fourth  plane  in  tlio  straight 
lines  AC,  ac  respectively,  the  angle  /MC  will  be  equal  to  the 
angle  hac. 

Ifi.  If  four  points  be  so  situated,  that  the  distance  between 
each  pair  is  equal  to  the  distance  between  the  other  pair,  prove 
that  the  angles  subtended  at  any  one  point  by  each  pair  of  tlio 
others  are  together  equal  to  two  right  angles. 

17.  Give  a  geometrical  construction  for  dniwing  a  straight 
line,  which  shall  be  equally  inclined  to  three  straight  lines, 
meeting  at  a  point. 

18.  A  triangular  pyramid  stands  on  an  equilateral  base.  The 
angles  at  its  vertex  are  right  angles.  The  square  on  the  per- 
pendicular from  the  vertex  on  the  base  is  one-third  of  the 
square  on  either  of  the  edges. 
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19,  If  IIP  Ji  the  plane  angles,  forming  a  solid  angle,  be  a 
right  ang'e  and  the  sum  of  the  other  two  be  equal  to  two  right 
angles,  and  a  plane  be  drawn,  cutting  off  equal  lengths  from 
the  two  edges,  containing  the  right  angle,  the  sum  of  the 
squares  on  the  three  straight  lines,  subtending  the  plane 
angles,  will  be  double  of  the  squares  on  the  three  edges,  con- 
taining them. 

20.  If  P  be  a  point  in  a  plane,  which  meets  the  containing 
edges  of  a  solid  angle  in  A,  B,  C,  and  0  be  the  angular  point, 
shew  that  the  angles  POA,  FOB,  POC  are  together  greater 
than  half  the  angles  AOB^  BOC,  COA.  together. 


BOOK    XJI. 


LEMMA. 

If  from  the  greater  of  two  unequal  magnitudes  oj  the  same 
kind  there  he  talcen  vore  than  its  half,  and  from  the  remaiiuhr 
more  Omn  its  half,  and  so  on,  tfure  must  at  length  remain  a 
viagnitude  less  than  the  smaller  of  the  proposed  magnitudes. 

Let  A  and  B  be  two  unequal  magnitudes  of  the  same  kind, 
of  which  A  is  the  greater. 

Th^n  if  from  A  there  be  taken  more  than  its  half,  and  from 
the  renuiinder  more  than  its  half,  and  so  on  ;  there  must  at 
length  remain  a  magnitude  less  than  B. 

Take  a  multiple  of  B,  as  mB,  greater  than  A  ;  and  divide  A, 
hy  the  process  indicated,  taking  from  it  a  magnitude  greater 
than  its  half,  and  from  the  remainder  a  magnitude  greater  than 
its  half,  and  carry  this  process  on  till  there  are  m  divisions, 
and  call  t'  c  parts  successively  taken  away 

C,u,E,F z 

Now  mB=^B,  B,  B repeated  m  times, 

and  A  is  greater  than  the  sum  of  C,D,E,...Z m  in  number. 

Then  Z,  th?  last  remainder,  must  be  less  than  7)'. 
For  if  not,  since  each  o€  the  precc-uing  remainders  is  greater 
than  Z,  each  of  them  would  be  greater  than  B,  and  the  sum  of 

^»  -O ^  would  therefore  be  greater  than  mB  ;  that  is,  A 

would  be  greater  than  mB,  %>-hich  is  contrary  to  the  hypothesis. 
.'.  Z  is  less  than  B. 


Q.  B.  S. 
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Pbopositton  I.    Theorem. 

Similar  pohjgous  inscrihed  in  circles  are  to  one  another  as  th^ 
squares  on  the  diameters  of  the  circles. 


Let  A  BCDE,  FGHKL  be  similar  pnlygons  inj^cribcd  in  two 
0s,  and  let  DM  iind  ON  be  diametei-s  of  the  ©s. 

Then  must  j>olmion  AIU'DE  he  to  pohfjon  FGHKL 
as  sq.  on  BM  is  to  xq.  on  ON. 

Join  AM,  BE  ;  FN,  GL. 
Then  A  BAE  is  cquiansidar  to  hGFL. 
.:  L  AEI'>  =  ^  FLG. 
IJut  ^  AMIi^  L  A  EB,  in  the  same  serrment, 
and  /.  FNG  =  /  FLG,  in  the  same  sej^ment, 

.-.  z  vliVa-  /  FNG. 
also,  /  IIAM=^  L  GEN,  each  beins  a  rt.  l  , 
,*.  A  y1/)'Afis  ('((uianrrular  to  A  FGN, 
.-.  A  r.  is  to  J!M  as  /•'(/  is  to  GN, 
and  .-.  Ali  is  to  FG  as  BM  is  to  GN. 

■  the  .lunlicate  ratio  of  Ali  to  /''(/-tlie  .liiphcatc  ratio 
'  '  V    "  I 

lUit  p..ly^'on  ABGDE  hns  to  p.-h-on   /'Y////vT>  tho  ;ln]>li 

cate  ratio  of  AH  to  E(L  .'"',• 

And  sq.  on   BM  hns  to  sq.  on  GN  the  duplicate  ratio^ot 

BM  to  GN.  _,^  ^^-.^J; 

.-.  polycron  ABCDE  is  to  polygon  i^'rVH/vTv  assq.on  /-.U 

is  to  sq,  on  GN, 

Q.  E.  D. 


VI.  21. 
TIT.  21. 

Til.  .31. 

VT.  4. 
V.  1.^.. 
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pRorosiTioN  II.    Theoreh. 
Circles  arc  to  one  another  as  the  squares  on.  their  diameters. 


Let  ABCD,  EFGIl  bo  two  ©s,  ami  BD,  FH  their 
diameters  : 

Then  must  0  ABCD  be  to  ®  EFGJI  as  sq.  on  BD 
is  to  sq.  on  FIl. 

For,  if  not,  sq.  on  BI>  nniat  bo  to  sq.  or  fll  as  0  ABCD 
is  to  some  space  either  less  than  S  KFClt    jv  yrvater  tlian  it. 

First,  if  possible,  let  it  bo  as  0  ABCf  is  to  u  space  /S  less 
than  0  EFCH. 

In  ©  EFOIT  desoribo  the  square  l^FGU.  IV.  6. 

This  square  is  greater  than  half  of  the  0  EFGH. 

For  the  sq.  EFGH  is  half  of  .:.•  square,  whieh  can  be 
formed  by  drawing  straight  lines  to  touch  the  circle  at  the 
points  E,  F,  G,  II ;  and  the  square  thus  formed  is  greater  tluui 
the  0 ; 

;.  bq.  EFGH  is  greater  than  half  of  the  ®, 
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Bisect  the  arcs  EF,  FG,  Gil,  HE  at  the  pts.  K,  L,  M,  N, 
and  join  EK,  KF,  FL,  LG,  GM,  Mil,  UN,  NE. 

Then  each  of  the  A  s  EKF,  FLG,  GMII,  HNE,  is  greater 
than  half  of  the  setfineut  of  the  circle  in  which  it  stands. 

For  A  EKF  =  half  of  the  O,  formed  by  drawing  a  st.  line 
to  touch  the  0  at  K,  and  parallel  st.  lines  through  E  and  F ; 
and  the  O  thus  formed  is  greater  than  the  segment  FEK ; 

.'.  A  EKF  is  greater  than  half  of  the  segment  FEK,  and 
similarly  for  tlio  other  A  s. 

.'.  sum  of  all  these  triangles  is  greater  than  half  of  the  sum 
of  the  segments  of  the  © ,  in  which  they  stand. 

Next,  hisect  EK,  KF,  etc.,  and  form  As  as  before. 

Then  the  sum  of  these  As  is  greater  than  half  of  the  sum  of 
the  segments  of  the  © ,  in  which  they  sUmd. 

If  this  process  be  continued,  and  the  A  s  be  supposed  to  be 
taken  away,  there  will  at  length  remain  segments  of  ©s,  which 
are  together  less  tlian  the  excess  of  the  ©  EFGH  above  the 
space  »S,  by  the  Lemma. 

Let  segments  EK,  KF,  FL,  LG,  GM,  MH,  IIN,  NE  be 
those  which  remain,  and  which  are  together  less  than  the 
excess  of  the  ©  of  the  above  <S. 

Then  the  rest  of  the  ® ,  i.e.  the  polygon  EKFLGMHN,  is 
greater  than  S. 

In  ©  ABCD  inscribe  the  polygon  AXBOCFDR  similar  to 
the  polygon  EKFLGMHN. 

The  polygon  AXBOCFDR  is  to  polygon  EKFLGMHN  as 
sq.  on  BB  is  to  sq.  on  FH,  XIL  1. 

that  is,  as  ®  ABCD  is  to  the  space  S.  Hyp,  and  V.  6. 

But  the  polygon  AXBOCFDR  is  less  than  ®  ABCD, 

.:  the  polygon  EKFLGMHN  ia  less  than  the  space  S ;  V.  14. 
but  it  is  also  greater,  which  is  impossible  ; 

.•.  sq.  on  BD  is  not  to  sq.  on  FH  si&®  ABCD  ia  to  any  space 
less  than  ©  EFGH. 

In  the  same  way  it  may  be  shown  that 
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s(i.  on  Fll  is  not  to  sq.  on  Bl)  as  ©  EFGU  is  to  any  space 
less  than  ©  ABCI). 

Nor  is  sq.  on  BD  to  sq.  on  FIT  as  ©  A  BCD  is  to  any  space 
greater  than  ©  FFdIf. 


For,  if  possil)le,  let  it  be  as  ©  ABVD  is  to  a  space  T,  greater 
than  ©  EF<rH. 

Then,  inversely,  sq.  on  FII  is  to  s([.  on  BD  as  space  T  is 
to  ©  ABVD. 

But  as  space  T  is  to  ©  A  BCD  so  is  ©  EFGU  to  some 
space,  whioli  must  be  less  than  ©  ABCD,  because  space  T  is 
greater  than  ©  EFGII.  V.  14. 

.•.  sq.  on  FH  is  to  sq.  on  BD  as  ©  EFGJT  is  to  some  space 
less  than  ©  ABCD  ;  which  lias  been  .shewn  to  be  inijiossible. 

.•.  sq.  on  BD  is  not  to  s([.  on  FH  as  ©  ABCD  is  to  any 
space  greater  tlian  ©  EFGII. 

And  it  has  been  shown  that 

scj.  on  BD  is  not  to  sq.  on  FIT  as  ©  ABCD  is  to  any 
space  less  than  ©  EFGU. 
.:  sq.  on  BD  is  to  sq.  on  Fll  as  l"  .IL7  7>  is  to  ©  EFGII. 

Q.  E.   D. 
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JVpm  on  Euclid  (Bonh  VI.,  XT.,  and  XII.)  set  in  tht 
Cambridge  Mathematical  Tripos. 

1849.  VI.  4.  Apply  this  proposition  to  prove  that  the  rectr 

angle,  cnntaincfl  by  the  segments  of  any 
chord,  passing  througli  a  given  point  within 
a  circle,  is  constant. 

XI.  11.  Prove  that  equal  right  lines,  drawn  from  a 
given  point  to  a  given  plane,  are  equally 
inclined  to  the  plane. 

1850.  VI.  10.  AB  is  a  diameter,  and  P  any  point  in  the  cir- 

cumference of  a  circle  ;  AP  and  BP  are 
joined  and  prodnced,  if  necessary  ;  if  from 
any  point  C  of  A  11  a  perpendicular  he  drawn 
to  AD,  meeting  .1/'  and  BP  in  points  D 
and  E  respectively,  and  the  circumference  of 
the  circle  in  a  i)nint  F,  shew  that  CD  is  a 
third  proportional  to  ( 7'/'  and  CF. 

1851.  VI.  3.  If  A,  /.',  C  he  three  points  in  a  straight  line, 

and  J)  a  point,  at  which  A  H  and  BC  suhteiid 
equal  angles,  show  that  the  locus  of  the 
point  1)  is  a  circle. 

XI.  8.  Fnun  a  point  /•;  draw  EC,  ED  perpendicular 
to  two  planes  CAB,  D^l />',  which  intersec't 
in  AB,  and  from  D  draw  />/''  perpeiidicidar 
to  the  plane  CAB,  meeting  it  in  F :  sliew 
that  the  line,  joining  the  points  C  and  F, 
produced  if  necessary,  is  perpendicular  to 
AB. 

1362.  VT.  2.  If  two  triangles  he  on  equal  bases,  and  between 
the  same  parallels,  any  line,  parallel  to  tlieir 
buses,  will  cut  oil'  e(|ual  areas  troni  the  two 
T.riangies. 
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1862.  XI.  11.  ABVD   is    a   legiihir   tetniliwlron,   and,   from 

the  VL'itex  A,  a  perpendicular  is  drawn  to 
the  base  liCD,  iiieetiiij,'  it  in  0 :  shew  that 
tliree  times  llie  square  on  AO  is  equal  to  twice 
the  stpiare  on  AU. 

1863.  VI.  6.  If  the  vertical  aii<,de  i\  of  a  trian<,'le  ABC,  be 

bisected  by  a  line,  whicli  'ncets  the  base  in 
1),  and  is  produced  to  ,.  point  E,  such  tliat 
the  rectangle,  contained  by  CD  and  GE,  is 
equal  to  the  rectangle,  contained  by  AG  and 
CB  :  shew  that  if  the  base  and  vertical  angle 
be  given,  the  position  of  E  is  invariable. 

XI.  21.  If  BGD  be  the  common  b;ise  of  two  pyramids, 
whose  vertices  A  and  A'  lie  in  a  plane  pass- 
ing through  BG,  and  if  the  two  lines  AB,  AG, 
be  respectively  per|)eiidicular  to  the  faces 
BA'D,  GA'l),  prove  tliiit  one  of  the  angles  at 
A,  together  with  the  angles  at  A',  make  up 
four  right  angles. 

1864.  VI.  16.  EA,  EA'  are  diameters  of  two  circles,  touching 

each  other  externally  at  E  \  a  chord  AB  of 
the  former  circle,  when  produced,  touches  the 
latter  at  C,  while  a  clmrd  A' ll'  of  the  latter 
touches  the  former  at  (' :  prove  that  the  rect- 
angle, contained  by  AB  and  A'B',  is  four 
times  as  great  as  that  contained  by  BC  and 
B'G. 

3CI.  20.  Within  the  area  of?  given  triangle  is  described 
a  triangle,  the  sides  uf  which  are  parallel  to 
those  of  the  given  one :  ])r()ve  th;it  the  sum 
of  the  angles,  subtended  by  the  sides  of  the 
interior  triangle,  at  any  point,  not  in  the  plane 
of  the  triangles,  is  less  than  the  sum  of  the 
angles,  subtended  at  the  same  point  by  the 
sides  of  the  exterior  triangle. 

1858.       VI.  2.  A  tangent  to  a  circle,  at  the  point  A,  intersects 
two  parallel  tangents  in  B,  C,  the  points  of 
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contact  of  which  with  the  circle  are  i),  .B, 
respectively :  shew  that  if  BE,  CD,  intersect 
in  F,  AF  is  parallel  to  the  tangents  BD,  CE. 

1855.  XI.  16.  From  the  extremities  of  the  two  parallel  straight 

lines  AB,  CD,  parallel  lines  Aa,  Bb,  Cc,  Dd, 
are  drawn,  meeting  a  plane  in  a,  b,c,d:  prove 
that  AB  ia  to  CD  as  ab  is  to  cd,  taking  the 
caae,  in  which  A,  B,  C,  D  are  on  the  same 
side  of  the  plane. 

1856.  VI.  Def.  1.  Enunciate   the   propositions,  which  prove 

that  in  the  case  of  triangles  the  conditions  of 
similarity  are  not  independent. 

XI.  11.  Shew  that  the  perpendicular,  dropped  from  the 
vertex  of  a  regular  tetrahedron  upon  the 
opposite  base,  is  treble  of  that  dropped  from 
its  own  foot  upon  any  of  the  other  bases. 

1857.  VI.  19.  Any  two  straight  lines,  BB',  CC,  drawn  parallel 

to  the  base  DD',  of  a  triangle  ADU,  cut 
AD  in  n,  C,  and  AU  in  B',C;  BC,  B'C, 
are  joined .  prove  that  the  area  ABC  or 
A  B'C  varies  as  the  rectangle,  contained  by 
BB',CC. 

XL  16,  A  triangular  pyramid  stands  on  an  equilateral 
base,  and  the  angles  at  the  vertex  arc  right 
angles  :  shew  that  the  sum  of  the  perpendi- 
culars on  the  faceii,  from  any  point  of  the 
base,  is  constant. 

1858.  VT.  16.  Find  a  point  in  the  side  of  a  triangle,  from 

which  two  lines,  drawn  one  to  the  opposite 
angle,  and  the  other  parallel  to  the  base,  shall 
cut  off,  towards  the  vertex  and  towards  the 
base,  equal  triangles. 

Zl.  11.  Two  planes  intersect :  shew  that  the  loci  of  the 
points,  from  which  perpendiculars  on  the 
planes  are  equal  to  a  given  straight  line,  are 
straight  lines ;  and  that  four  planes  Diay  be 
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drawn,  each  passing  through  two  of  these 
lines,  such  that  the  perpendiculars,  from  any 
point  in  the  line  of  intersection  of  the  given 
planes,  upon  any  one  of  the  four  planes,  shall 
be  equal  to  the  given  line. 

1869.  VI.  31.  Shew  that,  on  a  given  straight  line,  there  may 
be  described  as  many  polygons  of  different 
magnitudes,  similar  to  a  given  polygon,  lus 
there  are  sides  of  different  lengths  in  the 
polygon. 

XL  20.  Three  straight  lines,  not  in  the  same  plane, 
intersect  in  a  point,  and  through  their  point 
of  intersection  another  straight  line  is  drawn 
within  the  solid  angle  formed  by  them  :  prove 
that  the  angles,  which  this  straight  line  makes 
with  the  first  three,  are  together  less  than  the 
Bum,  but  g'  .uter  than  half  the  sum  of  the 
angles  which  the  first  three  make  with  each 
other. 

1860.  VI.  A.  If  the  two  sides,  containing  the  angle,  through 
which  the  bisecting  line  is  drawn,  be  equal, 
interpret  the  result  of  the  proposition. 
Prove  from  this  proposition  and  the  preceding, 
that  the  straiglit  lines,  bisecting  one  angle  of 
a  triangle  internally,  and  the  other  two  ex- 
ternally, piuss  through  the  same  point. 

XI.  17.  If  three  stniight  lines,  which  do  not  all  lie  in 
one  plane,  be  cut  in  the  same  ratio  by  three 
planes,  two  of  which  are  parallel,  shew  that 
the  third  will  be  parallel  to  the  other  two,  if 
its  intersections  with  the  three  straight  lines 
are  not  all  in  one  straight  line. 


1861.  VI.  6.  From  the  angular  points  of  a  parallelogram 
ABCD,  perpendiculars  are  drawn  on  the 
diagonals,  meeting  them  in  E,  F,  G,  II  re- 
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spuctively  ;  prove  that  EFGII  i.s  ii  paruUelo- 
j,'ram  similar  to  A  liVJj. 

18()1.  XI.  12.  Sliew  that  the  shortust  tlistanco  between  two 
opjxhsite  edj^t-.s  of  a  ri'^^iilar  tetrahedron  is 
ecpial  to  half  tlie  diaj^imal  of  the  square,  de- 
scrilied  on  an  edfje. 

1862.  VI.  1.  Lni(>s  are  drawn  from  two  of  tlie  anj,'ular  points 

of  a  triani,de,  to  divide  the  opposite  sides  in 
a  L;ivcn  ratio  ;  prove  that  tlic  line,  joininj^ 
tiie  tliird  anj^ular  point  witli  tlie  point  of  in- 
tersection of  these  two  Ime.s,  t-ither  bisects 
the  opposite  side,  or  divides  it  in  a  ratio 
which  is  the  duplicate  of  the  f,'iven  ratio. 

XI.  21.  if  four  points  1)0  so  situated  that  the  distance 
hctwecn  each  pair  is  e(pial  to  the  distance 
between  the  other  j)air,  jjrove  that  the  anj^les 
subtended  at  any  one  of  these  points  by  each 
pair  of  the  others,  are  together  equal  to  two 
rii,'ht  .in(,des. 

1863.  VI.  4.    The  internal  an<,des  at  the  base  of  a  triangle,  and 

the  external  an^^le  at  the  vertex,  are  bisected 
by  strai<^ht  lines  ;  jirove  that  the  three  points, 
in  which  these  strait,dit  lines  meet  the  oppo- 
aite  sides  respectively,  lie  on  one  straight 
line. 

XI.  17.  If  each  edi,'e  of  a  tetrahedron  l)e  equal  to  the 
opposite  edf^e,  the  straight  line,  joining;  the 
middle  points  of  any  two  opposite  edi^'es, 
shall  be  at  right  angles  to  each  of  those 
edges. 

1864.  VI.  23.  If  one  parallelogram  have  to  another  parallelo- 

gram the  ratio,  which  is  compounded  of  the 
ratios  of  their  sides,  the  parallelograms  shall 
be  equiangular. 

XL  12.  On  a  given  equilateral  triangle  describe  a 
regular  tetrahedron. 
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1866.  VI.  19.  The  ojip^sitc   sides,  BA,  CD  of  a  r]nn(liilntoral 

AliCD,  wliicli  can  bo  inscihed  in  a  circle, 
meet,  when  produced,  in  E  ;  F  is  the  point 
of  intersection  of  the  diajjonals,  and  KF 
meets  A  I)  in  0  ;  prove  that  the  rectangle 
EA,  AB  is  to  the  roetanLde  ED,  DC  m  AG 
is  to  OD. 

XI.  IG.  fn   tlie  triaiit,'ular   pyramid   AliCD,  AH  is  at 

rif,dit  an<,de3  to  C'/>,  and  AC  tnBD:  prove 
that  AD  is  at  right  an<,des  to  BC. 
186(5.  VI,  4.  A  lie  is  an  isosceles  trian<,do  ;  AE  h  tli.'  perpen- 
dicular from  A  on  the  base  7>'C' ;  D  is  any 
point  in  AE  ;  and  CD  produced  meets  the 
side  Ali  at  F  :  shew  that  the  ratio  of  AD  to 
DE  is  doulile  of  the  ratio  of  AF  to  FB. 

XII.  1.  Oive  an  outline  of  Euclid's  demonstration  that 

circles  are  to  one  another  as  the  squares  on 
their  diameters. 

1867.  VI.  A.  l<'ach  acute  ani,de  of  a  ri^ht-angled  trian^lo  and 

its  correspond int^  exterior  angle  .ire  liisected 
by  straight  lines  7iieeting  the  opposite  sides  ; 
prove  that  the  rectangle,  contained  by  the 
portions  of  those  sifles  inteicejited  between 
the  bisecting  lines  is  four  times  the  square  on 
the  hypotenuse. 

XI,  21.  Two  pyramids  are  described,  the  one  standing 
on  a  square  as  a  base,  the  other  on  a  regular 
octagon,  the  vertex  of  each  being  ((pially 
distant  from  the  angular  points  of  its  base  ; 
if  this  distance  be  the  same  for  each  pyramid, 
and  the  perimeters  of  the  bases  be  ecpial, 
prove  th.at  the  plane  angles,  containing  the 
solid  angle  at  the  vertex  of  the  fornter,  are 
together  greater  than  the  piano  angles,  con- 
taining the  solid  angle  at  the  vertex  of  the 
latter. 

1868.  VT.  2.  Without  assuming  any  subsequent   proposition, 

prove  that  the  equiangular  triangles  in  either 
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of  tho  figures  of  this  proposition,  are  to  ench 
other  in  the  duplicate  ratio  of  the  sides  oppo- 
Bite  to  the  equal  angles. 

1868.  XI.  11.  Of  the  least  angles,  which  a  given  lino  in  ono 
plane  makes  with  any  line  in  another  piano, 
the  greatest  for  dill'erent  jxisitions  of  tho 
given  line  is  that  which,  measures  tho  inclina- 
tion of  the  two  planes. 

1860.  XI.  20.  If  0  be  a  point,  within  a  tetrahedron  AliCJ), 
prove  that  the  three  angh'S  of  th(!  solid  angle, 
subtended  by  BCD  at  0,  are  togetiier  greater 
than  the  three  angles  of  the  solid  angle  at  .1. 

1870.  VI.  15,  Two  straight  lines  are  given  in  position,  and  a 
third  straight  line  is  drawn  so  a.s  to  cut  of) 
a  triangle  equal  to  a  given  triangle  ;  through 
the  middle  point  of  this  third  side  is  drawn 
a  straight  line  in  a  given  direction,  termin- 
ated by  the  two  given  straight  lines:  prove 
that  the  rectangle  under  the  segments  of  the 
intercepted  part  is  constant. 

XI.  7.  In  a  tetrahedron  each  edge  is  perpendicular  to 
the  direction  of  the  opposite  edge  ;  prove 
that  the  straight  line  joining  the  centre  of 
the  sphere,  circumscribing  the  tetrahedron, 
to  the  middle  point  of  any  edge,  is  equal  and 
parallel  to  the  straight  line  joining  the  centre 
of  perpendiculars  to  tho  middle  point  of  the 
opposite  edge. 

1S71.  VI.  2.  ABC  is  a  triangle,  and  lines  AO,  BO,  CO  cut 
the  opposite  sides  in  D,  E,  F  ;  if  EF  cut  BC 
in  0,  prove  that  BD  is  to  DC  as  BG  is  to 
GC. 

XI.  II.  The  perpendiculars  from  the  angular  points  of 
a  tetrahedron  on  the  opposite  faces  meet  in  a 
point :  prove  that  the  necessary  and  sufficient 
condition  for  this  is  that  the  sums  of  the 
squares  on  pairs  on  0()posite  edges  hu  equal. 
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1872.  VI,  2.  Draw  through  a  point  a  straight  line,  so  that  the 
part  of  it  intercoptod  between  a  given  straight 
line  and  a  given  circle  may  be  divided  at  th« 
given  point  in  a  given  ratio.  Between  what 
limits  must  tiie  ratio  lie  iu  order  that  a 
solution  umy  be  possible  ? 

ai.  20.  If  the  opposite  edges  of  a  tetrahedron  be  equal 
two  and  two,  prove  that  the  faces  are  acute- 
angled  triangles.  J'i,.\o  also  tiiat  a  tetra- 
Qedron  can  be  formed  of  any  four  equal  and 
similar  aoute-aa^led  criugJoii. 
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SECOND  CLASS  PROVINCIAL  CKUI'IFICATES,  1871. 

TIMK-— TWO     UOOnS    AMD    A    HALF. 

1.  If  two  ^rianglcH  havt)  two  sides  of  the  oiio  <>(inal  to  two  HiJ«8 
of  the  other,  each  to  each,  and  have  likewise  their 
bawH  equal,  the  aiiKl"  which  is  coutaiued  by  the  two 
sides  of  the  one  shall  be  o(iual  to  the  angle  coutaiued 
by  the  two  sideB,  equal  to  th(tin,  of  the  other. 

9.  Triangles  upon  the  paiuo  base,  and  between  the  same  par* 
allelfi,  are  equal  to  one  another. 

8.  If  the  square  described  upon  one  of  the  sides  of  a  triangle 
be  equal  to  the  squares  described  upon  the  otluT  two 
sides  of  it,  the  ang'e  ooutainud  by  these  two  sides  is  m 
right  allele. 

4  If  a  straiKht  line  be  divided  into  two  equal,  and  also  into 
two  unequal,  parts,  the  squares  on  the  two  unoqual 
parts  are  together  donble  of  the  square  on  half  the 
line,  and  of  the  sqnare  on  the  line  between  the  points 
of  section. 

6.  If  a  straight  line  be  divided  into  any  two  partt>,  the  r(>o- 
tai!?k'S  contained  by  the  whole  and  each  of  the  parts 
are  together  equal  to  the  square  on  the  whole  line. 

6.  Bisect  a  parallelogram  by  a  straight  lint  drawn  from  a  point 

in  one  of  its  sides. 

7.  Let  A  B  C  bo  a  triangle,  and  let  P  D   be  h  straight  line 

drawn  to  D,  a  pnmt  in  A  C  between  A  and  C,  then,  it 
A  B  bo  greater  than  A  C,  the  excess  of  A  B  above  A  0 
is  1«B8  than  that  of  B  I")  above  D  0. 

8.  In  a  tnanglf  A  H  C,  A  D  being  drawn  perpendicular  to  the 

striiijiht  line  B  I)  which  bist^cts  tlio  angle  B,  chow  thai 
a  line  drawn  hvm  1)  jiaralld  to  B  C  will  bi-i ct  A  0. 
NoTR. — The  percentage   of  inarlts  r('(|iiiMito.  iti   order  that  K 
namiidate  niav  lie  ranked  of  a   pariieiilHr  graile,  will  bo  taken 
t)n  the  vaJne  tH  the  above  paper,  omittilnv  qupfiliton  fi. 


iL 


APPBNDIX. 


SECOND  CLASS  PROVINCIAL  CEltTlFlCATiiS,  1872. 

IIMB-  2}    BO0BB. 

1.  Define  a  ttraight  line,  a  plane  rectilineal  tingle,  a  right  anglt^ 

a  Ononwn.     Enunciate  Encliil'R  I'dstulaton. 

2.  II  from  tht)  cnils  of  tlm  aide  of  a  tiiiin^'le  there  be  drawn 

two  Btriiiglit  lineH  to  a  point  within  the  trinnxlo,  these 
shall  be  Iohs  tlian  the  other  two  sides  of  the  triangle, 
but  eball  contain  a  Rreiiter  anj.'lo. 

I,  II  two  triaugloB  have  two  angloB  of  the  one  equal  to  anRlei 
of  the  other,  each  to  each,  and  one  side  equal  to  one 
Bide,  namely,  either  the  Bides  adjacent  tr  :\w  ('([Uiil 
»ugleB,  or  sides  which  are  ojipoKite  to  equal  ani^lcs  in 
each  ;  then  shall  the  other  sidt'H  be  equal,  euch  to 
each  ;  r.'id  also  the  third  anKle  of  the  one  eqnni  tu  the 
third  angle  of  the  other.  (Fake  thr  case  in  whirh  the 
a$ruined  equal  sideB  are  those  oppasite  to  equal  angle*.) 

w  In  STery  triangle,  the  square  on  the  side  subtcniiing  aii 
acute  angle  is  less  than  the  sides  coutuiniuK  that 
angle,  by  twice  the  rectangle  contained  by  ciih.r  ol 
these  sides,  and  the  straight  line  interct^pted  between 
the  perpendicular  let  fall  on  it  from  the  upiii/site 
angle,  and  acute  .iiiglo.  {Take  the  cane  where  the  per- 
pendicular falls  uithin  the  triangle.) 

6.  If  a  straight  l  i;e  be  divided  into  any  two  parts,  the  squarea 

on  tlie  IT'.  Ac  line,  and  one  of  the  parts,  are  equal  to 
twice  th<  /•  ''tangW  ^'^iitained  by  the  whole  ajid  that 
part,  togeth'V  A'ith  the  hquarc  on  the  other  part. 
•.  ProTa  that,  if  a  aim^/^.l  line  Ai>  bo  drawn  from  A,  one  of 
th«  angles  of  a  triangle  ABC,  to  D,  the  niuldle  point 
of  tb«  </f»po»ite  »nie  BC,  BA  X  AC  is  greater  than  'i 
AD. 

7.  Let  the  eqnilat'/al  triaiii.'Ii>  /  !  '',  and  triangle  ADB,  in 

which  the  angle  AJJl'  i-  n  n^'lit  angle,  'le  on  the  same 
base  AB,  and  between  tlie  same  paralh  Is  AB  and  CJ). 
Prove  that  4  AI'»  -^  7  AB* 
fll  From  I),  a  point  in  AB,  a  side  of  the  triangle  ABC,  il  if 
r'-qnired  to  draw  a  straight  line  DE,  cutting  BC  in  R. 
ml  A''  pioduced  in  F,  so  that  DE  may  be  equal  to 
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iBCOMD  CLASS  PIi(jVlNCIAL  CEUTIFI0ATE8,  1878. 

Tina— TWO    HO0B8  AND  A  UALF. 

NoTB. — Candidates  wlio  tdlie  only  Book  I,  will  coiifiiin  th<  in- 
Kelvea  tti  the  firht  eight  quGHlions  ;  those  who  take  Books  1  and 
Q,  will  omit  the  first  two  quehtiotui. 


«.     If 


jirPKNnnc. 


til. 


5. 
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If  Um/'j  anp!o8  of  a  trianRlo  bo  eqaal  to  one  anotlier,  the 
aides  also  v/hich  BubtcDil,  or  arf>  opposite  to,  the  oqna] 
anglos,  shall  bo  equal  to  ono  anothnr. 

If  Olio  sidd  of  a  triangle  be  produced,  the  exterior  anj^le 
shall  be  greater  than  either  of  the  interior  opposite 
snfrlos. 

The  oppowite  side,  and  angleB  of  a  parallelogram,  are 
equal  to  ono  anothor. 

The  complenieuts  of  tho  parallelograms,  which  are  about 
the  diameter  of  any  parallelogram,  are  equal  to  one 
anotlior. 

To  describe  a  square  on  a  given  straight  line. 

Lot  A  B  C  D  bo  a  quadrilateral  figTire  whoso  opposite 
angles  ABC  and  ADC  are  right  angles.  Prove 
that,  if  A  B  bo  (Miunl  to  A  D,  C  B  and  C  D  shall  also 
bo  equal  to  ono  another. 

If  A  B  C  I)  bo  a  quadrilateral  figure,  having  the  side  A  B 
parallel  to  the  Hide  C  D,  the  straight  line  which  joins 
the  middle  points  of  A  15  and  D  C  shall  divide  the 
quadrilateral  into  two  equal  parts. 

TliP  Htrai).;ht  line,  which  joins  tho  middle  points  of  two 
sides  of  a  triangle,  is  parallel  to  the  base. 
?.  If  1  straight  lino  bo  divided  itito  any  two  parts?,  the 
square  on  the  whole  lino  is  equal  to  the  squares  on  tho 
two  parts,  together  with  twice  the  rectangle  contained 
?;V  tlie  parts. 
to.  I'~  Mil  obtuse  ii'i(,'ird  triangle,  is  the  sum  of  the  sides  con- 
taining the  obtuse  angle  greater  or  less  than  ihe 
squjire  of  the  sido  opposite  to  tho  obtuse  angle? 
And,  by  how  much  T     Prove  the  proposition. 
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HECOND  CliASS  PROVINCIAL  CERTIFICATES,  1874. 

TIME-  TWO  B0CR8  AND  TnRBK-QTIlXTVBfl. 

NoTK.  ('andidiites  who  take  only  Book  I.  will  confir.e  them- 
»elve«  to  tbo  first  7  questions.  Those  who  take  Booki  I.  and 
U.  will  omit  questions  1,  2,  and  8. 

1.    When  is  one  straight  line  said  to  be  perptndicular  to  an- 
other. 

To  draw  a  straight  lino  perpendicular  to  a  given 
straight  lino  of  an  unlimited  length,  from  a  civ<ui 
point  without  it 
>.  If  one  sjilo  of  a  triangle  be  produced,  the  exterior  ang.'** 
Bhall  be  greater  than  either  of  the  interior  opposite 
angles. 

two  triangles  have  two  angles  of  the  one  eqnal  to  '. wc 
angles  of  the  other,  each  to  each  ;  and  one  side 
fl'iual  to  one  side,  namely,  Eides  which  are  opposite  Jt 
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6. 


eqnal  angles  in  each ;  then  ahall  th«  othei 
equal,  each  t«  each. 

What  are  parallel  straight  linei  f 

If  a  straight  Hue,  falling  on  two  other  straight  lines, 
make  the  alternate  angles  equal  to  one  another,  the 
two  straight  iincB  shall  be  parallel  to  one  another. 

What  is  a  parallelogram  f 

ParallolograiuB  on  equal  bases,  and  between  th«  saoM 
parallels,  are  eqnal  to  one  anothur. 

U  two  isosoeles  triangles  be  on  the  same  base,  and  on  the 
same  side  of  it,  tho  straight  line  which  joins  their 
Terticos,  will,  if  produced,  cut  the  base  at  right  angles. 

7.  Let  ABC  be  a  triangle,  in  which  the  angle  ABO  is  a  righl 

angle.  From  AG  cut  off  AD  equal  to  AB,  and  join 
BE).  Prove  that  the  angle  HAG  is  equal  to  twic«  (he 
•ngle  CBD. 

8.  If  f.  Hlniiglit  lino  be  divided  into  two  equal  parts  and  also 

into  two  une()ual  partw,  the  rectangle  contained  by 
tho  unequal  parts,  togcttber  with  the  square  on  the  lin« 
between  the  points  of  Kt'etiuii,  Ih  equal  to,  &c.    (5,  11.) 

9.  In  every  triangle,  tho  sijuare  on   the  side  subtending  aa 

acute  angle  is  lesK  than  the  Ki|iiiireH  on  the  sides  con- 
taining that  angle,  by  Ac.  (13,11).  (It  will  be  snf- 
ficent  to  take  the  case  in  which  the  perpendicular  falli 
within  the  triangle.) 

To  dencribe  a  s(iuure  that  nhall  be  equal  to  a  given  reoti* 
lineal  figure. 

The  square  on  any  straight  lino  drawn  from  the  vertex  of 
an  isoRceloH  triangle  to  t)ie  base  is  less  than  tha 
Bquare  on  a  side  of  a  triangle  by  a  rectangle  ooutuiutti 
by  the  segments  of  the  bane. 
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BECOND  CLASS  PROVINCIAL  CERTIFICATES,  1875. 

Tim — TWO  nonilS  ANTi  TIIUllK-QnAUTKRS. 

NoTl. — Those  Btudents  who  lake  only  Book  I.  ivill  ^■0"'"'-'i4 
llicTUselvefl  to  the  lu-fit  seven  (jueHtions.  Those  r;  *,i.'< 
l^ooks  I.  and  II.  will  omit  tlie  queutions  mark'  -  ii  an 
B>teriBk  ('),  namely,  (1)  and  (2). 

",  7(  one  side  of  a  triaiif^'le  be  produced,  the  extenf.r  -ingle 
IB  greater  than  eillier  of  the  interior  oppowite  angUi* 
It.  If  two  trianplen  hfive  two  angles  of  the  one  e(jual  to  tw^ 
aiikfleH  of  the  ot!ier,  each  to  each,  and  one  side  oijiial 
to  one  "iile,  nain(!ly,  the  Hides  opiiowite  to  e(|ual  angleB, 
then  uliall  the  other  hicioH  i>e  equal,  oacli  to  eacli. 
9.  If  a  straight  line  falling  on  two  other  nlraiglit  lines  make 
the  alternaifl  angles  equal  to  each  other,  thetM  two 
■traight  liuea  shall  be  parallel. 


A.     In 


APPIHDIX.  f. 

A.  If  A  itiaight  line  lall  upon  two  parallel  Btralgbt  line*,  i\ 
maktm  the  two  interior  angles  upon  the  same  sido 
toRcther  equal  to  two  ri^ht  anglpH. 

i.  Assuming  PropoKitiou  XXXII,  diiiluce  the  corollary : 
"  all  the  exterior  angles  of  any  rectilineal  figure, 
madt!  by  producing  the  sides  successively  in  the  same 
direction,  are  together  equal  to  four  right  angles." 

6.  If  a  straight  line,  drawn  parallel  to  the  base  of  a  triangle, 

bisect  one  of  the  sides,  it  sliall  bisect  the  other  also. 

7.  Let  ABC  and  ADC  be  two  triangles  on  the  same  base  AC 

and  between  the  same  parallelH  AC  and  BD.     Prove, 
that,  if  the  sides  AB  and  BC  be  equal  to  one  another, 
their  sum  is  less  than  the  sum  of  the  sides  AD  and 
I>C. 
S.     If  a  straight  line  be  divided  into  any  two  parts,  the  rect- 
angles contained  by  the  whole  ami  each  of  the  part* 
ari'  to^-ether  equal  to  the  square  on  the  whole  Une. 
9.     If  a  Ktraight  line  be  bisected  and  produced  to  any  point, 
tlie  rectmgles  contained  by  the   whole  line  thus  pro- 
duced, avid  the  part  of  it  produced,  together  with, 
etc.,  (6,  UK 
<0.    Diude  a  straight  line  into  two  parts,  such  that  the  lom 
of  their  squares  may  be  the  least  ocsiibU. 
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FIRST  GLASS  PROVINCIAL  CERTIFICATES,  1871. 

TIUK. — THUKK  HOUBt. 

I.    To  describe  a  aqnare  that  shaU  be  equal  to  a  given  recti • 

lineal  figure. 
I.    A  segment  of  a  circle  being  giren,  to  describe  the  circle  ol 

which  it  is  the  segment. 
I.     If  the  vertical  angle   of   a   triangle  be   divided  into   two 

equal  angles  by  a  strni^jht  line  which  also  cuts  the 

base,  the  segments  of  the   base  sliull   have  the  same 

ratio  which  the  other  gidos  of  the  triangle  have  to  one 

another. 
*.     In   a  right-angled  triangle,  if  a  perpendicular   be   drnwn 

from  the  right  angle  to  the  base,  the  triangles  on  each 

siile  of  it  are  similar  to  the  whole  triangle  and  to  one 

another. 
B.     If  four  Htrai^ht  lines  be  proportionals,  the  similar  rectilineal 

figures  similarly  described  upon  them  shall   also  ht 

propcutionals. 

6.  Draw  a  utiaiKht  line  so  as  to  touch  two  given  circles. 

7.  Let  A  B  C  be  a  triangle,  and  from  B  and  C,  the   extremi- 

ties of  the  ba>i»  H  C  let  line  B  F  and  C  E  be  drawn  t« 
F  and  B,  the  m<ddle  points  of  A  0  and  A  B  respect 
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irely,  then,  if  B  F  =  0  £,  A  B  and  A  C  ihall  be  equfti 
to  one  anoDier. 
6.    Deioribe  an  equilateral  triangle  equal  to  a  given  triangle. 
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FIRST  CLASS  PROVINCIAL  CERTIFICATES,  1872. 

TIME — TWO  AND  A  HkhW  HOUBS. 

If  a  straight  line  touch  a  circle,  and  from  the  point  of  CMt- 
tact  a  straight  line  be  drawn  cutting  the  circle,  the 
an^'Ies  which  this  line  makes  with  the  line  touching 
the  circle  shall  be  equal  to  the  angles  which  are  in  tha 
alternate  segments  of  the  circle. 

To  iuticribi!  a  circle  in  a  given  triangle. 

Ei]iial  triiti;;lus  whi(^  have  one  angle  of  the  one  eqnal  to 
"IK  <iii;^'le  of  the  other,  have  thi'ir  sides  about  th« 
Kluiil  uugles  reciprocally  proportional. 

Similar  triangles  are  to  one  another  in  the  duplicate  ratio 
of  their  homologous  sides. 

In  any  right  angled  triniiKle,  any  reotilu.  jl\  figure  described 
on  tho  Hide  Bubteiuliiig  the  right  angle  is  equal  to  th« 
similar  and  Bimilurly  described  figures  on  the  sidta 
containing  the  right  angle. 

Two  circli  s  cut  each  other,  and  through  the  points  of  secv 
tion  Hie  drawn  two  parallel  lines,  terminated  by  th( 
oiicmiiftTenceH.     Prove  that  these  lines  are  equal. 

Let  A  r  iukI  B  O,  the  diagonals  of  a  quadrilateral  fignrc 
A  IS  I  P,  iuterseot  in  E.  Then,  if  A  B  be  parallel  to 
C  D,  ihe  circles  described  about  the  triangles  ABB 
and  C  D  E  shall  touch  one  another. 

Divide  a  trian;.;le  into  two  eqnal  parts  by  a  straight  line  »t 
right  angles  to  one  of  the  sides. 


FIRST  CLASS  PROVINOIAL  CERTIFICATES,  1871. 

TIUB — THBKK  HOnRB. 

1.  The  angle  in  a  aemicircle  is  a  right  angle. 

2.  A  segment  of  a  circle  being  given,  describe  the  oirole  n| 

which  it  is  a  segment. 
8.    OiveEuolid-ddliiiifin  of  proportion;  and  prove,  by  taking 

eqiii  ia[ilti|il<'H  aocor<lin^  to  the  ilullnilion,  ihiki  'J,  II,  U, 

lU,  lire  not  proiiortinnals. 
A     Similar  tri  knK^)^  are  to  one  aiiotluT  in  the  duplieate  nUIrt 

of  th<  >r  houi  'IdgiiiiK  '.|i|<>N 
6.     To  find  II  iiieiiii  pro)\.iitiiiiiul   between  two  given  straight 

lini'H. 
t,    Throupli  (',  the  vertex  of  a  triiingl"  A  C  H,  which  has  the 

vidfa  A  C  and  0  B  equal  to  one  anotho** «  line  C  D 


A?P tNDIX. 


Til. 


ia  drawn  jmrallol  to  \  B  ;  and  Ktraiglit  lines,  A.  D, 
D  B,  arc  drawn  from  A  aiul  15  to  any  iioiut  1)  in  C  D. 
Prov«!  that  tilt'  angle  A  V,  D  is  ^r^'atpr  than  the  an^le 
A  I)  B. 

7  A  n  C  U  is  a  qtiiidrilateral  fi;;uro  innerihod  in  a  circle. 
From  A  ami  B,  ixjrpcndiculars  A  K,  B  F  art)  let  fall 
on  C  D  (produnud  if  nccessar}-) ;  and  fnim  C  and  D, 
perpendioularn  U  (i,  1)  II,  are  let  fall  on  B  A  (produced 
if  ni.'coKsury).  i'rovo  tliat  the  rcntanyles  A  E,  B  F  and 
C  G,  D  II,  aro  ciinal  to  one  another. 

t  A  B  (J  D  ifl  a  quadrilateral  figiiro  inscribed  in  a  circle.  The 
8trai;^lit  lino  D  E  drawn  through  1)  parallel  to  A  B, 
cuIh  the  side  B  ("  in  E  ;  and  the  Ktrai^'ht  line  A  E  pro- 
duced meets  1)  C  produced  in  F.  Prove,  that  if  the 
roctauglo  B  A,  A  D  be  equal  to  the  reotangltj  E  (),  CF, 
the  triangle  A  1)  F  shall  bo  equal  to  the  quadrilateral 
ABGD. 


FIRST  CLASS  PliOVINClAL  CERTIFICATES,  1874. 

TIME-    THRKI'.  HOURS. 

1.  Ill  equal  circles,  equal  straight  lines  cut  olT  equal  cironm- 
ferences,  the  greater,  equal  to  the  greater,  and  the  le8B 
to  the  lebs. 

I.  To  describe  a  circle  about  a  given  equilateral  and  equiangu- 
lar pcuitagon. 

8.  To  tiiid  a  mean  profiortional  bc^tween  two  giyen  straight 
lia(!S. 

A.     What  IS  meant  by  duplicate  ratio  ?     Writo  down  two  whole 
numbers,  which  are  in  the  duplicate  ratio  of  ^  to  J. 
What  are  similar  reciilineal  ligures? 

Hiiiular  triangles  are  to  one  auolhor  in  the  duplicate  ratio 
of  their  houinlogous  sides. 

6.  In  any  right  angled  Iriancle,  any  rectilineal  tjRuredeaorib^d 
on  the  side  subtending  the  right  angle  is  equal  to  th« 
Ulinilar  and  Biinilarly  decribed  figures  on  the  sides 
ntuitaining  the  right  angle. 

I  To  desciibe  a  tria?igle,  of  which  the  base,  the  vertical  angle, 
and  tlii>  sum  of  the  two  sid-  s  are  given. 

f.  From  A  the  vertex  of  a  triangle  ABV,  in  which  each  of  tke 
angles  ABC,  and  \CB  is  less  than  right  angle,  Al")  ii 
let  f.ill  perpeiidi.^nlar  on  the  ba-'  B<I.  Troduce  BC  to 
E,  making  CIO  eqtial  to  Al'  ;  and  b't  F  be  a  point  in 
AC,  such  that  the  triangle  BKE  is  eipial  to  the  tri- 
angle ABC.  Prove  that  F  is  one  of  the  angular 
points  of  a  square  iuBcribed  in  the  triangle  ABC, 
with  one  of  its  sides  on  BO. 
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Let  E  bp  the  point  of  intrrpeclion  of  tho   diRcnnnli  of  ■ 

qnu'lriliiti  ral  liKnrc  AHCD.of  vvliicti  tiuy  two  (ippoHite 
BiiKlt'K  avo  ti)t;i'i)i.r  iii|ii;il  to  two  li^'lit  iiiij;loH.  I'ro- 
diicc  !')(!  to  G,  iii:iliiii^'  ('(i  i^'jii.tl  to  ll.'V;  (ujil  |iroclii('.n 
AD  to  V,  m.'tkiiif;  Vb'  equal  to  IJIO.  I'rovo  tlmt  if  KG 
and  I'-K  1)0  joiiiid,  tho  triuugloii  IJDF  and  EC(i  an 
equal  to  one  Uiothor. 


FUIST  CliASS  PROVINCIAL  CEUTll'IOATES,  1876. 

IIMK  -TIIKKK  icouiift. 

I.  If  two  trianples  Iiiivm  two  ariKloa  of  (hii  one  0()ual  to  two 
aiiKleH  of  tlio  oilit'r,  (.in;!!  to  oiicli,  mid  oiiu  sidn  e(iual 
to  oiu!  Bido,  luiiiuly,  l)i(t  Fidi'M  adjaiuiit  to  the  equal 
aii^lfH  in  each,  then  siliiill  tho  other  uideB  lio  e(iiial 
onr.h  to  earh. 

'i.  Fidin  a  K'von  cirelc  to  eut  olT  n  pfi'Tueiit,  wliich  hhall  con- 
tain an  ftn,';l(>  iqunl  to  a  ).'iven  n  ciiliiiial  aii);l«. 

3.  If  tlie  iiiiKle  of  a  tiiaii^^lc  Itt"  divided  into  two  equal  anples 

liy  a  htraif'lil  liiui  \\hirh  also  cutM  the  hase,  th« 
P('f,'Mi('nt8  of  the  hasi'  hIiiiII  liave  the  Hariie  ratio  which 
the  f>th(r  nidcH  of  tlie  trianKh  h  have  to  one  another. 

4.  The  KidiR  aliout  the  equal  ani,'leii  ecpii-anKuhir  triangles  are 

|>i(q)ortionalp  ;  and  tlmse   which  are  opiiosite  to  tba 


equal  angli'H  are  lionioiof;(.usKiMeH. 
If  tho  similar  rectilineal   ti>;urert  similarly  descrilKHl  upon 

four   8trai);ht  lines   he   proportionalH,    those  BtraiKlit 

lines  Hhall  1)0  pro|)nrtionalM. 
Any   rectangle   is   half   tho   rcctanRlo    contained    l>y   the 

diamiitcrs  of  lln'  nquaren  on  itH  adjaeent  Hides. 
Throut;h  a  fiven  point  within  a  Kiven   ciKtle,  to  draw  n 

Btrai^ht  line  Hueh  that  one  of  the  j)arts  of  it  infeircept- 

ed  hi^tween  that  point  and  the  cireiiniftTeiice  shall  be 

doulije  of  the  iithiu'. 
If,  from  any  point  in  a  circular  arc,  perpendicuIarH  be  lel 

fall  on  its  lx>ni)din;^  r.ulii,  tho  distaiire  of  their  feet  ii 

iuTiu'iahlo. 

MATKICUTiATION,  1871. 

Stato  tho  points  of  nixrei'm'  nt  aii<l  disacreement  of  the 

circle,    square    and    I'hoiiiliu;^,   with    one   an(ither    as 

a)i))eari)M?  from  their  d.-liiiitio'is. 
Any  twr.  si(i.  ;  of  u  triancle  are  together  greater  than  th« 

third  Hide. 
Show  that  tho  mnu   of  tlu'  cxcesseH  of  (^aoh  pair  of  sidft» 

aliove  tlie  third  si.l.'  in  t'()ual  to  the  sum  of  the  ik»  • 

SldnH  of    the  t)"i"lk:li  . 
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IX. 


*.  U  the  nqnare  dencribeJ  npon  one  of  the  aidbR  of  «  tribiigla 
be  equal  to  the  Bqnore  dtisciribftil  on  the  other  two 
Bidt'H  of  it,  the  angle  contained  by  thoHe  two  Bide«  is  a 
riKlit  angle. 
Id  an  isoscelds  triangle  if  the  nqnare  on  thn  base  be  eqnal 
to  three  timofl  the  nqnare  on  pitlu?r  nido  the  vertical 
angle  is  two-thirdfl  of  two  ri^'lit  angles. 

i.  If  a  Htraiglit  line  \w  divided  into  any  two  parta  tbi 
Bqnare  on  the  whole  lino  is  equal  to  the  square  on  the 
two  parts,  together  with  twice  tlie  rectangle  contained 
by  the  j)arts. 
Ih  there  any  diffcrt'nce  between  tlio  jirinciple  of  thitt  propo- 
sition and  tlie  stateinont  (a  -j-  h)^  :=  a'  -f-  ^aft  -|-  h*  . 
Of  all  the  squares  that  can  be  inscribed  witliin  an- 
other the  least  ib  that  formed  by  joining  the  biscn- 
tiouH  of  the  side. 

I.  If  a  Htraight  lino  he  divided  into  two  equal  and  also  into 
two  unequal  parts,  the  Kijuareg  on  the  two  unequal 
parts  are  togethiT  double  of  the  square  on  half  the 
line  and  of  the  .square  on  the  line  between  the  points 
of  nection. 
Does  the  statement  respecting  the  equality  of  the  square 
hold  for  any  other  division  of  tlio  lino. 

*.  Hqual  straight  lines  in  a  circle  are  equally  distant  from 
the  centre;  atid  conversely,  those  which  are  etituilly 
distaiit  from  the  centre  ore  equal  to  one  another. 
The  lines  joining  the  exlreniitioB  of  two  equal  straight 
lines  in  a  cir(!le  towards  the  same  parts  are  parallel  to 
each  other. 

7.     What  is  meant  by  the  Anglo  in  a  segment  of  a  circle  T 
I>etine  similar  segments  of  circles. 
Upon  t)ie  same  straight  lino  and  upon  tlie  name  side  of  it, 
there  cannot  be  two  similar  scigmenta  of  circles  not 
coinciding  with  one  another. 

I.  In  f'(|UiiI  <rircles  the  angles  which  atand  npon  eqnal  arcs, 
are  equal  to  one  another  whether  they  be  at  tlie  cen- 
tres or  circtiiiiferences. 
If  two  (Hjual  cirel(>s  so  intersect  each  otiier  that  the  tan- 
gents at  one  of  their  points  of  intersec^tion  are  inclined 
to  each  other  at  an  angle  of  tlO"  shew  that 
Radius  of  circle  :  line  joining  their  centres  :  :  1  :   v^;^   ' 

I.  From  a  given  circle  to  cut  off  a  se^'iinint  that  shall  ooiituin 
an  angle  equal  to  a  given  rectilineal  aiit.;lo. 
lu  a  given  circle  inscrilie  a  triaiigl(»  which  sliall  have  a 
given  vertical  angle,  and  whoso  a'-eii  hliall  be  equal  to 
a  given  triangle  ;  and  ehew  with  what  limitation  thit 
can  bo  done. 


f.  Al'FKNDIX. 

10.  Wlit>n   ii   a  circle  naid  to  bo  inttcribod  in   a  roctilino* 

figure. 
To  inscribe  a  circlo  in  ft  pivoii  triangle. 

11.  InH(!ril)0  An  o(iuil(itoral  and  eiiuiaiigiilar  pcmtagon  in  ■ 

given  circle. 
Show  how  to  divide  a  right  a:igIo  into  fifteen  equal  parts 


MATRICULATION,  1872. 

nONOBS. 

1.    From  a  giTon  point  to  draw  a  btraight  lino  oqnal  to  a  givMi 
straight  line. 
Explain  wliat  diHerent  constraotious  there   are  in  tfaii 
projiii.sition. 

I.  If  a  side  of  a  triangle  be  prodiired,  tlie  exterior  angle  ig 
equal  to  the  two  interior  mil  npimsiti^  an^Jes ;  and  the 
three  interior  angles  of  every  triangle  are  togcllier 
fi;|iiftl  to  two  right  iinglen. 
FinJtiic  number  of  dt>greeH  in  one  of  the  exterior  angloB 
of  a  regular  heptagon. 

i.  Triangles  upon  the  same  or  eqrial  bases  and  between  the 
same  parallels  are  equal  to  one  another, 
By  means  of  these  propositions  prove  that  a  line  drawn 
paralbd  to  the  base  of  a  triangle  and  cutting  off  ono- 
fonrth  from  one  of  its  sides,  will  also  cut  oil  a  fourth 
pnrt  fn)m  the  other  side. 

4.  If  a  straight  line  be  divjilcd  into  two  equal  and  also  into 
two  unequal  p.arts,  the  squares  on  the  two  nnii|ual 
parts  are  together  double  of  the  square  on  half  the 
line,  and  of  the  square-  on  the  lino  between  the  points 
of  section. 
If  a  chord  bo  drawn  parallel  to  tho  diameter  of  a  circle 
and  from  any  point  in  tlu'  dLuncter  lines  bo  drawn  to 
its  oxtn'Uiitii'H,  tlie  sum  of  tlirir  squaros  will  be  equal 
to  the  sum  of  the  siiuarcs  of  tho  Hogments  of  the  diam- 
eter. 

i.     To  divide  a  given  struiglit  lino  into  two  parts,  so  that  the 
rectangle  contiiini'd  liy  tin,' whole  and  one  of  tho  parts 
shall  bo  ei]ual  to  tho  Hi|ui'.ro  on  the  othi  r  jiart. 
Solvo  the  problem  nlgcbraically.     Interpret  and  construct 

geotnetrically  the  second  root  so  obtained. 
Divide  a  given  line  so  that  one  segment  may  be  i.  geomet- 
ric mean  between  tlie  whole  and  tlie  other. 

6.  Tn  every  triangle,  the  Kquare  on  the  side  Buliteiidingoithei 
of  the  acnte  angles,  is  less  l.hun  the  scjuarea  on  iha 
Bides  containing  tnat  angle,  by  twice  tho  rectangle 
contained   by  either  of  these  sides,  and   the  straight 
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11. 
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APPKNOni.  II 

liriH  intdrci'iitcd  lictwuuii  tho  ncuto  auglo  and  t}ie  per- 

pu.'iiUcular  li't  full  upoii  it  fruiii  tlio  ojipoHitu  an^'lo. 

In  u  triuii^;li)  AIJC!,  if  Al)  Ix:  ilriiwii  to  th<!  Msection  uf  IJC, 
tlio  ilirfcrmici!  Iiotwciu  tlio  ,s(|imin  on  lUJ  and  twice  tlie 
miuino  on  Ai/  i.^  ilnuljio  of  tlui  tiiffcrouoo  betweci  l>' 
Kcliiiiro  on  A  I),  luid  Iwioo  tlio  B(in;irt?  on  1I> 
f.  If  H  KlI■ui^'llt  liin!  touch  a  circlo,  tlio  t^tl■lli^'^».  'inf  irawn 
from  llio  coutru  to  tlm  point  of  coutuct  ib&u  b6  pur- 
pcmlictiliir  to  till)  lino  loiicbini,'  tlio  circle. 

Tho  locuH  of  inttTSccliiJiiH  of  ull  pairs  of  tangeute  to  a 
circle  wliicli  contain  ii  given  uiiglo  ia  a  circle. 

Wh^it  IS  tlui  uiai'iiitiidb)  of  tluH  anglu,  iu  ordor  that  the 
circle  iJiiiy  1/c  doui.iu  tho  oriKiniil  f 
V.     Tho  opposite  iin;;lo.s  of  any  ([imdiiliitpral  fiRiire  inscritail 
in  II  (;irclo  aro  together  eijaal  to  two  rij^'ht  angles. 

Whiit  relation  uaist  exist  bctwoon  tlio  sidoti  of  a  quadrila 
l(>riil  ill  ordor  that  a  circlo  may  be  iuscribed  iu  it ) 
Show  lliat  your  relation  is  HiUliciaut. 
0.  If  from  any  point  without  a  circle  two  straight  lines  be 
drawn,  one  of  whicli  cuts  tho  circlo,  and  the  other 
touches  it ;  tho  reetant^le  contained  ))y  the  whole  lino 
which  utits  tho  circlo,  and  tho  part  of  it  without  the 
circle,  shall  be  equal  to  the  square  on  tho  Hue  which 
touches  it. 

Show  that  tliia  proposition  is  an  extension  of  III,  35, 
From  a  (;iven  point  wltliout  a  circlo  show  how  to  draw 

(when  posHible)   a  line  that  will  be   divided  by  that 

circle  in  Mediiil  seclion. 

10.  IriHcrihe  a  circlo  in  a  (,'iveii  triauglo. 

When  is  one  reclilineal  tiguro  said  to  be  inBoribod  in  an- 
oilier. 

11.  In  a  ri;,'lit-anKli;d  triaiif:;le,  if  the  perpendicular  be  drawn 

fr,)iii  the  right  angle  to  tho  base  ;  tho  triangle  on  each 
side  of  it  are  similar  to  tho  whole  triauglo  and  to  one 
another, 
rcnstruct  geometrically  tlie  roots  of  tho  equation  x{a — as) 
=:62  mij  givo  the  geometric  interjiretaliou  of  the  oas* 
of  equal  and  iinpoKsihle  root'j  that  the  problem  may 
(tresent. 
Ik.  To  iescribo  a  rectilineal  figure  which  shall  be  similar  to 
one  given  rectilineal  figure  aud  equal  to  another  given 
tcctiliueal  tiguro. 


MATIUCULATION,   1873. 

HONOItS. 

I.     If  a  (ttraight  line  falls  upon  two  parallel   straight  lined,  it 
makes  the  Hlteriiate  angl' s  pfjti'v'  to  avu  'iru>tbt'r,   alii. 
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APPENDIX. 


the  exterior  biikIo  equal  to  tho  interior  and  oppoHitr- 
npon  tliH  HHnie  Kiihi,  and  alHo  tho  two  iiilurior  aiiKlt^n 
U)<iin  the  HuniK  side  t(if;i>thur  uiitial  to  two  ri^'ht  nnf.'lHrt. 
Vary  tlie  order  of  proof  in  tliis  propoHitiuu  by  proving  tliu 
laat  Biatement  first. 

i.  If  a  utrtti^lit  line  falling  upon  two  other  Htrait^lit  linus, 
luakiiH  tliu  interior  uiiKlea  upon  the  Hame  Bidu  tugother 
equal  to  two  riglit  angl(«,  the  two  straight  linea  shall 
be  parallel  to  one  Ktiothcr. 
Can  this  be  inferred  iuiiuediately  from  the  12th  axiom  t 
Give  the  reasons  for  your  answer. 

t.    Any  two  sides  of  a  triangle  are  together  greater  than  the 
third  uide. 
A  ttraight  line  is  the  aborteit  distanoe  between  two  given 
points. 
4.    In  any  right  angled  triangle,  t}ie  square  which  is  described 
npon  the  side  subtending  the  right  angle,  is  equal  to 
the  squares  dcRcribed  upon  the  sides  which  contain 
the  right  angle. 
Amy  two  parallelograms  being  described  on  two  aidou  of 
any  triangle,  to  describe  on  the  third  side  a  parallelo- 
gram equal  to  their  sum. 
t.    To  describe  a  square  that  ahall  equal  a  given  rectilineal 
flgon. 
To  divide  a  given  straight  line  into  two  parta  auoh   that 

their  rectangle  ia  equal  to  a  given  rectilineal  figure. 
What  limitation  must  there  be  to  the  magnitude  of  tha 
given  figure? 
6.    If  a  straight  line  drawn  through  the  centre  of  a  circle  bi- 
sect a  straight  line  in  it  wiiich  does  not  pans  through 
the  centre,  it  shall  out  it  at  right  angleu ;  and,  if  it 
out  it  at  right  anglea,  it  shall  biH<'ct  it. 
Deacribo  throe  circles  of  given  radii  which  shall  touch 
each  other  externally  two  and  two. 
f     In  the  above  show  that  the  common  tangents  meet  in  one 
point,  with  which  aa  centre,  a  circle  may  be  described 
pao'iing  through  the  throe  pointa  of  contact. 
What  proposition  of  Euclid  does  this  correHpond  to  T 
t.     If  Htraight  linea  within  a  circle  intersect  in  one  point  the 
rectangle  under  the  segmentb  is  constant. 
V(  <at  limitation  munt  be  made  to  render  the  oonverae 
true  f     Prove  the  oonverae  when  true, 
t.     Tha  opposite  angles  of  any  quadrilateral  flgnre  inscribed 
in  a  circle  are  together  equal  to  two  right  angles. 
Deduce — The  angle  In  a  fluniinircle  ia  a  right  angle. 
(Prop.  31  Dk.  UI.) 
19.     To  aeacribe  an  iaoscoles  triangle  having  each  of  ih*  M)f)l«a 
ai  Um)  htm  doiiW«  o4  the  third  auKie. 


APPRNDIX. 
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A  tanKoiit  to  a  cin^M  is  tlniwn  at  an  ariKnlar  p<jiut  of  an 

iiinririlifl  r-^Miliir  {ji'iitnt;'iti,  hikI  ii  kIiIo  jirntlucoU 
thri>u;^li  lliiil  |ii>iiit,  kIihw  tliiit  li  Hlrai;;lil  lino  inakiii)^ 
e(tintl  iutiTiU'iil.i  oil  tliii  tiiugiMit  mill  tho  niiln  ihuJucihI, 
IS  ))ikr<illi'l  lo  Ihv  ian^mi  ut  ouu  of  thu  udjuueut  uugu- 
lur  P'liiils. 

11,  I'k  ili'Miu'ibo  li  circli>  almiit  u  f^ivt'ii  cijuiluti'iul  pontiiguu. 
Willi  III)  aii,"ulur  jroint  uf  tlir  r;  (^iiliir  ixiitjiKoii  iis  c«iritre, 
iiiiJ  a  ti'li'  us  r.'iiliuH,  iliociilin  .1  tieiniiid  circli"  ;  hIiow 
tbiit  Ihi'  t:iin;i.>iil  to  lliu  lint  circlo  at  a  )iMiiit  u{  iutor- 
Hoctioii  (if  till'  circlcH  iiii-'ots  ilu.«  commuu  diameter  (>t  a 
point  wiilii'ii'  tile  MiTiiiid  circli'. 

19.  In  the  ulmvc  .-imw  tlial  the  di.4ain'.o  fruui  tlu)  abdvo  point 
to  the  ctutro  iif  till!  lirhl  circle  id  gruutur  than  the 
diaiutitar  of  thu  bocuihI  cirulo. 
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MATUlCUIiATlON,   1874. 

IIONOHB. 

*,•  N()8.  1  and  3  to  1)0  otnitti'd  for  Si'iiior  Mat,rici|iHtioti  i 
Noi.  12  and  13  to  ho  omitted  for  Junior  MalriiMilutioii. 
1.     ParallflogruiuH    iii)oii    tin*    hhiiih    \i:im   and    botween  tho 
Hanii'  parallclB  aro  equal  to  oiio  another. 

From  th'j  centre  (>  of  a  circle  thu  radii  OA,  OB  are 
drawn,  the  tan^'i  nts  at  A  and  /{  meet  in  (7;  if  OC  be 
bisected  in  I)  au-1  1>E  be  drawn  ]i<'r|ii'ndiuular  to  Ol> 
meeting  Oli  in  li,  then  AK  will  biwect  the  figure 
OliCA. 
4.  In  every  triangle  the  Bquare  on  the  Ride  flubteiidiat;  atiy  of 
the  acute  angles  is  less  than  the  siiuareH  on  the  nideM 
containing  tint  angle  by  twice  the  rectangle  contained 
by  either  of  these  sides,  and  the  straight  line  inter 
Oepted  between  the  perpendicular  let  fall  upon  it  froi» 
tho  opposite  angle  anil  the  acuta  angle. 

Goustruct  a  square  that  shall   bo  equal  to  tlie  difference 
between  the  sum  of  the  aqunres  on  two  given  Btrai^ht 
lines  and  the  rectangle  under  thi'se  lines. 
%.     rhrough  a  givi'ii  point  to  draw  a  straight  line  parallel  to 
a  given  striiglit  line. 

from  a  given   point  in  the  circumference  of  a  circle  to 
draw  a  chord,  when  poHsiblo,  that  shall  be  bisected  by 
A  given  chord. 
4.     Find  the  Bum  of  (1)  all  the  interior  angloB  of  any  raoti- 
tineal  figure  ;  i'i)  all  tlin  exterior  angles. 

Ali,  CD  the  a!te....,m  piden  of  a  ri  giilar  polygon  are  pro- 
duced to  luiot  in  K,  if  AC,  OK  meet  in  /•',  0  being  the 
centre  of  the  ptjlyjfou,  show  that  AF.hiy-  OF.F^ 


riT. 


Arr-ADix. 


6.     To  divido  a  ^iven  HtrniKlit  lino  into  two  partf),  bo  that  the 

riictun^'li!  c'liiitiiiiKMl  hy  tlic  wliolt^  und  one  of  tliu  parta 
shall  be  i;qiiiil  lo  llu-  m|Uiiii'  ou  tlu'  olLer  piirt. 

If  AH  be  bisi'L-tfil  in  C  luiJ  proJucfd  to  ii  point  D,  such 
thut  AC.ci)  AD.DIi,  tlnii  ^Uj  iu  divided  in  Cinthe 
tniinuer  required  by  the  iirojiositiuii. 
}.  If  from  any  jxiint  wilhuut  ii  circle  two  Htraigbt  linttB  bo 
drawn,  one  of  whicli  cuIh  the  circle  und  the  other 
touches  it,  the  rectiingle  contuiiied  by  the  whole  line 
that  C'.itH  the  circle  und  the  part  of  it  without  the  circle 
•hull  bo  equal  to  the  s(iuare  on  the  line  thattoucheH  it. 

Any  uunibi^r  of  circles  pasrf  through  two  ^;iven  points  A 
and  Ii  ;  shew  that  with  uny  given  puint  C  in  All  pro- 
duced, as  centre,  a  circle  may  bede.scriijed  cutting  the 
other  circles  at  right  angles,  and  find  its  radius. 
/,  To  draw  u  Kiraij^ht  line  from  a  given  point  either  without 
or  in  the  circumference  whicii  shall  touch  a  given 
circle. 

Find  the  point  in  the  line  joining  the  centres  of  two  cirolei 
of  difTeront  radii,  such  that  if  a  perpi'ndicular  ha 
drawn  through  it,  the  tangents  to  the  circles  from  any 
point  in  this  peri)eudiculur  may  be  equal. 

8.  The  angle  at  the  centre  of  a  circle  is  double  of  the  angle 

at  the  circumference  upon  the  same  im.  ,  f  hat  is,  upon 
the  same  part  of  the  circumference. 
If  a  circle  be  described  touching  one  of  the  equal  sidea  of 
an  isosceles  triungiu  at  the  vertex  and  having  the 
other  side  as  chord,  the  arc  lying  between  the  vertex 
and  base  is  one-half  the  arc  subtondeu  by  the  chord. 

9.  If  a  straight  line  touch  a  given  circle  and  from  the  point 

of  contact  a  Btruif;ht  lino  may  bo  drawn  cutiiiig  the 
circle,  the  angles  made  by  this  line  with  the  line 
touching  tlie  circli'  shall  be  equal  to  the  angles  which 
are  in  the  alte'rnato  segmi'nts  of  the  circle. 

10.  To  inscribe  an  e(iuilateral  and  oquiangular  pttutagou  in  a 

given  circle. 
If  two  <liagonals  of  a  regular  pentagon  intersect  and  a 
circle  be  described  about  the  triangle  of  which  tlit 
greater  segments  are  *,wo  sides,  two  sic'os  of  the  pen. 
tagou  wliich  terminate  at  the  other  extremities  ol 
these  gegiuouts  are  tangents  to  the  circle  ut  these 
points. 

11.  To  describe  a  circle  about  a  laven  square. 

Find  the  relation  ijetwn'ii  the  areas  of  the  oirolea 
described  about  and  insorilii'd  in  a  given  square. 

12.  )(  a  straight  line  be  parallt^l  to  the  Itas"  of  a  tn  ingle  it 

will  cut  the  sides,  or  the  sides  jToduced,  proiiortiou- 
•ily,  and  if  the  sides    (>r  tJi>>  hi  ler<  pioducei,  be  oal 


Cf, 


13. 


proportioimlly,  the  Htraipilit  lino  wliicL  Joins  the  pointi 
of  Bcotion  filiall  be  piirKllcl  to  the  base. 
To  find  %  mean  jirojiortioual  between  two  given  itraighl 
lines. 


JUNIOR  AND  SENIOH  MATRICUIjATION,  1876. 

,*,  Junior  Miitriculants  will  omit  quoBtions  15  and  16,  and 
Senior  Matriciilunts  (iiie«tiuns  12  and  I'A. 

1.  Define  the  terms  axium,  postuliite,  scholium,  coroUory. 

2.  If  two  triannleB  liavo  two  sides  of  the  one  eijiiiil  to  two 

sides  of  the  other,  each  to  each,  but  the  untile  cnn- 
iained  by  the  two  sides  of  the  one  Kreiiier  than  the 
annle  contained  by  the  two  Kides  eiiual  to  them,  of  the 
other,  the  base  of  that  wliich  has  the  greater  angle 
shall  he  greater  than  the  liase  of  the  other. 

3.  If  a  side  of  any  triangle  be  produced,    the  .exterior  angle 

is  ecpial  to  the  two  interior  and  opposite  angles;  and 
the  three  interior  an^-lcs  of  every  triangle  are  together 
equal  to  two  right  aiif^ies. 

4.  Triangles  on  ecjual  baweB  and  between  the  same  parallels 

are  ecpial  to  one  another. 

5.  If  the  Bi|uar<'  dt  scrilnil  on  'ino  of   thi>  tsiiles  of  a  tiiiinKlo 

b(^  equal  to  the  B((uareH  dimcribnl  on  the  oilier  two 
Bidis  of  it,  the  angle  contained  by  t'lobo  two  sides  Is  a 
riglit  unfile. 

tt.  If  the  diaKoniilrt  of  a  quiidi  iliit"  ral  bit-ect  each  oIIkt,  it  is 
a  parallelogram  :  if  the  bisecting  lineH  are  equal  it  is 
rectangular  ;  if  the  lines  bisect  at  right  angles  it  is 
equilateral. 

7.  If  a  Btruight  line  be  divided  into  two  equal,  and  also  into 
two  unequal  parts,  the  (squares  on  the  two  unequal 
parts  are  together  double  of  the  square  on  half  the 
line  and  of  the  K(iuare  on  the  line  between  the  pouita 
of  sielioii. 

H  Divide  a  stiiiii'bt  inie  nito  two  parts,  -so  that  the  rectangle 
ooiit.iined  by  the  whole  and  i.oe  of  the  jiarts  may  be 
I'ljuiil  lo  the  sqiiure  on  the  t.thei  pait. 

a.  lu  the  A!g>  luaic  Holution  of  the  preceding  problem,  we 
oiitiini  ii  i|iiiulratii-  ei|uatioii  which  givea  two  valuea  of 
the  unknown  ipiiiniiiy.  Enuiicial(<  the  Geometrical 
proposition  which  coni;s))onds  to  the  other  root. 

10.  Tlte  sum  of  tin  sipiares  on    the  diagonals  of  a  parallelo- 

^THMi  IS  eipnil  to  till'  sum  of  the  siiunres  on  the  sides. 

11.  The  ..p;'Oi.;i,..  Mi,^ii-s  of  a  ini.nlnlairuil  m.-iciibed  111  t»  circle 

ttli    tovt'lhel   equal  to  t  Wo  llgiit  ,tni.'|eb. 

;'i      The  btrii^l..  li:ieh  bisecuiig  the  tt;dt)t>  of  a  triangle  iit  rigtil 
«U(iicn  luuvl  Ul  a  Vuuit. 


oL 


AFPKNDIX. 


13. 
li. 

15. 
16. 


1. 


S.    U 


CoiiHtnictatriarKl<^,  bavinK  given  tliRtniiMlfl  poiiitfi  of  iides 
D*'Rcri))e  a  circle  abont  a  given  equilatonil   and  oijniangu- 

liir  pt'ntaK'on. 
From  a  trivoii  straipbt  lino  to  cut  nff  any  part  r('<iniro(L 
Similar  trian^IcH  are  to  on*'  aiiittlior  iu  tliu  diipliuute  ratic 

o(  tbt'ir  homologons  Hi(l(>H. 

TIME — 3    UO0R8. 

DoBcribe  an  equiUtoral  trianglu  upon  a  given  finite  straigLt 
linn. 

By  a  mt'tbod  similar  to  tbat  ukciI  in  tbin  problem,  describe 
on  a  given  finite  fitriiif,'lit  line  an  iHo-^celeu  triimgle,  tlio 
flideH  of  wbicb  rIiiiII  ho  cacb  e(niiil  ti-  ♦•vi';e  tbo  base. 
a  HtraiKbt  line  full  on  two  iiiirullel  strnit,'bt  linen,  it 
inakeH  tbo  alterniitu  iin^'es  eipiiii  to  uno  aiiotlter,  and 
tbe  exterior  angle  eijujil  to  tbe  interior  and  opposite 
angle  on  tbe  same  side ;  ami  alrfo  tbe  two  interior 
angles  on  tbu  same  side  togetber  equal  to  two  right 
angles. 

What  objections  bave  been  urged  n^^'iiinst  the  doctrine  of 
parallel  strait;bt  lines  us  it  is  liiid  down  by  EuolidT 
Wliore  does  tbe  dillieuity  originate  and  wbiit  baa  been 
SUg^'csted  til  remove  it  ? 

In  any  rieht  angled  triunj-lo,  tiie  Rcjuares  deseriJyed  o-i  the 
silk's  coiitainitif,'  the  rij,'lit  Mii),'le  ar<*  togctlier  equal  to 
tlie  s(|uan'  of  the  hide  sub'eiiding  tlie  ri^'lit  angle. 

Show,  liy  describing  a  Ki|uuro  n;;  tbe  uuler  side  of  one  sick', 
and  ou  tbe  inner  siile  of  tbe  other,  tbat  the  two 
pquares  thus  descrili(>d  will  cut  into  tlirff  pieces,  so  as 
exactly  to  make  ui>  tbe  sipiare  of  the  hyixitenuse. 

Divide  altjebraicalty  a  given  lino  (a)  into  two  |)arts,  such 
that  th(^  rectaii).'le  contained  by  tbe  whole  and  one 
part  niuy  l<e  e(|nMl  to  the  s(iuare  of  the  other.  Deduce 
Kndid's  cnnstiMcti'in  from  one  Hulntion  and  explain 
the  otiier. 

li  two  siritigbt  lines  within  a  circle  cut  one  another,  tin" 
rectangle  contained  by  tbe  ae^'inents  of  one  of  them 
is  ecjual  to  tbe  rectangle  ooutaiuod    by    the    wegmouta 

t)f  the  Dllier. 
If,  ihrouj^h  a  jioint  within  a  ciri'le,  two  eipial  siriiiglit  lines 

be  drawn    to  the  circiiniferencn,   and    jirodiiced,   thej 

will  be  at  tbi-  same  di.-ticiice  from  tbe  centre. 
Eiplain  and  illnstrMte  the  fifth  mid  seventh  definitions  in 

the  fifth  l">ok  id  I'licli  1,  and  shew  that  a  imignitude  has 

a  greater  r.iiio  to  the  less   of  two  unequal  niagiiittulcB 

than  it  has  to  tbo  greater. 
With  the  four  linos  contain  a-\-b,  a-J-c,  a — h,  a — c  'inits 

rpipnctirely,  oonstrtict  a  quadrilateral  capable  of  iiav- 

ini;  a  oircln  inioribed  ir  '* 
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Prove  thHt  no  parallclofri-am  ran  l»fi  inRorihed  in  a  circle 
rxpcjit  a  re  ctarii^lf  ;  ami  lljat  no  iniriilli'loKrani  can  lie 
ilcHCiilicd  iilioiit  ft  cIttIo  ('xcc|it  a  ilnnnli. 

Biniilar  trimiKli^s  aie  to  one  anotliir  in  thi!  duplicate  ratio 
of  their  iiomolo^'ouH  widpH.  How  dopg  it  apponr  from 
Kndid  that  tlio  (iuplicato  ratio  of  two  magnitudes  ii 
tbe  HAUie  EH  that  of  thoir  sqnoreB  t 
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N.B.- 


TIME — TnilKK    oorRS. 

-Ahjfhrtiic  SI/  aIiikh  niii.it  not  he  uted. 


(a)  The  straif^'ht  line  dniwii  at  ri/lit  anplt^  to  tho  diametor 
of  a  circle  from  the  (xli'ii  .iy  of  it,  failt*  without  the 
eirelo  ;  and  no  Ktrai^rht  line  can  ho  drawn  from  the 
extremity,  lietwicn  thiit  ntraij;ht  line  and  tlie  ciroum- 
feronce,  bo  aH  not  to  cut  tlie  circle.     (Ill  Ifi.) 

(6)  Draw  n  common  tanRent  to  two  given  circles.  Ho? 
many  can  he  driiwn  ?     (.■l/iii//«m'».i.) 

(a)  The  (  .'posite  angles  of  any  qinulriliiteral  fiK'ire  ie 
acrihed  in  a  (circle  are  together  eiiua!  to  two  right 
angl.s.     (HI  22.) 

(6)  If  Rtniight  lines  he  drawn  from   iir.y  point  on   the  cir 
cnmfereiice  of  a  circli;  perpendicular  to  the  fiidcH  of  an 
inscrihed  triangle,  their   feet  are  in  the  Hamo  straight 
lino.     {M.  F.  Jii.-iiln.) 

(a)  If  the  chord  of  a  circle  he  divided  into  two  segments 
by  a  point  in  the  chord  or  in  the  chord  produced,  the 
rectangle  containeil  by  tluKo  segtnentfl  will  bo  equal  K 
the  dilTerence  of  the  scpnires  on  the  radius  and  on  the 
line  joining  the  given  point  within  the  centre  of  the 
circle!.  What  propositions  in  I'^uclid  follow  immediate- 
ly from  this  ? 

(6)  Describe  a  circle  whicli  shall  pass  throngh  a  given 
point  and  touch  two  straight  lines  given  in  position. 
(A/jolloiiiiu.) 

(a)  To  (leHcribo  an  isoscoloM  triangle,  having  each  of  the 
angles  at  the  base  double  of  the  third  angle.     (IV  10.) 

(b)  Conslnict  a  triangle  liiiving  each  of  the  an>»los  at  the 
baMi>  e(|inil  to  seven  times  thi'  third  angle, 

la)  If  tlio  vertical  anple  nf  a  tiiiingle  be  bisected  by  a 
hI might  line  which  nli^o  cuts  the  lia«e,  the  segments  of 
the  base  have  the  same  ratio  wliieh  tlie  other  niih^s  of 
the  triangle  have  to  one  aTiotlu  r  ;  niid,  if  the  segments 
of  the  base  hare  the  same  ratio  which  the  other  sides 
of  the  triangle  have  to  one   another,  the   straight   Hii* 


dr»wn  Iron  the  vertex  to  the  point  d  Mtlon  than 
tt,  SrV^^rin'^lTcfthe^i^'clor-.of  the  ex  tern- 
^  ^   iSie?  o?"  triaugle  meet  the  opposite  ddM.  U  ui  » 

■tnigbt  Um« 
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TIMK      THREE    ROtRB. 


B.~-Al;iebraie   lymhoU  mu*l  not  bf   uted.     CandidaUs  ulm 
take  Hook  II  will  omit  Que»t\on$  1,  2  and  3,  mirked*'. 


16  *1.    The  angles  at  the  base  of  an  iHORoeles  trian(;le  an 
equal  to  one  annthor ;  and  if  the  equal  sides  be 
produced,  the  aiiglus  on  the  other  side  of  the  base 
shall  bo  equal  to  one  another. 
8  i  Where  does  Euclid  require  the  second  part  of  tbii 

!  theornm? 

16  1*2.     If  two  triangles  have  two  8idc«  o(  the  one  equal  to 
I  two  sidoB  of  the  other,  nich   to  each,  but   the 

angle  contained  by  two  Hides  of  one  of  them 
greater  than  the  angle  contained  by  the  two  Hides 
equal  to  them  of  the  other,  the  baHoof  that  which 
has  the  greater  angle  shall  be  ^'"I'er  than  the 
baBo  of  the  other. 
Why  the  roHtriction  "  Of  the  iwo  sidi's  DE,  DP,  le , 
DE  be  the  side  which  is  not  greater  than  thi 
other"? 
16  'S.  If  two  triangles  have  two  angles  of  the  one  equal  to 
two  angles  of  the  other,  each  to  each,  and  have 
also  the  sides  adjacent  to  the  equal  angles  in  each, 
equal  to  one  another,  then  shall  the  other  side  bo 
equal,  each  to  each  ;  and  also  the  third  angle  of 
the  one  to  the  third  angle  of  the  other.  (Prove 
by  superposition.) 
3  What  propositions  in  Book  I  are  thus  proved  T 

16  4.  If  a  straight  line  fiill  upon  two  parallel  straiglil 
linos,  it  makes  the  alternate  angles  (-(jiial  to  one 
another,  and  the  exterior  angle  e(iual  to  tiio  inte- 
rior and  opposite  angle  on  the  sanio  side ;  and 
also  the  two  interior  angles  on  the  same  side 
together  equal  to  two  right  angles. 
H  I  What  objection  may  bo  taken  to  the  twelfth  axiom  J 

'2  What  is  its  converse  ? 

16  '  6.     In  any  riglit-angliul  triangle,   the  square  which  is 
I  descrilied  on  tho  side  subtending  the  right  angle 

I  is  equal   to   tli<'  squares   described   on   the    sidei 

wliieh  contiiiii  tlir  right  angle. 
I'rove  also  hy  dissi  cliou  ami  wuperposition. 
Draw  liiroiigli   a  giv(U)    poini   helweon   two    straight 
lilies  not  |i;umI1i'1  a  straiglil    line    wliieli    shall   be 
bui'oti'il  in  iliat  poiiit. 
rhe  perpendiculars  from  the  angles  c  f  a  triangle  oa 
tho  opposiU"  ai'luH  meet  iu  a  point. 


APriNDIX. 


OiTen   the  lenKtliH   of   the  lines  urmmt   tti/m   tM 

aiiKlflH  of  a  triangle  to  the  p<iinti  "f  biHeotion  of 
the  opposite  niileH,  coiiKtriict  tli<*  triangle. 

If  a  Htruight  line  be  dividod  into  two  parta,  thr 
square  on  the  whole  line  Ih  equal  to  the  aquaiM* 
on  the  parts,  together  with  twice  the  rectangle 
contained  by  the  parts. 

In  every  trianj^le,  the  square  on  tlie  siile  subteiuling 
an  acute  tingle  is  less  than  tlie  hijuures  on  the 
sides  containing  that  angle  by  twici-  the  roctangia 
contained  by  either  of  these  biiIih,  and  the  straight 
line  intercepted  between  the  pcipt-ndicular  let  fall 
«■  ii  from  iha  omntiU  anelr  and  il<*  aouU  AiigU. 


